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PREFACE 



In recent years, an impetuous development of new, unconventional theories, 
methods, techniques and technologies in computer and information sciences, 
systems analysis, decision-making and control, expert systems, data modelling, 
engineering, etc., resulted in a considerable increase of interest in adequate 
mathematical description and analysis of objects, phenomena, and processes 
which are vague or imprecise by their very nature. Classical two-valued logic and 
the related notion of a set, together with its mathematical consequences, are 
then often inadequate or insufficient formal tools, and can even become useless 
for applications because of their (too) categorical character: ’true - false’, 
’belong - does not belong’, ’is - is not’, ’black - white’, ’0 - 7’, etc. This is why one 
replaces classical logic by various types of many-valued logics and, on the other 
hand, more general notions are introduced instead of or beside that of a set. Let 
us mention, for instance, fuzzy sets and derivative concepts, flou sets and twofold 
fuzzy sets, which have been created for different purposes as well as using distinct 
formal and informal motivations. 

A kind of numerical information concerning of ’how many’ elements those 
objects are composed seems to be one of the simplest and more important types 
of information about them. To get it, one needs a suitable notion of cardinality 
and, moreover, a possibility to calculate with such cardinalities. Unfortunately, 
neither fuzzy sets nor the other nonclassical concepts have been equipped with a 
satisfactory (nonclassical) cardinality theory. This book is an attempt at filling 
this gap. 

As a starting notion, we shall take that of a property. More precisely, we shall 
assume that each nonantinomial property which makes sense for the elements of 
an infinite universe, and which can be expressed in a natural language, separates 
from the universe an object, generally distinct in each case. It will be called a 
vaguely defined object {VD-object, in short). We realize that some properties are, 
say, more or less vague and admit (even infinitely) many intermediate states 
between the states of their fulfilment and nonfulfilment. Clearly, a VD-object is 
a set if the number of those intermediate states reduces itself to zero, i.e. if the 
separating property is sharp rather than vague. 

In this book, sharp and vague properties, respectively, will be called first-order 
«ad second-order properties, respectively. VD-objects which are not sets will be called 
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proper VD-objects, and can be understood as 'nebular' objects or 'nebulae' in the 
universe. On the other hand, in practice, it happens that an object is separated by 
a first-order property, but, nevertheless, it cannot be satisfactorily modelled by 
means of the notion of a set because of the unknown or uncertain status of some 
elements from the universe with respect to that property. Such incompletely known 
sets will be called subdeflnite sets. 

In the literature, the most frequently used approach to (proper) VD-objects is 
that proposed by L. A. Zadeh, in which VD-objects are represented by precisely 
determined, at least theoretically speaking, generalized characteristic functions from 
the universe to the closed unit interval of real numbers. VD-objects are then called 
fuzzy sets. One should mention a lot of derivative ideas: type 2 fuzzy sets, ultrafuzzy 
sets, intuitionistic fuzzy sets, etc. Instead, subdefinite sets can be possibilistically 
represented by means of twofold fuzzy sets or flou sets. 

In this book, we introduce a unifying approximative representation of VD-objects, 
including subdefinite sets. The notion of a VD-object together with the approx- 
imative representation allows ones to bring together, and to look from a higher 
perspective at, the concepts of fuzzy sets and derivative ideas, twofold fuzzy sets and 
flou sets, and other existing mathematical approaches to uncertainty. Moreover, that 
approximative representation is a basis for developing a general, nonclassical car- 
dinality theory for VD-objects. 

Since the predicate 'belongs to' has a many-valued feature with reference to 
VD-objects, we will make use of a many-valued logic. An extremely strong metrical 
feature of the infinite-valued Lukasiewicz logic is an argument to use just it. 

One should emphasize that there are solid motivations for undertaking the 
problem of nonclassical cardinalities of VD-objects, both theoretical (essential 
generalization of the classical cardinality theory for sets) and applicational (cardinal 
analysis of imperfect information determined objects, communication with data or 
knowledge bases and expert systems, modelling the meaning of imprecise quantifiers 
in natural language statements, probabilities of vague events, metrical analysis of 
images, etc.). 

Finally, it is worth mentioning that the nonclassical cardinality theory we like to 
construct is practically not a single theory, but rather an infinite family of cardinality 
theories induced by the choice of lower and upper approximations of imprecisely 
(subjectively) determined generalized characteristic Junctions of VD-objects. This 
is convenient as it allows one to create individualized descriptions of cardinalities 
of VD-objects, and reflects in a proper way the imprecise, nebular nature of these 
objects. 

This book is intended for people who are interested in mathematical modelling 
and cardinal analysis of vaguely defined objects, including subdefinite sets. In 
particular, we mean researchers, specialists, engineers, and students who are active 
in any field of science and practice, and deal with fuzzy sets (or related concepts) 
and their methods. The reader should be familiar with elementary notions and facts 
from the area of mathematical logic, set theory, functions, relations, and algebra. 

The book is divided into two parts which are composed of sixteen chapters. In 
order to obtain a simple numbering system for theorems, definitions, and formulae. 
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a consecutive numbering within each chapter is carried on, disregarding its division 
into sections. 

Part I, devoted to VD-objects and their mathematical representations, is com- 
posed of four chapters. 

Qiapter 1 contains introductory motivations, definitions, examples and general 
remarks concerning first-order and second-order properties, and VD-objects. 
Section C offers a concise and simple presentation of the idea of many-valued logics 
with special regard to the Lukasiewicz logic. 

A review of typical approaches to VD-objects, excluding subdefinite sets, is placed 
in Chapter 2. TTie attention is focused on the ideas of fuzzy sets, type 2 fuzzy sets, 
ultrafuzzy sets, semisets, intuitionistic fuzzy sets, L-fuzzy sets, and fuzzy sets with 
triangular norms. 

Instead, in Chapter 3, flou sets and twofold fuzzy sets are discussed as two 
possibilistic representations of subdefinite sets. 

Finally, the unifying approximative approach to VD-objects and subdefinite sets 
is introduced and investigated in Chapter 4. 

The nonclassical cardinality theory for VD-objects is presented in Part II which 
occupies Chapters 5-16. 

Equipotencies between VD-objects are investigated in Chapter 5. In the next 
chapter, one constructs and formulates elementary properties of so-called generalized 
cardinal numbers, which are introduced to express the powers (cardinalities) of 
VD-objects. The generalized cardinals are defined as some special convex functions 
from the set of cardinals not exceeding the cardinality of the universe to the closed 
unit interval. 

Although the main purpose of the book is mathematical theory. Chapter 7 
contains an outline of a few concrete applications of nonclassical cardinalities. 

Inequalities between the generalized cardinals are investigated in detail in 
Chapter 8. Its last section is devoted to the Generalized Continuum Hypothesis and 
intermediate generalized cardinals lying between those corresponding to VD-objects 
being infinite sets. 

Chapters 10-14 contain a detailed study of arithmetical operations and their laws 
for the generalized cardinals, including both the cases of a finite and an arbitrary 
number of components or factors. The operations are defined by means of a mod- 
ified extension principle. 

Chapter 15 presents a slightly different version of the theory from Chapters 5-14. 
It is based on another, more subdefinite-sets-oriented, variant of the approximative 
representation of VD-objects presented in Section 4-D. 

Finally, the last chapter of the book contains remarks and suggestions concerning 
some further variants of extensions and modifications of the nonclassical cardinality 
theoiy. 

After Chapter 16, footnotes as well as more extensive comments and bibli- 
ographical remarks are collected. A reference to the kth item of that appendix is 
marked in text by [FCR#k]. In particular, [FCR#2] contains a concise list of basic 
notions and useful properties from the field of ordering relations and lattices. 
Instead, [FCR#24] contains basic definitions and properties from the classical 
cardinality theory. 
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A few hundreds theorems, laws and properties formulated in this book can be 
divided into three groups. 

The first group contains more or less faithftil counterparts of theorems, laws and 
properties occurring in the classical cardinality theory. They make the nonclassical 
theory easy to use as it coincides in many respects with our habit grounded by the 
classical theory. 

The second group is composed of differences or even anomalies in comparison 
with the classical cardinality theory. For instance, the generalized cardinals are only 
partially ordered, there exist intermediate generalized cardinals, and the strict 
inequality between two generalized cardinals does not generally imply the existence 
of a generalized cardinal number which, after adding it to the smaller generalized 
cardinal number, gives the equality with the larger one. 

The third group is composed of properties which at all have no counterparts in 
the classical cardinality theory. For instance, we mean the properties concerning the 
normality of and the many-valued inequalities between the generalized cardinal 
numbers in Chapter 9. 

Both the second and third group of properties emphasize and reflect in a proper 
way the specificity of VD-objects and their cardinalities in comparison with sets and 
their classical cardinality theory. Therefore, the nonclassical cardinality theory pre- 
sented in this book seems to be an adequate generalization of the classical theory. 



Maciej Wygralak 
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PART I 



VAGUELY DEFINED OBJECTS 




CHAPTER 1 

BASIC NOTIONS 
AND PROBLEMS 



Throughout the book, M will denote an arbitrary, but fixed infinite set of 
some elements. The starting primary notion in our discussion will be that of a 
property. Let Pr denote the class of all nonantinomial properties which make 
sense for the elements of M, and which can be formulated in a natural language. 
We shall assume that each property p G Pr separates from M an object, generally 
distinct in each case. From this viewpoint, a division of Pr into two subclasses 
will be introduced and its consequences will be discussed. 



Section A. First-order properties, sets and 
subdeHnite sets 

By a first-order property {/-property, in short) we shall mean each property 
pG Pr which fulfils the following two interrelated conditions: 

(i) For each x G M: either x has the property p or not. 

(ii) There are no intermediate states between the states of fulfilment and 
nonfulfilment of p, i.e. the transition from one of these two states to the 
other is stepwise (abrupt). 

The subclass of f-properties will be denoted by Prj. They can be understood as 
sharp properties. The following properties are simple examples of f-properties of 
elements in various specific universes M: 

(PI) "to be a solution of the equation x’ - 3x -I- 2 = 0", 

(P2) "to be a prime number", 

(P3) "to be a Nobel Prize winner". 
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(P4) "to have children", 

(P5) "to pay all taxes". 

Indeed, either an integer is prime or not, either one has children or not, etc. 
Intermediate states are not possible. The notion of a set and the classical 
two-valued logic are convenient and adequate tools for a formal describing and 
manipulating the objects separated in M by the properties from Pfj. On the other 
hand, it is clear that to each subset of M corresponds a property from Prj, generally 
distinct in each case. In this way, sets and f-properties become identical, and 
f-properties could be defined as properties separating sets in M. 

The problem of the practical settlement "Does jc G M have a property p G Pfj or 
not?" is certainly not a domain of set theory. Nevertheless, on the applicational 
level, this problem often becomes essential and nontrivial in solving. Briefly 
speaking, that settlement requires an information or knowledge about each x. 
As concerns (Pl) and small integers in the case of (P2), an elementary mathe- 
matical knowledge suffices to say if Jt has these properties; of course, the settlement 
concerning the fulfilment of (P2) can be more or even extremely difficult and 
time-consuming for large and very large integers. In the case of (P3), the task seems 
to be easy: all we then need is an access to a proper register of winners. The same 
task for (P4) and (P5) is more complicated and risky. Indeed, we realize that 
personal or income data in a data base can be generally more or less incomplete 
or/and uncertain. For instance, the fatherhood of an individual can be unknown or 
uncertain, whereas some incomes can be concealed, etc. The situation we deal with 
looks thus as follows; although, theoretically speaking, the elements fulfilling an 
f-property p do form a set, the status of some of them with respect to p is prac- 
tically unknown or more or less uncertain, and, possibly, only God could exactly 
indicate all elements of that set. So, in practice, the notion of a set can be 
insufficient for capturing the object separated by an f-property, and a special 
mathematical treatment is often necessary or convenient. The incompletely known 
set is then called a suhdefinite set and can be mathematically modelled by means of 
probabilistic or possibilistic tools. The first ones will be disregarded in this book; by 
the way, probabilities or probability distributions describing the fulfilment of p are 
often unknown or more or less imprecisely given. In Chapter 3, two alternative, 
possibilistic tools will be presented, namely flou (or partial) sets and twofold fuzzy 
sets. Of course, the treatment of a set as a subdefinite set is generally a question 
of our subjective choice. 



Section B. Second-order properties and 
vaguely defined objects 

In each natural language, one formulates and uses a lot of reasonable properties 
of the elements from an appropriate M which, in essence, are more or less vague 
or imprecise by their very nature, and have the following feature: 
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(i) The transition from their nonfulfilment to their fulfilment, or vice versa, is 
smooth (gradual) rather than stepwise (abrupt). 

(ii) There is no sharp and precise boundary between those two extreme states, 
and even infinitely many intermediate states are possible. 

Such properties will be called second-order properties {s-properties, in short). So, the 
class Pr can be divided into two disjoint subclasses, namely into f-properties and 
s-properties. On the other hand, we understand that, in principle, each p G Pr might 
be treated as an s-property; f-properties are then those properties from Pr for which 
the number of intermediate states reduces itself to zero. This convention will be 
used throughout the book. The difference Pr - Prj will be denoted by Prjj and its 
elements will be called proper s-properties. Let us list a few simple examples of 
proper s-properties: 

(P6) "to be a tall man", 

(P7) "to be a number approximately equal to 10", 

(P8) "to be a number much larger than 10^", 

(P9) "to have low incomes", 

(PIO) "to have a high blood pressure". 

The reader can easily formulate many other examples of similar properties. 
Consider, say, (P6). A grown up European having 150 cm in height surely cannot 
be considered to be tall. Instead, an individual of 195 cm in height is certainly tall. 
In the common understanding, however, the transition between ’not tall’ and ’tall’ 
is gradual rather than stepwise, without a sharp and precise boundary between these 
two states (an objective threshold point cannot be established). Intermediate states 
occur and, in the spoken language, are expressed by means of terms like ’rather 
tali’, ’pretty tali’, ’of average height’, etc. So, although tall men are surely a part of 
the human population, the object separated in M by (P6) cannot be mathematically 
represented, without essential distortions, as a (sub)set. Again, there is no problem 
with the nonmembership and the membership of individuals about 150 cm and 
195 cm tall, respectively. Nevertheless, a sharp and objective boundary in cen- 
timeters between nonmembership and membership to that object cannot be 
established since it seems to be vague. Generally, the objects separated from M by 
s-properties will be called vaguely defined objects (VD-obJects, in short). A VD-object 
is a set if the separating property is an f-property. Instead, VD-objects which are 
not sets will be called proper VD-objects. 

So, the notion of a VD-object is much more general than that of a set. 
Simultaneously, we feel that the logical system related to VD-objects cannot be the 
classical two-valed logic. Because of a ’nebular’ feature of VD-objects, it has to be 
a system offering a richer scale of possible truth values, i.e. it must be a 
many-valued logical system (see Section C in this chapter). 

Various mathematical approaches to VD-objects are used in the literature. Their 
brief review is placed in Chapter 2, including the concepts of fuzzy sets, many 
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derivative ideas and semisets, whereas Chapter 4 presents a new, approximative and 
unifying approach to VD-objects. 

To avoid misunderstandings, let us stress that, in practice, threshold points for 
proper s-properties have to be sometimes established by pure necessity. For 
instance, this happens in legislature, sociological and demographical techniques, etc. 
Sharp two-valued interpretations of terms like ’adult’, ’middle-aged’ and ’densely 
populated’ are then required. For instance, in many law systems, the term ’adult’ 
is defined as ’18 years old or over’. Understanding this necessity, one should 
mention that such interpretations are always deforming and, in many cases, they can 
lead to consequences similar to those occurring in the well-known bald man 
paradox, which are difficult to accept (this problem is discussed in detail in 
GOGUEN (1968)). Adapting that paradox, one can formulate, for instance, the 
following two intuitively acceptable sentences: 

(si) "A man who is 23 is young", 

(s2) "A man 1 day older than somebody young is young, too". 

Using (s2), say, 22000 times, one concludes that a man at 83 years of age is still 
young. Clearly, the paradox disappears if one accepts that day by day the degree of 
fulfilment of the property "to be a young man" is a bit smaller. In other words, the 
paradox disappears if the property is treated as a proper s-property. 

In many examples of proper s-properties presented up to here, the vagueness 
was caused rather by the natural imprecision of some words or expressions of the 
language. However, generally, this is not an only possible reason. TTie other one is 
an immanent vagueness of some phenomena and processes. Indeed, let us take into 
account another example, namely "to be a living man at a time moment t", borrowed 
from V0P£NKA (1979). One can easily imagine a ’redundant’ list containing 
among others all living men at t. Nevertheless, even disregarding any technical 
difficulties like time measuring and the problem of data gathering, it is impossible 
to create a ’nonredundant’ list containing all the living at t and only them. The 
reason is that there is no sharp boundary between ’not yet born’ and ’already bom’ 
as well as ’yet alive’ and ’already dead’. Birth and, especially, death seem to be 
processes rather than two-state switches. 

Let us formulate an additional digression about proper VD-objects and 
subdefinite sets. Tlie terms ’information’ and ’property’ are interchangeable in the 
following context. One can quite safely accept that each information expresses a 
property of some element(s), thing(s), process(es), etc.. Conversely, each property 
of an object can be used as an information about the object. Subdefinite sets and 
proper VD-objects are determined by distinct sorts of properties from Pr. Thus, in 
other words, they are reflections of distinct sorts of information, which is affected 
in both the cases with a form of imperfection: incompleteness or uncertainty with 
reference to subdefinite sets, and vagueness or imprecision with reference to proper 
VD-objects; clearly, various combinations of these and other factors are possible in 
practice. So, proper VD-objects and subdefinite sets can be understood as objects 
determined by imperfect infomiation. In this context, on the other hand, sets can 
be treated as mathematical reflections of perfect information. 
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In recent years, an impetuous development of new techniques and technologies 
within computer and information sciences, data and knowledge bases, artificial 
intelligence, approximate reasoning, mathematical social sciences, etc., resulted in 
an increase of interest in mathematics of VD-objects, especially if they are described 
by means of fuzzy sets. This is quite clear if one realizes that, in practice, each 
information received, stored, processed or emitted by a real system seems to be 
generally more or less imperfect in a way. Therefore, the object separated by such 
an information in an appropriate universe is a VD-object rather than a set. 
Moreover, let us mention that commonsense knowledge, which modelling and 
processing is important, say, in the area of expert systems, is usually expressed just 
by means of proper s-properties rather than f-properties. In general, imperfect 
information admitting approaches and theories become more and more significant 
within many branches of science and practice, and, in recent years, gave very nice 
and concrete fruits in the shape of a new generation of products and technologies 
offered in various areas of life and industry. In particular, one has to mention 
computer techniques, electronics, and controllers of appliances and systems (see 
also [FCR#5]). 

In this book, we would like to focus the attention on the problem of cardinality 
of VD-objects. It is interesting and nontrivial from purely theoretical viewpoint; we 
mean, respectively, an essential generalization of the classical cardinality theory and 
a many-valued feature of the predicate ’belongs to’ in reference to VD-objects. 
However, what gives a special motivation for this project is the area of possible 
applications of the nonclassical cardinality theory we like to construct. For instance, 
it comprises the following topics: 

(a) Data/knowledge bases and the problem of satisfactory answers to queries of 
the form "How many x’s are p?" and "Are there more (at least as many etc.) 
x’s which are p than x’s which are q?", where p, q £ Pcjj ; if one deals with 
incomplete or uncertain information about the x’s, p and q can also be 
understood as f-properties. 

(b) Modelling the meaning of imprecise quantifiers in natural language 
statements "Q x’s are p", where Q symbolizes an imprecise quantifier like 
’few’, ’many’, etc. 

(c) Probabilities of vaguely defined events. 

(d) Fuzzy topological spaces. 

(e) Metrical analysis of vague regions and elements of digital grey images 
(diameters, distances, lengths, areas, etc). 

As regards the queries in (a), the problem of satisfactory answers to them concerns 
not only data/knowledge bases, but is also essential when constructing, say, decision 
points of algorithms which admit imperfect data. The metrical analysis mentioned 
in (e) seems to be particularly important and requires a nonclassical approach 
when dealing with images which are of low quality, blurred or vague by their 
very nature, like, for instance. X-ray and satellite pictures, and so on (see also 
Section 7-B and [FCR#1]). 
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We will present a nonclassical cardinality theory for VD-objects, including 
subdefinite sets, which uses some methods of the infinite-valued Lukasiewicz logic 
(see Section C in this chapter). An approximative approach to VD-objects, 
introduced in Chapter 4, will be applied. Part II of the book, composed of 
Chapters 5-16, contains a complete exposition of the theory, which is rather an 
infinite family of cardinality theories. The following questions will be discussed in 
detail; equipotency and finiteness/infiniteness of VD-objects, construction and 
properties of so-called generalized cardinal numbers which express the powers of 
VD-objects, examples of applications, operations and ordering relations for the 
generalized cardinal numbers, etc. In particular, the theoiy can be applied if 
VD-objects are represented by arbitrary fuzzy sets, a wide class of ultrafuzzy sets, 
twofold fuzzy sets and flou (partial) sets. 



Section C. Many-valued logics 

The classical logical system, offering only two truth values: 0 (false) and 1 (true), 
would be too poor to use it as a logic that could ’support’ VD-objects. We need a 
logic which offers a more rich scale of truth values, i.e. a scale admitting 
intermediate truth values between 0 and 1. Shortly speaking, we need a many-valued 
logic (MVL, in short). Especially, we need a many-valued sentential calculus. In this 
section, we are going to present some basic relevant rules and notions. Of course, 
we do not mean here a regular course in many-valued logics, which is placed, for 
instance, in GOTTWALD (1989) and RESCHER (1969) (see also RASIOWA 
(1974)). We like to present a concise recapitulation of some useful facts and general 
rules in order to make the further presentation self-contained. 

Let V denote the set of possible truth values allowed by a MVL. Two cases seem 
to be of special practical and theoretical significance. The first one is that with 
|V| = 3 (i.e. there exists only one intermediate truth value 1/2 which expresses a 
possibility or uncertainty). It leads to three-valued logic which, in this book, will 
mainly appear in connexion with the problem of subdefinite sets and their 
representations. In the second case, V has infinitely many elements (so, there exist 
infinitely many intermediate truth values). This leads to infinite-valued logic which 
plays an important role when representing (proper) VD-objects. The following two 
particular cases of an infinite V are important for the further discussion: 

- V = I with I : = [0, 1 ], where := stands throughout for ’equals by definition’ 
or ’is defined by the condition’. 

- V is a lattice bounded by some elements 0 and 1. More precisely, V is a 
complete Heyting algebra (cHa, in short); see [FCR#2]. 

Let [j] denote the truth value of a sentence s. So, [^]G V; in the classical logic, 
we have ]G {0,1}. Let us list a few basic definitions and rules which hold true 
for each type of MVL and its sentential calculus: 
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(1.1) 


[r&„,s] ;= [ r] A [i] , 


(1.2) 


[rx„,x] := [r] V [j]. 


(1.3) 


[^1 [•^1 - 


(1.4) 




(1.5) 


[V„,xGM: s(x)] := A{[i(x|a)]: aGM}, 


(1.6) 


[3„,xGM: 5(x)] ;= V{[j(x|fl)]: aGM}, 


(1.7) 



where 

- ±„,, and are symbols of many-valued negation, conjunction, 
inclusive disjunction, implication and equivalence, respectively (the corresponding 
classical logical connectives will be denoted by the same symbols without the 
subscript m), 

- and 3„, denote many-valued general and existential quantifiers, respectively, 

- 5 (x I o) is the usual substitution notation which symbolizes a substitution of the 
variable x by a in the propositional formula s, 

- if V is a cHa, then A and v symbolize the lattice operations in V, whereas A 
and V are their generalizations for an arbitrary number of operands (see 
[FCR#2]); if V = I, then a = min, v = max, A -- inf, and V = sup. 

The binary operator -*• occurring in (1.1) and (1.4) is called an implication operator. 

If V is a cHa, then 



a-*h := V{c: a a c < 6). 

Obviously, (I, v, A) is also a cHa and, then, (1.8) collapses to 

1 1, if a<b, 



a -*h = 



b, otherwise. 



One proves that (1.1) and (1.8) imply 



and 


1 ni ^ 1 m ni I 






Moreover, generally. 


^ 1- 



( 1 . 8 ) 



(1.9) 



The MVL formed by (1.1)-(1.7) together with (1.8) is called the intuitionistic 
logic (see [FCR#3]). 
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If V = I without treating I as a linear lattice, the implication operator can be 
defined in the following way: 



a-*b .= \ ^\-a+h. (110) 

In this case, -► is called the Lukasiewicz implication operator. The MVL obtained 
by using (1.1)-(1.7) with (110) is usually called the infinite-valued Lukasiewicz 
logic, and will be denoted by (see [FCR#4]). 

So, in we deal with a continuous graduation from 0 to 1, i.e. from absolute 
nonfulfillment to absolute fulfilment of an s-property. In other words, we deal 
with a continuous graduation from absolute nonmembership to absolute mem- 
bership in a VD-object. The formulae (1.1) and (1.5) collapse to 

[^„,s] = \-[s] (1.11) 

and 

[r-„il=l- |[r] -[i]|. (1.12) 



So, we have now 



1^1 = 



although [ s Xj,, “’,,,^1 1 in general. Worth noticing is that (1.12) suggests an 

extremely strong metrical feature of L„„. Indeed, many facts from the area of 
approximation, error analysis, etc., can be interpreted in the language of L„ (see 
again [FCR#4]). That feature will also be apparent in the nonclassical cardinality 
theory in Part II of this book. 




CHAPTER 2 

MATHEMATICAL 
APPROACHES TO 
VAGUELY DEFINED 
OBJECTS 



In this chapter, we like to present a few most important approaches to the 
problem of mathematical representation of VD-objects, excluding subdefinite 
sets. The following concepts will be recalled: fuzzy sets, fuzzy sets of type 2 and 
ultrafuzzy sets, semisets, intuitionistic fuzzy sets, fuzzy sets with triangular norms 
and implication operators induced by them, and lattice-valued fuzzy sets. How- 
ever, special attention will be paid to the primary idea of fuzzy sets. 



Section A. Fuzzy sets 

Taking pattern by sets, our intuition incites us to describe VD-objects in M by 
means of some generalizations of the characteristic functions. For instance, this 
can be done by using functions 



M-*I, 

which will be called generalized characteristic functions or membership functions. 
This concept was first proposed in 1965 by Lotfi A. Zadeh, and seems to be 
the most challenging and fruitful mathematical approach to the problem of 
mathematical representation of VD-objects. Its pre-assumptions can be formu- 
lated in the following way: 

(PAl) is used as the supporting logic. 

(PA2) Each membership function can be precisely determined, at least theoret- 
ically speaking. 
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The VD-object described by : M -* I is then denoted by 
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FS(/1), 

and is called a fuzzy (suh)set in M (see also [FCR#5]). Throughout this book, 
single capital letters 



A, B, C,... 

will denote membership functions, whereas single bold capitals 

A, B, C,... 

will symbolize sets. In particular, let 

T:= 1q and M:= 1„, 

where symbolizes the characteristic function of D c M, i.e. 

1d(jc) = 1 if Jc6 D, else 1 d(jc) = 0. 

Of course, FS(/1) is a set iff 

A(jt)G{0,l} for each jcGM. 

Informally, for each D <= M, we have 

D = FS(1d). 

Since and, thus, a graduation of fulfilment is used for fuzzy sets, it is clear 
that the ordinary membership predicate G has to be replaced by a many-valued 
one. We shall denote it by G„, , where 

[ATG„,FS(/l)]:=/l(tc). (2.1) 

So, A(x) can be called and understood as a membership value or membership 
pyade of x in FS(/4) or, parallely, as a degree of fulfilment of an s-property 
(separating FS(/4)) by x. This semantics, possibly shocking at first sight, is not 
necessary but appears convenient in many applications, and coincides with the 
nature of s-properties. 

We are now going to present basic definitions and laws of the algebra of 
fuzzy sets with respect to i,„. Let 

GP(D):=I“, PS(D):= {0,1}“, GP:=GP(M) and PS;=PS(M). 

Moreover, let us introduce the following natural definitions with A, fiGGP; 
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FS(>l)c„,FS(fi) := a:G„,FS(^) - ,a:G^FS(B), (2.2) 

FS(>1) FS(5) := FS(^) c„, FS{B) &, FS(5) c„, FS(^). (2.3) 

We do emphasize that := is used throughout in two easily distinguishable 
contexts. For instance, in (2.1), it stands for ’equals by definition’, whereas 
in (2.2) and (2.3) - for ’is defined by the condition’. Applying (1.6), (1.4), (2.1), 
(1.10) and (1.12), one gets 

(FS(/l)c^FS(B)] = A A(jt)-B(jt:) = 1 A A l-A{x) + B{x) (2.4) 

a:G M j;G M 

and 

IFS(/1) =„,FS(5)1 = A 1 - \A{x)-Bix)\ . (2.5) 

Hence 

[FS(A)c„,FS(B)]>a iff A(jt) < B(x) + (1 -a), (2.6) 

whereas 

[FS(A)=„,FS(B)]>a iff B(x) - (1 -a) </l(x) < B(x) + (1 -a) (2.7) 

for each jr G M, where a G I. As particular cases of this many-valued inclusion 
and many-valued equality =„,, one can define the usual, two-valued, relations c 
and = of inclusion and equality of two fuzzy sets, namely 





FS(^)cFS(B) := [FS(>l)c^FS(5)] = 1 


(2.8) 


and 




FS(A) = FS(B) := [FS(/I) FS(B)J = 1. 


(2.9) 


Moreover, let 




A cB := VjtGM: A(x) < B{x) 


(2.10) 


and 




A=B :=A<zB&BcA. 


(2.11) 


In virtue of (2.6) and (2.7), we now get 






FS(A)cFS(B) -AcB 


(2.12) 


and 




FS(v4) = FS{B) A = B. 


(2.13) 



Basic operations on fuzzy sets are defined by means of the following natural 
classical-like formulae. 

The sum FS(/l)uFS(5) of two fuzzy sets FS(y4) and FS(5) is a fuzzy set 
FS(C) such that 



arG„,FS(C) - xG„,FS(^) a; G„, FS(5). 



(2.14) 
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The intersection FS(v4) nFS(fi) of two fuzzy sets FS(y4) and FS(B) is a fuzzy set 
FS(Z>) with 

^ G,„ FS(D) : = a: G,„ FS(/1) G„. FS(B). (2.15) 

The difference FS(y4)-FS(B) of FS(/4) and FS(B) is a fuzzy set FS(G) such 
that 



A:e„FS(C) := A:e„,FS(/l) ArG„FS(5). (2.16) 

The cartesian product FS(/4)xFS(B) of two fuzzy sets FS(v4) and FS(B) is a 
fuzzy set FS(//) in MxM with 

(;c,y)G,„FS(//) := a:G„,FS(/ 1) &„, y G„. FS(B). (2.17) 

Finally, the complement FS(/4)' of FS(yd) is a fuzzy set FS(/w) defined by the 
condition 



acG„,FS(^):= -„,ArG„,FS(/l). (2.18) 

In accordance with the numerical interpretation of sentential operations 
in one can introduce the following pointwise definitions of the sum AoB, 
intersection AnB, difference A—B and cartesian product AxB of two membership 
functions /d, BGGP (see [FCR#4]): 



{AvB){x): 


= A{x)yB{x), 


(2.19) 


(AnB)(x): 


= A{x) A B(x), 


(2.20) 


{A-B){x)-.=^ 


A{x) A 1 -B(Jt), 


(2.21) 


{A xB)(x,y) 


■.= A{x)AB{y). 


(2.22) 



Clearly, 



AvT = A and AnM=A, 

i.e. T and M are neutral elements for u and n, respectively. The complement A' 
oiA is defined as 



A\x):= \-A{x). (2.23) 

Applying (1.3), (2.1), (2.13) and (2.14), one gets that FS(C) = FS(zl) u FS(B) iff 
C(ji:) =A(x) V B{x) for each jrG M. So, in virtue of (2.19) and (2.13), we have 

FS{A)u¥S{B) = FS(zl u B). (2.24) 



Analogous elementary doings lead us to the following equalities: 
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FS(/4) n FS(g) = FS(^ n B), (2.25) 

FS(/1) - FS{B) = FS(/1 -B) = FS(>1) n FS(S)', (2.26) 

FS(^) X FS(S) = FS(/1 X B), (2.27) 

FS(/1)' = FS(/1'). (2.28) 



Notice that FS(y4)uFS(B) is (with respect to c) the smallest fuzzy set containing 
both FS(y4) and FS(B). Analogously, FS(/4)nFS(B) is the greatest fuzzy set 
contained in both FS(>4) and FS(B). Indeed, in virtue of (2.19), (2.10) and (2.12), 
we get FS(/d), FS(B) cFS(^ vB). However, for each j:£ M and D £ GP such that 
FS(y4), FS(6)cFS(D), there is >1 ( j:) < £)(jc) and B{x) < D(x), which imply 
(A vB){x) = A{x) \/ B{x) < D{x). A similar elementary proof can be repeated for the 
intersection. 

The operations of sum, intersection and cartesian product can easily be 
generalized to an arbitrary number of components or factors. Let J denote a 
nonempty set of indices, A^E GP for each e£ J, x £ M and y : J -» M. Then 

j:£,„ U FS(/4g) := 3„,e£ J: jc£„,FS(/lg), (generalized sum) (2.29a) 

eej 

jc£„, n FS(ylg) := e£J: j:£„,FS(y4g), (generalized intersection) (2.29b) 

eej 

^ FS(A,) := V„,e£J;y(e)£,„FS(A,). (generalized (2.29c) 

eej cartesian product) 

Similarly to (2.29a) and (2.29b), we see that (2.29c) is also a natural gener- 
alization of the corresponding classical definition; indeed, 

y£ X Ag iff y(e)£Ag for each e£ J, 
eej 

where A^cM for each e£ J. On the other hand, we define 

( U A,)(x):= V A,(x), (2.30a) 

eej eej 

( n /Ig)(A:) ;= A /lg(A:), (2.30b) 

eej eej 

( X ^e)W- A ^e(>'(e))- (2.30c) 

eej eej 

If J is fixed, the simplified notation 



U/lg, D/lg, XA^, UFS(^g), nFS(/(g) and XFS(/lg) 
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can be used. Applying the rules (1,6) and (1.7), we get the following formulae: 

U FS (/4 J = FS ( U ^ J , (2.30d) 

eGJ eGJ 

n FS (/I J = FS ( n ^ J , (2.30e) 

eGJ eGJ 

X FS(>IJ = FS( X AJ. (2.30f) 

eGJ eGJ 

If J = {1,2}, they collapse to (2.24), (2.25) and (2.27), respectively. 

Worth noticing is that (2.24) and (2.25) establish a simple isomorphism 
between (GP, u, n, T, M) and the family of all fuzzy sets in M with u and n 
defined by (2.14) and (2.15), and with FS(T) and FS(M) (0 and M, in other 
words) as neutral elements. Indeed, if b denotes a mapping assigning FS(F) to 
YGGP, then b is bijective (see (2.13)) and 

b(/l u fi) = FS(/1 u 5) = FS(^) u FS(B) = b(^) u b(S) 

and 

b(/4n5) = b(/l)nb(B). 



By definition, 



b(7) = FS(T) and b(A/) = FS(M), 

which completes the proof. That elementary observation enables us to simplify 
both the course of discussion and notation. Of course, we mean that the 
operations u and n on fuzzy sets can be equivalently expressed by the cor- 
responding operations on their membership Unctions. Moreover, in virtue of 
(2.27) and (2.30d)-(2.30f), this simplification can also be applied to x, U, fl and 
X with an arbitrary J 0. So, from now on, laws and properties for fuzzy sets 
can be equivalently formulated in the language of membership functions. In the 
literature, membership functions of fuzzy sets are themselves often called fuzzy 
sets. This simplification will sometimes be used in this book, too. 

It is an elementary task to check that the following laws are fulfilled for each 
A, B, C eGP: 



A u B = B u A, A nB = B n A, 


(commuCativiCy) 


(2.31) 


A u (B uC) = (A uB) uC, 
/In(BnC) = {Ar\B)nC, 


(associativity) 


(2.32) 


Au A = A, An A = A, 


(idempotency) 


(2.33) 


Au(AnB) = A, An(AuB) = A. 


(absorption) 


(2.34) 



Thus, (GP, u, n) forms a lattice (see [FCR#2]). Since T<zA^M and 
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A u {B nC) = [A uB) Ci {A uC) 

and {distrihutivity) (2.35) 

/In(BuC) = {AnB) u{AnC), 

this lattice is bounded and distributive. What more, it is infinitely distributive, i.e. 

Au n AuB^ and An UB^= U AnB^ (2.36) 

eej eej eej eej 

for each J 5^ 0 and (fie)eej- Also, we have 

VeGJ: OB^czB^c U B^ , (2.36a) 

eej eej 

(VeGj:^cS t n fi,, (2.36b) 

eej 

(VeGj:5,c/l) - U 5, c ^ . (2.36c) 

eej 

So, the properties stated up to here are rather boolean ones. However, it is clear 
that 

A uA ' * M and A n A' ^ T, (2.37) 

unless A GPS; informally, this can be rewritten as FS(/1) uFS(^d)' ^ M and 
FS(A) n FS(v4)' ^ 0. Thus, the complementation defined in (2.23) is not a boolean 
one (again, see [FCR#2]). On the other hand, for each /1,BGGP, it fulfils the 
following two simple properties which define a de Morgan complementation: 

(A')'=A and Ac:B^B'czA'. (2.38) 

So, bringing together (2.31)-(2.34), (2.36) and (2.38), we briefly conclude that 
(GP, u, n, ', T,M) forms an infinitely distributive de Morgan algebra (see [FCR#2]). 
This implies that the following properties are generally satisfied: 

(AuB)' = A'nB\ (AnBy = A'uB\ {de Morgan laws) (2.39) 

(Uv4g)' = ^ Af, (0/4^)' = Uv4g'. (generalized de Morgan laws) (2.40) 

e6J eEJ e€J eSJ 

In the last part of the presentation of the concept of fuzzy sets, we like to 
mention a few more notions and basic properties which will be used throughout 
the book. The set 

supp(y4): = {j:G M: /1 (jc) 5^ 0 } 

with A G GP will be called a support of both A and FS(/1). Let us notice that the 
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following properties are always fulfilled: 

supp(^) c supp(B) whenever A<z B, (2 41) 

supp(/4*B) = supp(>l) + supp(>l) for +G{u,n,x}, (2.42a) 

supp( U /Ig) = U supp(/lg), (2.42b) 

eSJ eej 

supp( *A^)<= * supp(/4g) for *G{f1,X}, (2.42c) 

c€J eej 



where J 0 and /4gGGP for each eGj. Indeed, (2.41) and (2.42a) are im- 
mediate consequences of the above definition of supp(/4). As concerns (2.42b), 
the following implications hold true: 

(VeGJ:/l,.c U /!,.)=> (VeG J : supp(/lg) c supp( U /l^)) 
eej e6J 

- U supp(/l,)c supp( U^,). 
eej eej 

Suppose that some x G M belongs to the support of the sum and does not belong 
to the sum of the supports. Then (Uy4g)(j:) > 0 and supp(/lg) for each eGJ, 
i.e. V{/lj.(jc): eGj}>0 ?indA^(x) = 0 for each eGj, which forms a contradiction. 
To prove (2.42c), we see that 

(VeGJ: n A^cz A^) - (VeGj:supp( fl /I J c supp(/lj) 
cej eej 

- supp( n /ijc n supp(Aj. 

eej eej 

In this case, the equality does not generally hold. Really, let 

supp(/l,,) = {j:} for each eG J = {1, 2, 3,...} 
with some G M, and let 

A^{x) = 1/e for each eGj. 

Then 

n supp(/lj,) = {j:} and f) A^ = T, i.e. supp( fl A^) = 0. 
eej eej eej 

Finally, for y: J with an arbitrary J 0, we have 

yGsupp( X A J « ( X /lj(y)>0 « A{/l^(y(e)): eGJ}>0 
eej cej 
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yG X supp(y4e) -* VeE J:)'(e)G supp(y4g) « VeG J ;^g(>'(e))> 0. 
eej 

This completes the proof. 

Let Iq := (0,1] and Ij ; = [ 0, 1 ). Assume that A G GP and < G Iq. A t-level set 
of both A and FS(/1) is defined as 



A,:= {xGM: A(x)>t}. 
In other words, A^-A~^{[tA])- Instead, 

A‘:={xGM: A{x)>t} 



with tEI) will be called a sharp t-level set. The following properties 
consequences of these two definitions; 


are simple 


A^^cA, and A“ 


c/1', if t < u. 


(2.43) 


AcB implies A,cB, and 


A‘cB‘ for each t allowed. 


(2.44) 


{AuB),-A,uB, and 


(A uBy = A‘uB‘, 


(2.45a) 


(AnB),=AinB, and 


(AnB)' =A'nB‘, 


(2.45b) 


{A X B)j =AiXB, and 


{AxBy =A‘xB‘. 


(2.45c) 


As regards the generalized operations, we 
and sharp t-level sets: 


have the following relations for t-level 


( U (A,), and 

eej eej 


( U/1J'= U (AJ, 

eej eej 


(2.46a) 


( n ^e)(= n (/le), and 
eej eej 


( n AJ^ n (AJ, 

eej eej 


(2.46b) 


( X A,y= X (AJ, and 
eej eej 


( X AJ^ X (AJ. 
e€J eej 


(2.46c) 



Indeed, 

xG ( U /Ig)' « \/{A^{x): eGJ}>t«> 3eGj: A Jx) > t xG U (A , 

eej eSJ 

whereas 

xG ( D A^y •=* A{>lg(j:): eGJ} >t => VeGj: A^{x) > t -=• xG D (A )' . 
eej eej 
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The remaining relations in (2.46a)-(2.46c) can be verified in an analogous ele- 
mentary way. 

Let A G GP and t G 1 . Then tA will denote a membership function defined in the 
following way: 

(tA)(x):=tAix). (2.47) 

Thus, (2.30a) implies that 

( U tlJ(A:) = V{tl (j:):tGlo} = V {t: t G (0 , A(x)]} = A(x) 

leig 

for each xG M; clearly, HA(x) = 0, we make use of the equality V0 = 0. In the 
same way, one verifies that 

(U^tl^,)(x}=A(x). 

So, for each A G GP we have 

^ = [j ti = U n (2.48) 

This so-called property of decomposition of a membership function into its t-level 
sets (sharp or not) is very useful in theory and applications of fuzzy sets. For 
instance, it suggests an easy way of storing fuzzy sets with finite supports in a 
computer memory by storing their t-level sets. Moreover, another immediate 
consequence of (2.48) is the following equivalence: 

A=B^ VtGlo: /I; = « VtGI,: /I' =fi'. (2.49) 

It suggests a simple but convenient technique in which equalities between fuzzy 
sets are proved by showing identities between their corresponding f-level sets or 
sharp t-level sets, and which will be sometimes used in further sections. Finally, 
in connection with (2.48), we easily notice that 

supp(^) = U yl, . (2.50) 

Moreover, 

|supp(/l)| = V |yl,l . (2.51) 

Indeed, |supp(yl)( > V{ |yl,|: t G Iq} since /I, c supp(/4) for each t^Io- But the 
strict inequality would imply the existence of xGsupp(yl) such that x C/1, for 
each /GIq, which forms an elementary contradiction. Since 

A° = supp(/4). 
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we easily point out that analogous of (2.50) and (2.51) hold true for sharp t-level 
sets (clearly, ’t S Iq’ should then be replaced by ’<£![’). Lastly, we recall that 
suprema over families of cardinal numbers are well-defined and always exist. 

If yd G GP and there exists x G M such that 

A{x) = l, 

then both yd and FS(A) are said to be normal. Otherwise, they are called a 
subnormal membership function and a subnormal fuzzy set, respectively. If 

A oB = T, 

then FS(yd) and FS(5) (as well asvd and B) will be called disjoint. Clearly, 

yd, n 5, = 0 for each t G Iq 

and 

yd'nfi' = 0 for each tG I] 

provided that yd and B are disjoint. If M is linearly ordered by a relation < and 

yd(y) > yd(x) Ayd(z) 

for each triple x,y,z G M such that 



X <y <z, 

then both yd G GP and FS(yd) are called convex. Obviously, a membership 
function which is convex in this sense does not need to be a convex function in 
the sense of mathematical analysis (a bell-shaped function is a simple counter- 
example). We easily notice that all t-level sets of a convex fuzzy set are intervals, 
closed or not, and that the intersection of two convex fuzzy sets remains a 
convex fuzzy set (see also [FCR#6]). 

Finally, suppose that M is a set of numbers of an arbitrary sort. Each function 
dev: GP -» [ 0, oo) such that 

dev(P) = 0, if |supp(F)| =1, (2.52) 

and 

dev(F) <dev(0, if Peg, (2.53) 

is called a deviation measure. The deviation dev(P) of PGGP says how much P 
or, more precisely, FS(P) differs from a number in M (see also [FCR#6]). In 
Chapter 6, the deviation measures will be used to describe how much the 
generalized cardinal numbers (introduced to express the powers of VD-objects) 
differ from the classical cardinals. 
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Section B. Fuzzy sets of type 2 and ultrafuzzy sets 

We realize that, in practice, the postulate (PA2) in Section 2-A is difficult to 
defend because the membership grades of fuzzy sets are usually more or less 
imprecisely (subjectively) determined. An attempt at solving that problem is the 
concept of characterizing a VD-object by means of a function 

M-*GP(I). 

VD-objects are then called fuzzy sets of type 2. So, the membership grades 
become themselves functions l-*I rather than numbers from I. In particular 
case, each membership grade can be a function 

such that the value 1 is attained only on some interval in I, generally distinct for 
each jc £ M. Such fuzzy sets of type 2 are called ultrafuzzy sets or interval-valued 
fuzzy sets (see also [FCR#7]). Obviously, each ultrafuzzy set can be viewed as an 
ordered pair 



(FS(/I),FS(fi)) 



or, more formally, as a pair 



{A ,B) with AcB. 

Each interval 

[A(x),B{x)] 

assigned to x G M is interpreted as an inteival of equally possible membership 
grades of jcG M to a VD-object separated from M by an s-property. 



Section C. Semisets 

Type 2 fuzzy sets and ultrafuzzy sets are surely an interesting extension of the 
original concept of fuzzy sets. Nevertheless, they are not a satisfactory solution of 
the problem of imprecision (subjectivity) in determining the membership grades. 
They only move the problem a bit farther. 

In 1972, P. Hajek and P. Vopenka proposed an alternative mathematical tool, 
namely the Alternative Set Theory, in which one at all resigns the use of any 
membership functions. One of central ideas underlying the Alternative Set 
Tlieoiy is to enrich the Godel-Bernays set theory by adding to it a new notion, 
namely that of a semiset. A class is then defined as a property (of any order) 
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being understood as an object. So, every set is a class since 
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Jce A 

is a property determining A. Classes which are not sets are called proper classes. 
Finally, a semiset is a proper class being a subclass of a set (see also [FCR#8]). 
Thus, proper VD-objects in M can be treated as semisets. 

The notion of a semiset appears to be very useful. It can be used to prove 
some essential mathematical results as, for instance, the independence of the 
axiom of choice. Unfortunately, semisets usually lose their usefulness when one 
likes to apply them to build applicational theories or models. The reason is that 
membership functions of any sort, in spite of their defects and immanent 
imperfectness, are convenient and make fuzzy sets, as well as the other derivative 
concepts, more constructive and handy in use. 

In Chapter 4, we will propose another approach to the problem of imprecision 
or subjectivity of the original membership functions M-»I. Briefly speaking, 
we like to keep at them introducing, however, their lower and upper approx- 
imations, constructed in a special manner by using some natural postulates for 
the approximations. Two variants of such approximative approach to VD-objects 
and membership functions will be presented and discussed. 



Section D. Other related concepts 

TTie original idea of fuzzy sets can be modified in various ways. Since I forms 
a complete Heyting algebra, one of the possible variants is to replace by 
intuitionistic logic. Operations on and basic relations between the resulting 
intuitionistic fuzzy sets can be defined analogously to those for fuzzy sets. Clearly, 
the Lukasiewicz implication operator (1.10) is then replaced by (1.9) (see also 
[FCR#9]). 

Another possibility of a modification without changing the set I, i.e. the set of 
all possible truth values, is to use so-called triangular norms and triangular 
conorms {l-norms and t-conorms, in short) as axiomatic generalizations of the 
operations a and v, which are numerical interpretations of conjunction and 
inclusive disjunction, respectively. 



A binary operation t: Ixl -»I is called a t-norm if the following conditions are 
fulfilled by each a,b,cE.l: 



(Tl) atb = bta , 

(T2) at(h tc) = (a tb)tc , 

(T3) atb<ctd if a<candb<d, 
(T4) ail = a . 



(commutativity) 
(associativity) 
(monotonicity) 
(neutral element) 
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A binary operation s: Ixl is called a t-conorm if it satisfies the following 
conditions: 

(Tl*) ash = hsa, 

(T2*) as{hsc) = {asb)sc , 

(T3*) asb<csd if a<candb<d, 

(T4*) asO = a. 

One easily notices that (T4) and (T3) imply 

a 1 0 = 0, 



whereas (T4*) and (T3*) lead to 

as 1 = 1 

for each a. There exists a 1 — 1 correspondence between t-norms and t-conorms. 
Indeed, if t is a t-norm, then t* such that 

at* b := 1 - (1 -a 1 1-f)) 

is a t-conorm, and, conversely, if s is a t-conorm, then s* such that 

as* b := l-(l-a s 1-b) 
is a t-norm. Moreover, we have 



(t*)* = t and (s*)* = s 

for each t-norm t and t-conorm s. Let us list a few more important examples of 
t-norms t and related t-conorms s = t*; 

a\b = min(a ,/)), a / b - max(a ,fc), {lattice operations) 

a Aj/? = ab, a v, b - a+b- ab, (algebraic operations) 

aAjb = max(0 ,a +b-\), aV 2 /? = min(l,a-l-/j), (bounded operations) 

, _ j min(a ,ft), if a = 1 or b = 1, 

^ 1 0, otherwise, 

(drastic operations) 

, I max(a ,b), if a = 0 or /> = 0, 

“'•■''’'ll, othenvise. 



We easily see that 
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and 



a f\^b < a h-, h < a h < a h h < a ,h 
a,h h <a\j^b < a\/2b < a \’^h 



for each a, G I . More generally, each t-norm t and t-conorm s fulfil the 
following conditions: 



and 



a A^^b < atb < a A b , ata<a 
a V b < a s h < a b , a < as a 



with strict inequalities for a, ft G (0,1) whenever t or, respectively, s is a strictly 
increasing operation in (0,1) X (0,1). One proves that t is idempotent only if 
t = A, and, similarly, s is idempotent only if s = v. 

A binaiy operation is called a 4>-uperator induced by a t-norm t iff 

it satisfies the following conditions for each a,ft,cG I: 



(FI) a -»,ft < a -»,c, if ft < c, 

(F2) at(a-^,ft) < ft < a-»,(atft). 

A quite natural question is when exists and is unique. To answer it, we have to 
introduce an additional notion. Namely, a t-norm t is said to be residual if the 
infinite distributivity property 



at V ftg = V a tftg 

eej e€J 

is satisfied by each aGI, (fte)egj and Clearly, A, Aj and A2 are residual 

t-norms. Generally, each continuous t-norm is residual. One proves that a unique 
(^-operator induced by t exists iff t is residual. What more, if t is residual, then 
(cf. (1.8)) 



a-*^b = V{c: ate < ft). 



Hence, we easily obtain that 



and 



l^,ft = ft 

a -»,ft = 1 iff a < ft 



for each residual t and a, ftGl. The </»-operators -»-j and -»2 induced by a, 
Aj and At, respectively, are of the following form: 



a-*- b - ^ ^ 

' I ft, otherwise. 
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a-*^h = 



min(l ,6/a), if a 0, 

1 , otherwise. 
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a-» 2 ^ “ inin(l,l-a+6). 

So, (^-operators induced by residual t-norms are suitable candidates for 
generalized implication operators. Worth emphasizing is that the Lukasiewicz 
implication operator is induced by a, , whereas a induces now the intuitionistic 
implication operator (1.9). 

Each residual t-norm t can be used to generate a negation connective 
interpreted in the following way: 



Then 



l-,s] := [jJ-,0. 

and ] = [- 1 ^]. 



Furthermore, each residual t-norm t induces its own connectives of conjunction 
&j, disjunction j.,, implication and equivalence *=*, interpreted in the following 
way (cf. (1.2)-(1.5)): 



[r&,5] := [r]t[.v], 

[r±,s] := [r]t*[^l, 

:= [r]-,[i], 

[r-,r] := -*,r]. 

We understand that numerical interpretations of quantified sentences have to be 
identical with those in (1.6) and (1.7) because, generally, an extension of the 
binary operation t to an arbitrary number of arguments is not possible. Finally, 
the algebra of fuzzy sets can now be modified by introducing the following 
definitions: 



FS(/l)sFS(fi) := V,„xGM: xe,„FS(/l) G„, FS(fi), 
FS{A)=^FS{B) := FS(A) <=^FS(B) FS(B) ^^FS(A), 
xE^,FS(A)u,FS(B) :=xe,,FS(A) x.xS„,FS(5), 
xG„,FS(/f)n,FS(fi) := xG„,FS(/l) &,xE„,FS(B), 
(x,y)E„,FS(A) x,FS(B) : = xG„,FS(a 1) &, yG„,FS(B), 
xe,„FS(/l)'':= ^,xG„,FS(/l). 



At this point, we leave this brief presentation of fuzzy sets with triangular norms 
and </>-operators induced by them (see also [FCR#10]). 
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The third variant of modification of the original concept of fuzzy sets is to assume 
that the membership grades do not need to be linearly ordered. VD-objects are 
then characterized by means of functions 

M-*L, 

where L is a complete Heyting algebra (see [FCR#2]), and are called L-fuzzy 
sets (see [FCR#11]). Clearly, this forces a replacement of by intuitionistic 
logic. The operations A and v in (1.2)-(1.5) are then understood as lattice 
operations in L, whereas -* is defined by (1.8). (L*^, u, n) forms a complete 
Heyting algebra, too. We notice that, in particular case, L can be a linear lattice 
composed of an arbitrary number of elements, even greater than the continuum. 
Such L-fuzzy sets are useful if the scale of intermediate truth values (mem- 
bership grades) has to be of a greater power than | (0,1) |, e.g. if one likes to 
construct a membership function A:M^L which is strictly monotonic on a set 
BcM such that | B| is greater than the continuum. Lastly, the concept of type 2 
fuzzy sets and ultrafuzzy sets can also be extended by replacing I by L. 




CHAPTER 3 

MATHEMATICAL 
APPROACHES TO 
SUBDEFINITE SETS 



This chapter is devoted to two possibilistic approaches to the question of 
mathematical representation of subdefinite sets. The ideas of flou sets and twofold 
fuzzy sets will be presented and discussed. Probabilistic approaches to subdefinite 
sets will not be considered. 



Section A. Flou or partial sets 

The idea of a subdefinite set implies an intrinsic three-valuedness in M. More 
precisely, three classes of elements can be distinguished; 

— A,; contains the elements from M which surely possess a property p £ Ppj 
and, therefore, whose belonging to A = {jcG M; x fulfils p} is certain. 

— Air is composed of the elements which surely do not fulfil p. 

— Ay! contains the elements whose belonging to A is practically unknown or 
uncertain. 

One of the most simple approaches to modelling the subdefinite set A is to 
represent it as a pair 



£ = (AA^A) 

which will be called a flou set. The sets A> A \ ^ A’ respectively, are then 
called a sure region, a flou region and a maximum region of A, respectively. So, by 
a flou set representing a subdefinite set one can mean a pair 
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E = (D,E) 

of sets D, E such that Dc Ec M. Clearly, each set B can be expressed in the 
language of flou sets as the pair 

Let F = (H,K), where HcK. The following natural definitions of basic relations 
and operations can be formulated for flou sets: 



E = F 


:= D = H & E = K, 


(3.1) 


EcF 


:= DcH & EcK, 


(3.2) 


EuF : 


= (D u H , E u K) , 


(3.3) 


En F : 


= (D n H , E n K) , 


(3.4) 


ExF : 


= (D X H , E X K) , 


(3.5) 


E 


' := (E',D'). 


(3.6) 



It is an elementary task to check that (3.3)-(3.6) are well-formed definitions, i.e. 
E*F and E' are also flou sets (* symbolizes u , n or x). The definitions 
(3.3)-(3.5) can be easily generalized to an arbitrary number of operands. Let 

P := (0,0) and M := (M,M). 

We easily notice that, again, flou sets with u and n do form an infinitely 
distributive lattice bounded by P and M. However, generally, we have 

£uE' = (DuE', EuD') = (DuE', M) 

and 

EnE’ = (0, EnD') 

Thus, the complementation of flou sets is not a boolean complementation but 
rather a de Morgan one. Indeed, we always have 

{E')’=E and EcP-F'cP'. 

So, the family of all flou sets in M with u , n , ', P and M forms an infinitely 
distributive de Morgan algebra. Each flou set £ = (D,E) can be identified with 
the ordered pair 



of characteristic functions. Moreover, E can be transformed into a fuzzy set 
characterized by a membership function M-»{0, 0.5,1} such that 
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fl, ifjcGD, 

pL^{x)=lo.5,ifxeE-D, (3.7) 

[O, otherwise. 

What is essential, this idea of representing the flou sets via 3-valued membership 
functions can be extended to sums and intersections, and an isomorphism between 
flou sets and such the membership functions occurs. Indeed, if b is a mapping 
assigning /xg to E, then b is bijective in virtue of (3.1), whereas (3.3) and (3.4) 
imply that 



b(£uF) =/1 euF = b(£)u b(F), 

b(FnF) = = pi^nixp- b(F)n b(F) 

and 

b(P)=/x,.= 7’ , b(M)=MM = A^- 

The proofs of A'-A’nF ~ elementary and therefore 

omitted. 

Finally, some historical and bibliographical comments concerning flou sets are 
here necessary. Flou sets were introduced in GENTILHOMME (1968). Their 
properties are investigated, for instance, in NEGOITA/RALESCU (1975, 1976). 
At the same time, D. Klaua independently proposed his a bit forgotten idea of 
so-called partial sets which are exactly the same objects as flou sets (see KLAUA 
(1968)). Worth emphasizing is that the proposition of Klaua was equipped with 
much solid mathematical and logical foundations which have their roots in 
three-valued logic. For example, let us mention so-called partial cardinal numbers 
for partial sets as well as partial reals introduced in KLAUA (1969). The partial 
cardinals are, in essence, identical with intervals of cardinal numbers, whereas 
the partial reals are identical with the interval numbers of interval mathematics 
(see also [FCR#12] and rough sets). 



Section B. Twofold fuzzy sets 

A less elementary mathematical tool referring to subdefinite sets is the 
concept of so-called twofold fuzzy sets in which the dubious membership status 
of some elements from M is expressed in the language of possibility theory. 
A twofold fuzzy set representing a subdefinite set A<=M is defined as a pair 

(FS(C),FS(F)) 

of fuzzy sets. FS(C) represents the elements which more or less certainly belong 
to A, whereas FS(F) represents the elements which more or less possibly are in 
the subdefinite set A. More precisely, C{x) is understood as a minimal degree of 
certainty that x is in A. On the other hand, P{x) is interpreted as a maximal 
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degree of possibility that x really belongs to A. Moreover, one assumes that 
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C<z\p. (3.8) 

This condition symbolizes the requirement that the elements which more or less 
certainly belong to A should be considered to be wholly possible elements of A, 
i.e. their possibility degree of belonging to A has to be equal to 1 (see also 
[FCR#13]). 

So, quite formally, a twofold fuzzy set is a pair {C,P), where C,PEGP fulfil 
the condition (3.8) which implies Cc P. Clearly, twofold fuzzy sets are a par- 
ticular case of ultrafuzzy sets (see Section 2-B) and, on the other hand, they 
form a generalization of the idea of flou sets. Inclusions, equalities, sums, inter- 
sections, cartesian products and complements of twofold fuzzy sets are defined 
exactly in the same manner as analogous relations and operations for flou sets in 
the previous section. It suffices to do an obvious adaptation of (3.1)-(3.6) (see 
Section 4-D). Each set D c M can be expressed in the language of twofold fuzzy 
sets as the pair 






Instead, pairs of the form 



^nd (^ > 1 supp(/i ) ) 

are two possible representatives of a fuzzy set A G GP in the universe of twofold 
fuzzy sets. Of course, two different interpretations of certainty and possibility of 
belonging are then offered. Let us notice that we have 

= ('^’>^supp(/r')) ’^supp(/4)) ’ = • 

This means that these two representations are exchanged in the operation of 
complementation. 




CHAPTER 4 

A UNIFYING 
APPROXIMATIVE 
APPROACH TO 
VAGUELY DEFINED 
OBJECTS 



Let us start with a diagram which recapitulates the approaches to VD-objects and 
subdefinite sets discussed up to here and, in this context, situates a new, approx- 
imative and unifying approach we are going to present in this chapter. 




Prop&iies 



Objects 
separated 
by them 



Their 

mathematical 

representations 



Figure 1 
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In principle, we like to present and investigate two variants of the unifying 
approximative approach to VD-objects, including subdefinite sets. The first one is 
developed in Sections A-C, whereas the second one will be discussed in Section D 
of the chapter. In essence, both of them are mild generalizations of the concept of 
fuzzy sets. 



Section A. Approximating the membership 
functions 

Developing the first variant of the approximative approach to VD-objects, we 
shall assume that each VD-object in M is described by means of a membership 
function belonging to GP which, however, is maybe only imprecisely determined (cf. 
(PA2) in Section 2-A). With reference to a membership function A S GP, this 
imprecision should be understood in two contexts: 

- Numerical inexactness caused, say, by rounding or measurement errors. So, one 
assumes that an exact membership function describing a VD-object exists, but 
only its approximated form A is known. 

- Subjectivity: an exact membership function does not exist at all. Each constructed 
membership function is more or less subjective, but, from some viewpoint, A is 
chosen as a most convenient or suitable subjective function. Clearly, this context 
dominates in practice. 

We shall approximate A by means of two functions f{A) and g(A), where 

/,g;GP-GP 

are such that the following axioms are fulfilled for each A,BgGP and M: 

(Al) /(A)cAcg(A), 

(A2) AGPS ^f(A),g(A) EPS, 

(A3) A(x)<B(y) ^/(A)(x)</(B)(y)&g(A)(x)<g(B)(y), 

(A4) (f,g) ^ (id , id) =. /(GP) c PS X g(GP) c PS , 

where id symbolizes the identity function and c is defined by (2.10). So, contrary to 
ultrafuzzy sets, the approximations of A cannot be quite arbitrary and should be 
constructed using a specific technique imposed by the conditions (A1)-(A4). These 
conditions call for a more detailed explanation. Clearly, (Al) indicates that 
f(A) and g(A) are lower and upper approximations (bounds) for A. As concerns 
the postulate (A2), it says that both the approximations of a set have to be sets, too. 
Further, (A3) indicates that the approximations must be done by means of 
monotonic transformations of the membership grades. Thus, it implies that 
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(A3’) f{A){x) = f{B){y) and ^ ^ (B)(>') whenever A{x)=B{y), 

which means that each value f{A)(x) and g(>l)(jr) depends only on the value /4(jc). 
One should emphasize that (A3) is much stronger than the usual monotonicity 
condition /I c B =» f{A)^ f{^) ^ g{-^) S{^) (see Lemma 4.1(a)). Finally, we 
immediately notice that (f,g) = (id, id) fulfils (A1)-(A3) and corresponds to the case 
of precisely determined A, when no real approximation is needed. Otherwise, 
applying a pair {f,g) ^ (id ,id), A has to be approximated. But we do not like to 
’proliferate’ its imprecision by the use of imprecisely constructed lower and upper 
bounds of A, especially, if imprecision is understood as subjectivity. To this end, we 
accept that, in practice, the subjectivity of determining each value A{x) is more or 
less total or unlimited. More exactly, we accept that 

- A(x) > 0 is the only unquestionable lower evaluation of each A(x), possibly 
excluding the^(jc)’s equal to 1, if they are assumed to be precise, 

or/and 

— A{x) ^ 1 is the only unquestionable upper evaluation of each A{x), possibly 
excluding the/l(jc)’s equal to zero, if they are assumed to be precise. 

So, in other words, we postulate that at least one of the approximations of the 
VD-object described by A has to be a set, i.e. has to be a ’simpler’ object. This is 
guaranteed just by (A4), and will be reflected in Lemma 4.1(f). 

As one sees, (A1)-(A4) forms a quite natural system of postulates. The family of 
all pairs {f,g) fulfilling (Al)-(A4) will be denoted by F*. Moreover, let us define 
F;= F*- {{T,M)}. Usually, the trivial pair (f,g) = {T,M) will be excluded and, in 
the sequel of the book, all theorems, lemmas and properties will be formulated for 
(/,g)SF. Nevertheless, some notions will be defined also for (f,g) = (T,M), what 
is convenient because this pair occurs in a few formulae as a by-element (see 
e.g. Theorem 6.5). 

Let us formulate a few useful properties of the pairs from F. Throughout the 
book, let fl,gs: GP-*PS be defined as 

fl{A) :=\^^ and gs(/l) := . 

Lemma 4.1. For each pair (f,g) £ F and A , B E. GP, the following properties are 
satisfied: 

(a) A •= B implies f{A)rzf(B) and g{A)<^g{B). 

(b) f{A*B) =f{A)*f{B) and g(A* B) = g{A)*g{B), where * E {n, u, x) . 

(c) If A(x) = \ , then /(/1)(a) G {0,1} and g(^)(jt) = l. 

If A{x) = 0 , then f{A){x) = 0 and g(/l)(x) G {0,1} . 

(d) f^T or f{A){x) = \ iff A{x} = I, 
g = M or g(A){x) = 0 iff A{x) = 0. 

(e) If A EPS, then f{A)-A and g (A) = A, unless f=T or g = M. 

(f) If {f ,g) ^ (id, id), then f=T or f = fl or/and g^M or g = gs. 
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Proof. Part (a) follows from (A3) by putting y : = x. As regards (b), we see that 
(2.19), (A3) and (A3') imply f(A u B){x) =f{A)(x) vf{B)(x) = (f(A) ^f(B)){x), 
u B) -f{A) u / (B). The remaining equalities in (b) can be checked in the 
same simple way. 

Part (c) immediately follows from (Al), (A2) and (A3'). As one sees, (c) says that, 
in particular, A(x) = 1 implies f{A)(x)E: {0,1}. So, if f{A){x) = 0 with A{x) = 1, 
then f{A){x) = 0 for each A(x)Gl, which follows from (A3). Hence f =T. On 
the other hand, if f(A){x) = 1 whenever A(^x) = 1, then using (Al) we get that 
f{A)[x) = 1 \ii A{x) = \. The second part of (d) can be verified in a similar way. 
Part (e) is an immediate consequence of (d) and (A2). 

Finally, (f) follows from (A4) and (Al). Indeed, if ^ is a mapping into PS, then 
g{A){x) = \ whenever /1 (j:) >0. So,^ = A/ if g(/l)(A;) = 1 also for ^(j:) = 0,and 
g = gs if g(A)(x) = 0 for A{x) = 0. Similarly, if / transforms A into an element 
of PS, then /(/1)(j:) is equal to 0 whenever /4(a:) < 1 . Thus, /= 7 if f{A){x) = 0 
also for A(x) = 1, and / = fl if f{A){x) = 1 for ^(a;) = 1 . □ 



Corollary 4.2. For each (/,g)£ F and A £GP, the following properties hold true: 

(a) fl(A)<^f(A) and g (A) a gs (A), unless f ~ T or g = M. 

(b) f{A)^=A^ and supp(g(/l)) = supp(/4), /=7 or g = M. 

(c) f{A) c fl(g(^)), unless {f,g) = (id ,id) . 

Proof, (a) and (b) are immediate consequences of Lemma 4.1(d). As concerns (c), 
it follows from Lemma 4.1(f), (2.44) and (Al). □ 

So, part (c) in the above corollary says that the condition (3.8), which characterizes 
twofold fuzzy sets, is always satisfied by (f(A),g(A)) provided that {f,g) ^ (id, id). 
In other words, we have 

f{A)(x) = 0 or/and g(A)(x) = 1 

whenever (f,g) ^ (id, id) (cf. Section 4-D). However, a more important conclu- 
sion is that part (f) of Lemma 4.1 allows us to divide F into five subfamilies of 
pairs, namely: 

F= {(id, id)} u {(/,g);/= T} u {(/,g):f= fl } u {(/,g):g = M} u {(f,g): g = gs). 

(4.1) 

We realize that the following eight pairs seem to be particularly significant and 
useful; 

(id, id), 

(fl,id), (7, id), 

(id,gs), (id,M), 

(7,gs), (fl,M), (fl,gs). 




36 



Chapter 4 



We shall call them basic pairs. Of course, many other combinations of / and g, 
forming a pair belonging to F, are possible and can be useful. For instance, let us 
mention pairs with / = f’*", / = f ““ or g = where 

f^\A): = A^ f-‘'(A) : = A-a, g^\A): = A + b 
with k denoting a positive integer, a,bE. (0,1) and 

A^{x):={A{x))\ 



(A-a)(x) 



I 0 vA(x)-a , if A{x) ^ \ , 
\ 1, otherwise. 



{A + b){x) 



j 1 A A{x)+b, if A{x) ^ 0, 
1 0, otherwise. 



Other examples of the possible {f,g)’s are those with /= f ' or g = g ', where 



f'(/l)(x): = 



_ I 0, if A{x) < t. 



A(x), otherwise. 



g"(A)(x) 



A{x), if a1(jc) < I, 
1, otherwise, 



and t G (0,1). 



Section B. Algebraic aspects 

The presented variant of the approximative approach suggests to represent a 
VD-object as a pair (of fuzzy sets) 



(f{A),g{A)) 

with A GGP and (/,g)G F. As one sees, particular cases of such the pairs are: 

- fuzzy sets, if (f,g) = (id, id), 

- partial sets, if {f,g) = (7',gs), (fl,M), (fl,gs), 

- ultrafuzzy sets (a class of them, in fact) for each {f,g) G F. 

Quite formally, each pair {f{A),g{A)) with {f,g) ^ (id, id) is a twofold fuzzy set 
(see Corollary 4.2(c)). Then, however, the problem is how to interpret the 
function A. Therefore, in the presented variant of the approximative approach 
to VD-objects, we rather avoid that way of interpreting {f{A),g{A)). This 
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variant of the approximative approach seems to be a compromise solution of the 
problem of imprecision (subjectivity) of the membership functions of fuzzy sets. 
Together with it will be used in Chapters 5-14 when constructing a cardinality 
theory for VD-objects. Throughout the presentation, our attention will be mainly 
focused on universal properties and laws which do not depend both on the choice 
of finiteness/infiniteness of supp(y4). By the way, VD-objects 

described by means of the membership functions with finite supports will be called 
finite VD-ohjects (see Section 5-F). In the case of finite VD-objects, similarly to the 
classical cardinality theory, some notions, laws and theorems can be reformulated 
in an equivalent but simpler way. Moreover, one can then prove many new 
properties which do not hold true for arbitrary VD-objects. If useful, we will make 
references to the case of finite VD-objects. 

It is clear that the algebra of the pairs (f(A),g(A)) with A E GP and (f,g) E F 
can be developed similarly to that of flou and twofold fuzzy sets. Namely, the 
following natural definitions can be introduced: 

(f(A),g(A)) =3 if(B),g(B)) := f(A) = f(B) & g(A) = g(B), (4.2) 

if(A),g(A)) c (f(B),g{B)) := f(A) c f(B) & g(/() c g(B), (4.3) 

{f{A),g{A))* {fiB),g(B)) := (f{A)*f{B),g(A)*g(B)f (4.4) 

{f{A),g(A)y := igiAyj(Ay), (4.5) 

where + = u, n, x (see (2.19)-(2.23)). It seems to be reasonable to assume that an 
identical approximation technique, i.e. an identical (arbitrary but fixed) pair 
(f,g)E F, is applied at the same time to all (imprecise) membership functions. 
This justifies the presence of only one pair (f,g) in (4.2)-(4.5). In virtue of 
Lemma 4.1(a,b), we obtain the following results: 

ifiA),giA))r.(f(B),g(B)) if A^B, (4.6) 

(f(A),g(A)) * (f(B) ,g(B)) = if (A *B),g(A* B)) (4.7) 

with * = u, n, X. Their important and convenient consequence is that, in spite of 
using the approximative approach and contrary to interval-valued fuzzy sets, 
VD-objects with arbitrary but fixed (f,g)E F can be still treated as fuzzy sets. 
Consequently, a fuzzy-set-like notation 

obj(/l) 

for the VD-object characterized by a generally imprecise A E GP can be used, as 
if A would be a precisely determined function. Moreover, and its sentential 
calculus can be applied. Therefore, the following definitions with ^,BEGP will 
be used throughout (cf. Section 2-A): 

[j:Gn,obj(yl)] A(x), (4.8) 

obj(/l) obj(5) : = G M: a: G„, obj(^) Jt G,„ obj(fi), (4.9) 
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obj(^) =n,obj(B) ;= obj(^) c„, obj(fi) obj(B) c^, obj(^), (4.10) 

obj(/l) c obj(5) := B, ('^•11) 

obj(/l) = obj(fi) := A=B, (4.12) 

obj(^) u obj(fi) := obj(/luB), (4.13) 

obj(v4) n obj(fi) obj(^ n B), (4-14) 

obj(^) X obj(B) := obj(/lxB), (4-15) 



Since (4.6) and (4.7) say that the representation (f{A),g(A)) of each obj(/l) 
preserves the inclusion and can be transferred to finite sums, intersections 
and cartesian products, we conclude that (4.11)-(4.15) are well-formed definitions, 
and an appropriate coincidence with (4.2)-(4.4) holds. Thus, for each fixed 
(/,^')E F in the approximative approach under discussion, the family of all vaguely 
defined objects in M with u and n defined by (4.13) and (4.14), and with the neutral 
elements obj(7) and obj(A/), is isomorphic to (GP, u, n, T, M) treated as a 
bounded distributive lattice. Furthermore, let us introduce the following additional 
definitions: 



A=^f^^B := f{A)=f{B)S,g{A)=g{B), 
obj(>l) ^ obj(B) := A=^^B, 

A<^^^B := /(/l)c/(B)&g(/l)cg(B), 

obj(^) ^ obJ(B) := 



(4.16) 

(4.17) 



where (/,g) G F. On account of Lemma 4.1(a), for each {f,g) G F and A, BE: GP 
we get 



and 



>1 C B - ^ ® (4-^8) 

A=B A B. (4.19) 



Of course, obj(/l) is a set iff A G PS, and, informally, we have 

D = obj(ly) 

for each set D c M . Moreover, t-level and sharp t-level sets, supports, normality 
and convexity of obj(xl) with A GGP will be defined in the same manner as it is 
done for fuzzy sets in Section 2- A. Two VD-objects obj(/l) and obj(B) will be 
called disjoint if their membership functions satisfy the condition 

Ac B = T. 

In virtue of (Al) and Corollary 4.2(a), we have 
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AnB = T - f{A)nf(B)=g{A)ng{B) = T 

provided that g * M. By the way, we will need to make a clear distinction 
between VD-objects and their membership functions. In the nonclassical 
cardinality theory we are going to construct, it would be a bit strange and 
inconvenient to refer notions like equipotency, finiteness and cardinality to the 
membership functions themselves. On the other hand, all definitions and 
constructions concerning VD-objects and their cardinalities will be relativized by 
making more or less explicit references to the (f,g) we use. 

Alhough the definitions (2.1) and (4.8) have similar forms, we understand that 
there is an essential difference in their interpretations. Namely, (2.1) says that 
the membership grade of an element x in FS(/1) is exactly equal to A(x), 
whereas, in essence, (4.8) defines the membership grade of x in obj(/l) to be 
approximately equal to A(x), where 

[f{A){x),g{A){x)] 

is the allowable interval of error or subjectivity. We recall that if a VD-object is 
modelled by means of an ultrafuzzy set, then the membership grade of x is 
understood as an interval in I, without distinguishing any point of that interval. 
So, these three cases, respectively, resemble in a way, say, the following three 
possible answers to the question "What is the value of tt?": 

— "it is exactly equal to 3.14", 

— "tt is approximately equal to 3.14 and belongs to the interval [3.135,3.145]" 
(from some viewpoint, 3.14 is chosen as a convenient approximation), 

— 'V G [3.135 , 3.145]" without indicating any value within this interval. 

What calls for an additional explanation is the complementation in (4.5). Let 
(/,g)GF and 



(/,Kr:=(g^n. 



where /* and g* are such that 

r{A)-f{A'y and g*(A) : = g{A'y (4.20) 

for each A G GP. The pair (f,g)* will be called a pair associated with (f,g). 

Theorem 4.3. For each (/,g)GF, we have (f,g)* EF and (f,g)** = (f,g). 
Moreover, (f,g)* = (f,g) iff {f,g) equals (id, id) or (fl ,gs). 

Proof. Let us prove that (f,g)*E F whenever (f,g)E F. To this end, we have 
to show that (f,g)* always satisfies (A1)-(A4). Indeed, (Al) is then fulfilled 
because/(A') c A' e g(A') implies g{A')' Ac. /(/I ')'. As concerns (A2), the 
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following chain of elementary implications can be written: 

^GPS -/I'GPS -/(/l'),g(/l')GPS »/(>l')',g(/l')'GPS -/*(/!), GPS. 
Further, since (f,g) satisfies (A3), in virtue of (4.20) we have 

A(x)<B{y) B'iy)<A'{x) 

^ f{B'){y)<f{A'){x) 

-l-fiA'){x)< l-f{B'){y) 

^fiAyix)<f(B'yiy) 

=* r{A){x) </*(fi)(y). 

Similarly, one gets the implication A{x) ^ B{y) -> g*(/l)(x) < g*{B){y). Finally, 
we immediately notice that, in virtue of (4.20), if / maps GP into PS, then f* 
is also a function into PS. The same holds true for g and g*. So, (A4) is fulfilled 
by the pair (g*,f*). 

As regards the second part of the thesis, (f,g)** = {g* ,/*)* = (/** ,g**), 
whereas (4.20) implies that 

f**(A) = f*(A'y = (f(A'yy = fiA) 



and, similarly, g**(A) =g{A) for each/lGGP. Hence (f,g)** = {f,g)- 
To prove the last part of the thesis, let us notice that (f,g)* = {f,g) holds true 
iff for each A G GP we have (see (4.20)) 

( 0 ) f{A) = g{Ay 

and 

(00) g{A) = fiAy. 

By the way, we see that the fulfilment of ( 0 ) implies the fulfilment of ( 00 ) and 
vice versa; indeed, f(A) =g(A')' « f(A)' =g(A') =g(A), where the 

last equivalence is obtained by putting A := A'. The fulfilment of ( 0 ) and, 
equivalently, ( 00 ) is obvious for (f,g) = (id, id). Taking into account the other 
four families of the pairs composing F (see (4.1)) and applying elementary 
transformations, we formulate the following conclusions; 

- in virtue of ( 00 ), f = T implies g(A) = M for each A G GP, 

- in virtue of ( 0 ), g = M implies f(A) = T for each A G GP, 

- in virtue of ( 00 ), /= fl implies 



g(^) = fl(.l')' = (l^^^p^^^,)' = l^„^p^,, 



= gs(^), 



— in virtue of ( 0 ), g = gs implies 
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Thus, {f,g)* = if,g) iff {f,g} is equal to (id, id) or (fl ,gs). This completes the 
proof. □ 



Using elementary transformations together with (4.20) and Theorem 4.3, one can 
easily check that the pairs associated with the basic pairs in F are the following: 

(id, id)* = (id, id), 

(fl,id)* = (id,gs), 

(T,id)* = (id,M), 

(id,gs)* = (fl,id), 

(id,M)* = (T,id), 

(T,gs)* = (fl,M), 

(fl,A/)* = (T,gs), 

(fl,gs)* = (fl,gs). 

On account of (4.5) and (4.20), for each (f,g) £ F and A G GP we have 

if{A),g{A)) ={g\A'),r{A')). (4.21) 

Tliis means that the complementation of {f{A),g{A)), defined by (4.5), leads to 
obtain a pair in which the associated (g* ,f*)E. F is applied to the complement 
of A. So, in general, the complementation in (4.5) with (/,g)G F causes a change 
of the generating pair (f,g), unless (f,g)* = (f,g), i.e. (/,g) = (id, id), (fl ,gs). 
Thus, in principle, a fuzzy-set-like definition of complementation of VD-objects 
(see Part 2-A), namely 



obj(,4)':=obj(/l'), (4.22) 

can be used only if {f,g)* = (f,g), which guarantees an appropriate coincidence 
between (4.22) and (4.5). Otherwise, in essence, we leave obj(zl)' undefined 
(nevertheless, (4.21) can be used). Tliis is not embarrassing because, similarly to 
the classical cardinality theory, our attention will be focused on sums, inter- 
sections and cartesian products of VD-objects. Closing this part of our dis- 
cussion, we see that the complementation (4.5) is an order reversing involution, 
i.e. is a de Morgan complementation, which follows from (4.3), (4.21) and 
Theorem 4.3 (see [FCR#2]). 



Remark 4.4. Another possible complementation, namely 

{fiA),g(A)y:={f{A’),g{A')), 
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is also involutive, and would give a coincidence with (4.22) for each (f,g)^ F. 
Unfortunately, it is not generally order reversing. Indeed, one can easily construct 
a counterexample showing that /(/l)c/(fi) /(B') c /(>!') for / = fl. 

What also calls for more care and attention in the approximative approach to 
VD-objects are generalized operations on VD-objects. On the one hand, (4.4) can 
be extended to an arbitrary number of operands by means of the following 
definitions with G GP for each index eG J, and (f,g) G F : 

U if{A,),g{A,)) := ( U f{A,), U g (/!,)), (4.23a) 

eej eej eej 

n {f{A,),g{A,)) := ( n f(A,), n g(A,)), (4.23b) 

eej eej eej 

X (f(A,),g{A,)) := ( X f(A,), X g(A,)}, (4.23c) 

eej eej eej 

where, again, J denotes a nonempty set of indices. On the other hand, these 
definitions are really well-formed, and an appropriate coincidence between them 
and respective generalized operations on obj(,4g)’s will be preserved (see below), 
only if Lemma 4.1(b) can be extended to arbitrary sums, intersections and 
cartesian products. In other words, the question is whether (see (2.30a)-(2.30c)) 

*h(AJ = h(*AJ (4.24) 

e€J eej 

for each 3^0 and each indexed family (^e)e£j. where * G {U, fl, X} and 
h symbolizes any element of a pair from F. Unfortunately, the answer is 
generally negative. Indeed, take for instance M = I, J = {1, 2, 3, ...} and /= fl. 
Let us put 



for each e G J. Then 



/l,(0.5) = l-l/e 



for each e G J, i.e. 



f(A,){0.5) = 0 



( U /(^ J)(0.5) = V /(/I J(0.5) = 0. 

eej eej 



But 



( U /1J(0.5) = V A^{0.5) = 1, 

eej cej 



/( U A,){0.5) = 1. 

eej 



I.e. 
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Thus, 

U f{A^) is properly contained in /( U 
e G J e G J 



by the way, 



U h(AJc h(U A,) 

e€J e6J 



holds for each h, which follows from Lemma 4.1(a). Therefore, let F_ denote the 
family of all pairs (/,g)G F such that both / and g fulfil (4.24). We immediately 
notice that 



(id, id), (T,id), (id, A/) and (f^*,M) 

with k = I, 2, 3, ... are examples of the pairs belonging to F_ . So, if (f,g) G F_, 
the following definitions generalizing (4.13)-(4.15) can be introduced, and a coin- 
cidence with (4.23a)-(4.23c) is then guaranteed: 

Uobj(/l^) := obj( U A^), (generalized sum) (4.25a) 

eej eej 

n obj(/l(,) := obj( n A^), (generalized intersection) (4.25b) 

eej eej 



X obj(ydg) := obj( A AJ. (generalized cartesian product) (4.25c) 
eej eej 

Moreover, the conditions of the nU- and ufl- infinite distributivity are then 
satisfied (cf. (2.36)). 



Section C. Practical instructions of choice 

As was emphasized in Section A of this chapter, the family F of all possible 
nontrivial pairs of the approximating functions is rather rich. Therefore, one 
should put the following question: How to choose (f,g) properly in a specific 
practical situation? Of course, many different criteria arising from different mo- 
tivations are then possible. Let us present a few of them. 

(i) Clearly, if a membership function A G GP is assumed to be precisely 
determined, we choose (f,g) = (id, id). Otherwise, the choice of (f,g) can be 
correlated with the type of imprecision of A. For instance, if the ^(j;)’s are 
treated as lower bounds for an acceptable subjective determination of the mem- 
bership values, the pair (id,M) should be taken. If, in addition, all the values 
zl(jc) = 0 are assumed to be precise, then the choice of (f,g) = (id,gs) seems to 
be more suitable. Similarly, if the A(x)'s are treated as upper bounds, one 
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should choose the basic pair (/,^') = (7’,id). Again, if all the values A(x) = 1 are 
assumed to be precise, the choice of the pair (fl , id) is recommended. 

(ii) If one has decided to use (f,g) ^ (id, id) and to interpret {f(A),g(A)) as a 
twofold fuzzy set representing a subdefinite set, the choice of (f,g) depends on 
the minimal certainty degree and maximal possibility degree of belonging we like 
to assign to the x’s from M. If one is going to treat (f{A),g{A)) as a flou set, 
then the pair (fl ,M), (T,gs) or (fl ,gs) must be chosen. 

(iii) As we will see in next sections, equalities and inequalities between the 
powers of VD-objects are relative and generally depend on {f,g). So, the choice 
can be made basing oneself on how much suitable from ones viewpoint is the 
characterization of equipotency or inequality corresponding to a specific pair 
from F. 

(iv) Each pair (f,g) induces its own type of so-called generalized cardinal 
numbers which express the powers of VD-objects with respect to (f,g), and have 
a unique numerical shape and properties (see Chapter 6). So, one can choose a pair 
{f,g) which induces the generalized cardinals having from some viewpoint the most 
suitable and convenient form and properties as well. 



Section D. Free representing pairs 

In the second variant of the approximative approach to VD-objects, we shall 
assume that each VD-object in M is represented by a pair 






such that F, G G GP and 



Fel^^. (4.26) 

So, for each j: G M, the following implication holds true; 

F{x) > 0 =• G(jt) = 1 . (4.27) 

Clearly, (4.26) implies F G. Each pair (F,G) of that type will be called a free 
representing pair, and can be interpreted in the following two ways; 

Possibilistic interpretation. Since (4.26) is identical with the condition (3.8) which 
characterizes twofold fuzzy sets, (F,G) can be considered to be a twofold fuzy 
set with F, G and (4.26) understood possibilistically in the way specific for two- 
fold fuzzy sets (see Section 3-B). 
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Approximative interpretation. Another possibility is to assume that F: = f{A) and 
G : = g{A) with a function A G GP such that 

FczA<zG, (4.28) 

where / and g are transformations GP -» GP which do not have to fulfil 
the postulates (A2)-(A4) from Section 4-A. So, in particular, the lower and 
upper approximations f (A) and ,^(,4) of A do not have to be constructed by 
means of monotonic transformations of the membership grades A{x). In virtue 
of Corollary 4.2(c), each (f{A),g{A)) with /IGGP and (/,g)G F differing from 
(id, id) satisfies (4.26). Let us notice that 

Fcz\^. &.F = G - FGPS. (4.29) 

Indeed, if PS, then there exists jcG M such that F{x) G (0,1), and, in virtue 
of (4.27), we get G(x) = 1, i.e. F{x) ^ G{x). A set D c M can be represented as 
a free representing pair (lo,!^)- Tlius, taking into account (4.29), one assumes 
that each VD-object in M is described by means of an imprecisely determined 
membership function A G GP, except for the VD-objects being sets. The 
condition (4.26) can now be interpreted in the following way. We do not like to 
’proliferate’ the imprecision of To this end, we accept that it is more or less 
total and, hence, either no nontrivial bounds for A(x) can be given or only one 
of the bounds can be established. In other words, for each xG M, we accept that 

0 < ^ (x) < 1 or 0 < v4 (x) < fl , or h < A(x) < 1 
with some a, G I which depend on x. This means that we have 
f(A)(x) = 0 or/and g(.4)(x) = 1 

for each x G M, which is equivalent to (4.26). Finally, this suggests that the 
condition (4.26), typical for twofold fuzzy sets, is more universal than one could 
expected it to be. 

Taking into account the two ways of interpreting (4.26), we see that the 
second variant of the approximative approach to VD-objects comprises sub- 
definite sets, represented by arbitrary twofold fuzzy sets or flou sets, and proper 
VD-objects described by imprecisely determined membership functions. In com- 
parison with the first variant, discussed in Sections A-C, it involves a much wider 
class of ultrafuzzy sets, but, nevertheless, it does not comprise the original idea 
of fuzzy sets (a class containing the pairs (F,G) such that F = G or (4.26) is 
fulfilled would not be closed under sums (4.30)). 

Let K denote the family of all free representing pairs. So, K c GPxGP. The 
VD-object represented by a pair (F,G) G K will be denoted by 



obj(F,G). 
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If (F,G) is interpreted in the possibilistic way, obj(f ,G) is a subdefinite set in M. 
If the approximative interpretation is used and F ^ G, obj(f ,G) is a proper 
VD-object with an imprecise membership function A approximated by F and G; 
clearly, if F = G, obj (F,G) is a set and its characteristic function is precisely 
known. The following definitions of basic operations and relations will be used 
(cf. Section 3-B): 



(F,G)u {H,S) 


;= (Fu//,G u5). 


(sum) 


(4.30) 


(F,G)n(//,5) 


:= (FnH,G nS), 


(intersection) 


(4.31) 


(F,G)x (//,5) 


:= (FxH,G X 5), 


(cartesian product) 


(4.32) 


(F,G)': 


:= (G',F'), 


(complement) 


(4.33) 


(F,G) = (/y,5) 


^ F = H 8lG = S, 


(equality) 


(4.34) 


(F,G)c (//,5) 


Fa H & G <z S, 


(inclusion) 


(4.35) 



where (F,G), (H,S) G K. In virtue of (2.45a)-(2.45c), (F,G) * (H,S)G K, where 
♦ symbolizes u, n or X. Moreover, (4.27) implies that (F,G)'G K. Indeed, if 
F(x) > 0 G(x) = 1 is fulfilled, then 1 - G(x) > 0 =» l-F(x) = 1. In other words, 
we have G'(x)>0 - F'(x) = 1. So, (G',F')E K. 

As previously, let J denote a nonempty set of indices, and let {F^,G^) G K for 
each eGJ. We then define (cf. (2.30a)-(2.30c) and (4.23a)-(4.23c)): 



U (f^e.Ge): 


= ( u F,, U GJ, 


(generalized sum) 


(4.36) 


eGJ 


eGJ eGJ 






n (^e.Ge): 


= ( n F, , n Gj, 


(generalized intersection) 


(4.37) 


eGJ 


eGJ eGJ 


(generalized 




X (^e.Ge) 
cGJ 


:= ( X F,, X GJ. 

eGJ eGJ 


cartesian product) 


(4.38) 



One can easily check that K is closed under generalized sums, intersections and 
cartesian products. Indeed, for instance, the following chain of implications holds 
true: 



( U F,){x) > 0 

eej 



3 eG J: Fg(x) > 0 
3 eGJ: G,(x) = 1 



VG,(x) = 1 

eej 



( U G,)(x) = I , 

eGJ 



which follows from (2.30a) and (4.27). Moreover, let 

T*:=(7’,7’) and A/* := (A/, A/). 



(4.39) 
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The family (K, u, n, ’ , , M*) forms an infinitely distributive de Morgan algebra 

(cf. Section 3-A and see [FCR#2]). Finally, we introduce the following natural 
definitions: 



obj(F,G) = obj(//,S) « (F,G) = (H,S), (4.40) 

obj(F,G)c obj{H,S) - (F,G)c {H,S), (4.41) 

obj(F,G) * oh}{H,S) := obj{F* H,G* S), (4.42) 

where * = u, n, x . More generally, 

* obj(F„G,):=obj( * F,, * G,), (4.43) 

eej e€J eej 



where * = U, fl, X . Chapter 15 contains a nonclassical cardinality theory for 
VD-objects represented by free representing pairs. 




PART II 



NONCLASSICAL 
CARDINALITY THEORY 
FOR 

VAGUELY DEFINED OBJECTS 




CHAPTER 5 
EQUIPOTENCIES 



Creating a nonclassical cardinality theory for VD-objects, we will use their 
approximative, unifying representation proposed in Chapter 4. More precisely, 
Chapters 5-14 contain a nonclassical cardinality theory which is based on the re- 
presentation from Sections A-C of Chapter 4, and can be applied to VD-objects 
characterized by means of arbitrary functions M-»I, precisely determined or not. 
Tlierefore, principally, it does not involve subdefinite sets, unless they are mod- 
elled by means of flou sets. Instead, Chapter 15 contains another, modified for- 
mulation of that nonclassical cardinality theory, where VD-objects are described 
by free representing pairs from Section 4-D. It can be applied to (proper) 
VD-objects characterized by imprecisely determined membership functions, and 
to subdefinite sets represented by arbitrary twofold fuzzy sets or flou sets. So, 
that modification leads to a partial generalization of the nonclassical cardinality 
theory presented in Chapters 5-14 and, on the other hand, it is an expansion of 
the idea of cardinality of twofold fuzzy sets proposed by Dubois and Prade (see 
also [FCR#17]). 

It seems that, in essence, equipotency is the most central notion of any car- 
dinality theoiy and determines any further doings within the theory. In this 
chapter, we like to formulate a definition of equipotent or ’equinumerous’ 
VD-objects, and to study various resulting properties of that notion, emphasizing 
similarities, differences and anomalies in comparison with the well-known clas- 
sical notion of equipotency of two sets. 



Section A. Basic definitions and properties 

Defining the notion of equipotency of two VD-objects obj(/l) and obj(S), we 
will apply an approximative mechanism which is implied by the approximative 
approach to VD-objects presented in Chapter 4. For Y £ GP, it lies in ap- 
proaching with l as low as possible while \f(Y),\ < i. Similarly, we will approach 
with I as high as possible while |g(y),| s i {i - fixed). We understand that the 
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choice of < for the lower approximation f(Y) and the choice of > for the upper 
approximation fi{Y) follow from the fact that {/(i^),),e(o,ii 

nonincreasing and, on the other hand, f{Y), and g(Y)j of the power i do not 
necessarily exist. The VD-objects obj(/l) and obj(fi) will be called equipotent if, for 
each cardinal number /, those two procedures give identical results for both A and 
B, i.e. if the corresponding approximations of A and B are ’identical’ with respect 
to the cardinalities of their t-level sets in the approximative context described above. 
In Section 6-B, an interpretation of equipotency of VD-objects in will be 
presented (see also [FCR#I4] and Theorem 5.7; cf. Lemma 6.1, Theorem 6.3 and 
their proofs). 

Definition 5.1. Let (/,g)G F* and/l,BEGP. We say that two VD-objects obj(/l) 
and obj(B) are equipotent (or: are of the same power or of the same cardinality) with 
respect to (/,g) iff the following two conditions: 

A{i: l/(/l)J<f} = A{t: |/(B),|<i} 

and (^1) 

V{i: |g(/l),|>i} = V{/: |g(fi),|>/}. 

are satisfied by each cardinal number i. 

The equipotency of the VD-objects obj(/l) and obj(B) with respect to (/,g) 
from F* will be symbolized by 

or \A\=fJB\, 

else we shall write 

A+f_^B or \A\^fJB\. 

In a very puristic notation, one should write rather, say, obj(/l) —y^^^obj(S). How- 
ever, A g B is more convenient and does not lead to misunderstanding, and 
resembles the classical A ~ B for sets. 

It is quite clear that —j-^^ is always an equivalence relation, i.e. is reflexive, 
symmetrical and transitive. Moreover, in virtue of Lemma 4.1(e), if (/,g)E F and 
/4,5EPS, then A—^^B resolves itself into the usual equipotency of two sets 
(see [FCR#24]). Also, we notice that A—j/^B holds for each two functions 
v4,SEGP, which follows directly from (5.1). Let 

FGP(D):= (BEGP(D): supp(B) is finite), 

FPS(D):= (REPS(D): supp(R) is finite), 

FGP:=FGP(M) and FPS:=FPS(M). 

Tliroughout the book, small letters 
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j P. ^ 

will denote both finite and transfinite cardinal numbers. Let 



CN;= {r. i< 1M|}, 
betw(/,y) := {kE CN: i< k< j}, 
betw( i , + ) := {kE CN: k> i} 

for iJECN. Moreover, let h denote any element of a pair belonging to F and 
A, LEGF. Then 



[y],:=V{r: |y,l>/} and h.(A) := [h{A)]. (5.2) 

Corollary 5.1a. Let yE GP. The following properties hold true: 

(a) [y]. it nonincreasing with respect to i. 

(b) [y], = 1 for each i E betw(0, | y] |). 

[y]. = 0 for each / > | supp(y) |. So, [y]. = 0 for /CCN. 

(c) If yEFGP, then [y], < 1 for each / > | yj |, and 
[ yj . > 0 for each i < | supp(y) |. 

(d) If yEFGP and 0 < / < | supp(y) |, then [F] . is simply the i-th element in 
the nonincreasingly ordered sequence of all positive values y(Jt), including their 
possible repetitions. 

Proof. Immediate consequences of (5.2). □ 

Throughout the book, let 



N:=|N| and Cf:=|M|, 

where N:= (0, 1, 2, ...} and R denotes the set of real numbers. As regards 
part (c) of the corollary, we understand that it does not hold true if the support 
of y is not finite. Indeed, it suffices to take, say, M = I and FEGP such that 

y(jr) = 1-jc 

for each a E M. Then 

|y, I = 1 and [y],.= 1 

for each i E CN. On the other hand, if M = N and 

Y{x) = \/x 



for a: > 0, then 



|supp(y)| = N and [y], = o. 
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Lemma 5.2. Let {f,g) G F and A, BE GP. The following properties and implications 
are then satisfied: 

(a) V/GCN; 

i.e. [ V'], i? nondecreasing with respect to Y. 

(b) yiEaA:f{A)<f{B)&gfA)^gfB). 

(c) V/eCN: /;(/!)< [/I],- <g,.(/l). 

(d) If A E FGP, then the values f{A), [/4], and g-(A) are always attained at the 
same point jc G M, distinct for each i > 0, i.e. f(A) = f(A)(x), [A]j = A{x) and 
gfA)=g{A){x). 

(e) If /4,BGFGP, then 

V/GCN: f{A)<f{B)8LgfA)^gfB). 

(f) If if ,g) ^ {id, id), then 

f{A)>0- = 

Proof. Part (a) follows from (5.2) and, together with (4.17), implies (b). (c) is 
an immediate consequence of (a) and (Al) (see Section 4-A). (d) follows from 

(c), Corollaiy 5.1a(d) and (A3), (e) is a consequence of (d) and (A3). Finally, as 
concerns (f), we have /(/4 ) <= f 1 (^(/4 )) whenever (/,g) (id , id) (see (c) in 
Corollary 4.2); this means that the implication f(A)(x) > 0 =* g(/l)(j:) = 1 holds 
true for each jrGM. So, g (A) < 1 would imply />|^(/4)j| (see (b) and (c) in 
Corollary 5.1(a)). Tlien t > | supp(/(^)) |, i.e. f{A) = 0, which follows from 
Corollary 5.1a(b). □ 



Worth noticing is that Lemma 5.2(e) does not hold ii A or B does not have a 
finite support. Indeed, if (e) were fulfilled, [A\ = [5],- would imply f(A) = f{B) 
and g.{A) = g.{B). However, take for instance M = I, (/,g) = (fl , id) and 
A, BE GP such that 



A(x) = l-x and B{x) = \ 



for each jt G M. Then 



[/ll2 = [B]2= 1, 

but 

fl 2 (^) = 0 and fl 2 (S) = l. 

We are now going to present a few useful and convenient conditions which are 
equivalent to (5.1). To this end, however, some auxiliary lemmas have to be for- 
mulated. As usual, will denote the successor of the cardinal number i, i.e. the 
smallest cardinal number among all the cardinals which are greater than i. We 
recall that each set of cardinal numbers is well-ordered and i^ always exists (see 
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also [FCR#2]). If the Generalized Continuum Hypothesis is accepted, r"*" = 2' for 
each transfinite i. If i is finite, then simply = / + 1. On the other hand, there exist 
cardinal numbers which are not successors of other cardinal numbers. For instance, 
0 and N. One calls them limit cardinal numbers. 

Lemma 5.3. For each Y,ZG GP, the following two conditions are equivalent'. 

(a) vreij: |y'| <|Z'|. 

(b) Vi'G CN: V{r: | y' | > /} < V{r: | Z' | > 0- 

Proof, (a) =• (b). Assume that (a) is fulfilled and suppose, say, that 

V{t: I y' I > /} > V{t: I Z' I > i} 

for some /GCN. Then there exists t* such that | Z'* | > i and |Z'*|< i, which 
contradicts (a). 

(b) =• (a). Assume that (b) is satisfied and | Z' | < | Z' | for some t G Ij. Let us put 
j:=\Z‘ \ and /:: = | Z' |. Then 

V{i<: |Z"|> A:} </<V{u: |Z"|> A:}. 

However, our starting assumption implies 

V{«: |Z“|>A:} = V{«: |Z“|>A:}=r. 

Thus, we have 

( 0 ) Vm>/: |Z'|< 7 & |Z“|<A:. 

So, V{m: I Z" I > 7 ^} < t. But Y‘ = U{Z“: u>t} and, hence, we obtain (cf. (2.51)) 

(00) v{|y“|:u>o = |y'i = ^>y. 

Let us notice that < k. Indeed, if = k, then, in virtue of ( 0 ), we get 

V{ I Z" |: « > r } ^7 < A:, 

which gives a contradiction with ( 00 ). Moreover, ( 00 ) implies that 
( 000 ) |Z“‘| >7 + . 

Indeed, if | Z" j < 7 ^ for each u > t, then 

V{|Z“|: u>t}<j^ <k, 

which contradicts ( 00 ). So, ( 000 ) causes that V{i/: j Z“| > r. Thus, we have 

V{»: I Z" I >/■'■} < t < V{f<: I Z"| s 7 "^}, which contradicts (b). □ 
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Lemma 5.4. For each Y £ GP and i £ CN, the following equality holds true: 

V{/: |y'|>/}-[y],.. 

Proof. Let t* = [y], = V{t: |y, |>j} for some arbitrary but fixed y£GP and 
i £ CN. Then 

vt>t*: |y'| <|y,| <i 

and 

yt<t* V/**£(i,C): |y,..| >i, 

i.e, 

yt<t* \/t**E{t,t*y. I y'l > 1 y,..| > i. 

Hence 

V{t; iy'|> /} =/*. 

One easily sees that the proof works for t* = 0 and t* = 1, too. □ 

Lemma 5.5. For each Y £ GP and each limit cardinal number i, we have 



[>^), = A{[y)y:7< HI- 



PROOF. Let [yf := A{(y]y: j < i} with an arbitrary but fixed membership func- 
tion y £ GP and i. Clearly, 



[y],<[y]' 

because [y], ^ [y]y for each cardinal j <i (see Corollary 5.1a(a)). Suppose that 
[y); < [y]'. So, there exists t* such that 

[y],< t* < [yy. 

In virtue of (5.2), we have | y,. | < i. If i is a limit cardinal number, then there 
exists j* such that 



1 y,. I < j* < i. 

But [y]y. <t*. Indeed, [y]y. > t* would imply | y,. | ^ j*- Hence [y]'<C, and we 
get a contradiction which completes the proof. □ 

We can now give two more lucid and convenient, but equivalent, formulations of 
the defining formula (5.1). 
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Theorem 5.6. For each and A, B ElGP, the following equivalence holds true: 



A~f^B « yi&C^:f{A) = f.{B)&g.{A) = g.^{B). 

Proof. Quite elementary transformations applied to (5.1) lead us to obtain the 
equivalence 



A~^^^B - yiGCN:f,{A) = f,{B)&g^{A) = g^{B). 



Lemma 5.5 implies the final thesis. □ 



Thus, for each {f,g)E.F and y4,Z?EFGP, the following equivalence is satisfied: 
A~!^B iff f{A) and /(fi) as well as g(/l) and g{B) are identical up to the 
permutation of the membership values, including their possible repetitions (see 
Corollary 5.1a(d)). Clearly, this could also be expressed in the language of 
bijective mappings. More generally. Theorem 5.6 implies that 

A~f^^B ^ f{A)~,,,,J{B) &L g{A)~,,.,,g{B) (5.3) 

for each (/,^)SF and A,B^GP. In a more or less explicit way, this property 
will be used in further considerations and proofs. However, in many cases, more 
convenient will be its equivalent form, called a decomposition property of ~fg, 
which is formulated in Theorem 5.13 (see Section 5-D). Also, we notice that if 
A, B EFGP, then CN in Theorem 5.6 could be replaced by N, disregarding the 
real cardinality of M. This is because 

f.(Y)=g.iY)^0 

for each Y G FGP and / > N provided that g * M (see Corollary 5.1a(b)). 

Theorem 5.7. For each pair {f,g)S F and A,BeGP, the following equivalence is 
satisfied: 



A~,-^B ^ V/GI,: \fiAy\=\f{By\ & |g(.d)'| = |g(5)' 
Proof. Indeed, Lemma 5.3 implies that the conditions 

VrGIi; \ Y‘\ = \Z'\ 



VI G CN: V{t: | y'| > /} = V{t: | Z'| > /} 

are equivalent. Applying this fact together with Lemma 5.4 to Theorem 5.6, we 
get the final thesis. □ 
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Taking into account the previous theorem, we easily point out that ii A, BG FGP, 
then for each (f,g)EF 

^ V/GI„: \f{A\\ = \f{B\\ & \g{A),\ = |g(B)J. (5.4) 

Generally, this replacement of sharp r-level sets by r-level sets cannot be done for 
VD-objects with infinite supports (see (E3) in the next section of this chapter). 



Section B. Examples and comments 



Let us consider a few examples of equipotent and nonequipotent VD-objects 
with finite and infinite supports. 



(El) Let M := N, and let A, B,C, DE. FGP, where 



A{x) 



B{x) 



0. 8, if jc = 0, 

1, if JC = 2, 3, 

- 0.2, if JC = 5, 

0.5, if x = 8, 

. 0, otherwise, 

0. 7, if jc = 4, 

1, ifjc=l,3,5, 
0.4, if JC = 0, 

0, otherwise, 



C(jc) = 



D(jc) = 



1, if JC = 3, 5, 
0.2, if JC = 6, 

0.8, if JC = 0, 

0.5, if j: = 4, 

0, otherwise, 

0. 9, if JC = 0, 

1, ifjr=l,2,5, 
0.2, if JC = 4, 

0, otherwise. 



So, CN = {r; i < N}. We easily get the following values: 



Mlo = Mil = Mb = b Mb = 0-8, [A], = 0.5, [A]^ = 0.2, [A],- = 0 for i > 5, 
[S]o = [S]i = [Bb = [fib = b[S ]4 = 0.7, [B], = 0.4, [B],-0for/>5, 
[C]; = [/l], for each /eCN, 

[D\, = [B], for i < 4 and / > 5, [D]^ = 0.9, [D], = 0.2. 

Lemma 5.2(e) implies 

f.{A)=f,{C) and g.(^)=g.(C) 
for each (f,g) E F and / G CN. So, in virtue of Tlieorem 5.6, we get 



for each (/,g)G F. On the other hand. 
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|/1,| =|C,| =2, |B,| = |Z)]| =3 

and 

I supp(^)| = I supp(S)| = I supp(C)| = I supp(D)| = 5. 

Hence 

and 

gs,(/l) = gs,.(fi) = gS;(C) = gs,(£>) 

for each i G CN. Thus, 

B~f^D for (/,g) = (fl,M), (T, gs), (fl,gs) 

and 

if / = id or g = id 

because, say, \B\n^[D\^. Finally, we have A~y^^B and A+^^B for the 
remaining basic pairs 

(E2) Let M ; = N and A, BE GP with 

= I 1-1/-C, if x>0, 

' 10, otherwise, 

and 

B{x) - 1 for each Jt G N. 

So, CN = { i: i < n} and 

ML = [5L = gs,(>i) = gs,(5) = n,(fi) = i 
for each i G CN, whereas 

fl,(/l) = 0 for each i > 0. 

Obviously, flo(-^) = L In virtue of Theorem 5.6, we get 

A~fgB for (/,g) = (id,id), (T,id), (id,M), (id,gs), (T,gs). 

Tliese equipotencies are not so surprising if one takes into account that A has N 
values lying as near to 1 as one wishes. Finally, we see that obj(yd) and obj(fi) 
are nonequipotent with respect to the remaining basic pairs, namely (fl,id), 
(fl ,gs) and (fl , A/). 

(E3) Let M ; = I and A, BE GP, where 



A[x) = \ — x and fi(jc) = 1 
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for each jcE M. We have now CN = {/: i < and, again, 

for each i G CN, whereas 

fl,(/l) = l if / = 0, 1, else fl,(/l) = 0. 

Again, Theorem 5.6 implies A—f^B for each basic (f,g) with Similarly 

to (E2), the reason of, say, is that although A and B are seemingly 

very ’different’, A has uncountably many values lying as near to 1 as one likes. 
Moreover, this example is also a counterexample illustrating that, generally, the 
replacement of sharp t-level sets by t-level sets in Theorem 5.7 cannot be done 
for VD-objects with infinite supports. Indeed, we have A while 

\A^ \ = 1 and | 5, | = tT 

(E4) Worth noticing is that surprising but, nevertheless, justifiable results can be 
obtained when a pair {f,M) with / id is used. For instance, let us consider an 
example with M: = I and A GGP such that 

A{x) = \ if a: = 0,1, else A{x) = 0.99. 

Moreover, let B denote any 2-element subset of M. So, we have 

M,|=|B| = 2 

and 

~n.w 

Clearly, A'/'j-^l^ for each other basic pair {f,g). As we will see in further 
chapters, the pairs (/,A/)GF with f ^ id seem to be at all ’pathogenic’. The 
reason is that, in essence, these pairs are very primitive and 

represents extremely imprecise and incomplete information about A G GP, espe- 
cially if /=fl, which can lead to surprising conclusions. Indeed, we notice that 
even 



(T,gs(/1)) 

gives us more information because it says something about the ’spread’ of A in 
the universe M. 
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Section C. Further properties 

As the first property in this section we like to formulate a direct counterpart of 
the classical Cantor-Bernstein theorem. 

Theorem 5.8. Let (f,g) G F and A, BE GP. Then the following implication is always 
satisfied: 



Proof. In virtue of (4.17) and Lemma 5.2(a), if B ^ygA and then 

h.{B)<h.(A) and h.{D)<h.(C) 

for each /'GCN; as previously, h symbolizes / or Since A ~/_gL> and C~f gB, 
Theorem 5.6 implies 



h.XA) = h.{D) and h.(C)=h.{B). 

Hence h.{A) <h.{C) <hfA), i.e. h ,{A) = h ,{C) for each /GCN. Using again 
Theorem 5.6, we immediately obtain the thesis. □ 



By the way, another technique is possible in the above proof. We mean that in 
which, first, one verifies the thesis for {f,g) = (id,id) and, second, extends the 
result to an arbitrary {f,g)E F by applying (5.3); for Theorem 5.8, however, such 
a proof is longer than the given one. So, two VD-objects, of which each is equi- 
potent with respect to (f,g) to a subobject (in the sense of c^^) of the other, are 
equipotent with respect to {f,g). The following corollary contains some counter- 
parts of another, more commonly used, formulation of the Cantor-Bernstein 
theorem. 

Corollary 5.9. For each (f,g) E F and A, BE GP, the following implications hold 
true: 

{h) A^B^C 8 l A~f^C - >1 ~ygB~f^gC. 

Proof. In virtue of Theorem 5.8, if A^^j^B, Bc^^C and A—^^C (clearly, 
B ~ygB), then 



B-f.C- 



Since — ^ ^ is transitive and symmetrical, the proof of (a) is completed, (b) follows 
from (4.is) and (a). □ 
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Let pc: GP-»GP(CN) be such that 

pc(y)(/):=[y]. 

The function pc(y) can be called a pre-cardinality of obj(y). Moreover, let 

crd(y,0:= A |yj, 

u <t 



where ysGP and / £ Iq- Since each set of cardinal numbers is well-ordered, 
/c = crd(y,/) implies that /c = |y„,| for some u*<t (see [FCR#2]). Let us 
notice that 



crd(y,0 = A |y''|- 

II <t 



Indeed, since y " c we have | y " | < | y„ | for each u £ (0,1). Hence 

A |y“|< A |yj. 

u <t u <t 

However, the strict inequality would lead to the existence of u* £ (0,t) such that 
|y"*|<|y„| for each u<t. Taking now «**£(«*,;), we get an elementary 
contradiction | \ < | Y"' \ < \ Y^„ ], which completes the proof. On account of 

Theorem 5.6, for each (/,^)£F and A,BGGP, we have 

« pc(/(/l)) = pc(/(5))&pc(g(^)) = pc(g(5)). (5.5) 

Lemma 5.10. Let {f,g) £ F and Y,A, R£ GP. Then 

(a) pc(y), = betw(0,crd(y,/)) for each IGXq. 

{h) A~f^^B ^ Vrelo: crd(/(/l),t) = crd(/(B),t) & 

crd(g(/l),0 = cTd{g{B),t). 

Proof. As regards (a), let us fix an arbitrary Y £ GP and t £ Iq. By definition, we 
have pc(y), = {/£ CN: (y],>t}. Let us put k;= crd(T,t). So, k = [ y„. | for 
some u* < t. Of course, V {«: | y^| > /:} > t. In other words, 

i<k =• V{u:|yj>j}>t 

is satisfied. On the other hand, if i > k, then we have 

V{u: |y„| > i) < u*<t. 

Thus, [y],S t iff /■ < k, which completes the proof of (a), (b) follows from (5.5), 
(2.49) and (a). □ 
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In the next theorem, we would like to formulate two classical-like properties of 
the equipotency relation for VD-objects, which will be useful when later discussing 
sums and products of two generalized cardinal numbers. 

Theorem 5.11. For each (f,g) G. F and A,B,C,DG GP, the following implications 
are satisfied'. 

(a) A & C gD & A C = B n D = T - AvC ~^^B u D. 

(b) A ~jgB & C -- A xC~j^BxD. 

Proof, (a) Let us prove the thesis for (f,g) = (id, id). In virtue of TTieorem 5.7, 
it suffices to show that 



|(/luC)'| = |(fiuD)'| 

for each I allowed. If A ~\^;^^B and C~ujjD, then 

\A‘\ = \B'\ and |C'| =|D'| 

for each t. So, using the equality AnC = Bc\D = T and (2.45a), we have 

|(^oC)'| =|>l'uC'l =1/1'| +1C'1 = |fi'| +10'1 = |S'uD'l = |(Fu£>)'l 

for each t, which completes the first step of the proof. 

Suppose now that the pair (/,g) differs from (id, id). If A—^^B, 
and Ar^C = Br\D = T, then m virtue of (5.3), Lemma 4.1(b) and Corollary 
4.2(a) we get 

^('^)~id,id^(5). g{C)~\d.\dg{D) 

and 

f{A)nfiC)^f(B)nf(D) = T, g{A)n g(C) = g{B)n g{D) = T (g^M). 

So, on account of the first part of the proof, we conclude that 

/(/l)u/(C)~i,_i, f{B)vf{D) 

and 

g(>()ug(C)~i,,ijg(5)ui?(Z)), 

i.e. 

and 

g{AvC)~-^-^g{BvD) 

whenever g^M. However, the last equipotency is obvious for g = M. Thus, in 
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virtue of (5.3), we have u D, which completes the proof of (a). 

(b) Tlie thesis can be verified using an analogous method, and applying (2.45c) as 
well as the usual cartesian product rule for cardinal numbers. □ 



The previous theorem contains two properties which are exact analogons of some 
well-known elementary properties from the classical cardinality theory. Instead, the 
following theorem differs a bit from its classical counterpart. 

Theorem 5.12. Let (/,g)EF, /I SGP anc/p*:= | M|. The following properties are 
then satisfied'. 

(a) If g^ M, then A—^^T ^ A =T, else A—j-^T •=* f{A) = T. 

(b) Iff^T, then A M - f^,{A) = 1, else A M » Rp.{A) = 1. 

Proof, (a) In virtue of Lemma 4.1(e), f{T) =g(T) = T for each (f,g)E F with 
g t M. So, 



f.(^T)=g.{T) = 0 for each / > 0 if ^ # Af, 

else 

g^{T) = 1 for each /ECN. 

Tlierefore, Theorem 5.6 combined with Corollary 5.1a(a) and Lemma 5.2(c) im- 
plies that 



A~f J P,{A) = 0 {gtM) 

and 

However, we have 

t,j(^) = 0 ^ V{t: Ktj(/l),l>0} = 0 - g{A) = T ^ A = T {gt M) 



and 

/,(/l) = 0 « f{A) = T, 



which completes this part of the proof. 

To prove (b), we again use Lemma 4.1(e), and we obtain f(M) =g{M) =M 
for each {f,g)G F with / # T. Hence 



f.(M) =g.{M) = 1 for each /E CN if ft T, 

else 



f{M) = 0 for each positive /E CN. 
So, on account of Theorem 5.6, we have 



« fp.{A) = l iftT) 
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^ g^{A) = \ if^T), 

which completes the proof. □ 

Since, generally, | A| = | M| ■A A = M, we understand that A ~f^gM A=M 
was to be expected. For instance, taking again A from the example (E3) in 
Part 5-B, we obtain A—^^M for, say, (/,g) = (7, id), (id, id). On the other 
hand, one should emphasize that 

A nfT ^ A = T for / id 

is an anomaly in comparison with the classical cardinality theory; for instance, we 
have 



^ ~fl.M T 

for M = Iq and A such that 

A{x) = \-x for each xGM. 

However, as was already mentioned, this is explainable (see (E4) in the previous 
section of this chapter). 



Section D. Characterizations 

Definition 5.1 and Theorem 5.6, and the examples discussed in Part 5-B, very 
clearly say that the notion of equipotency of two VD-objects is relativized by the 
choice of a pair from F*. Generally, it is possible that 

A~fgB and A+^^B 

for two different pairs (/,g), (rf , c) G F. In this context, the notion of equi- 
potency of two sets is ’absolute’. We understand that there are good reasons for 
accepting that relativity which, in essence, is not so surprising. Indeed, exactly 
the same happens in practice when two things are compared by means of 
different criteria, or from two different viewpoints, which often leads to opposing 
results from those comparisons. On the other hand, that relativity provokes ones 
to ask how look the necesssary and/or sufficient conditions for having A ~f^B 
with various specific pairs (/,g)GF. Theorem 5.6 leads us to the following 
simple equivalences for each A, BE GP; 
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« V/GCN: /;.(/!) = X(fi) 

- /(>4)~id.«/(B) (5.6) 

« pc(/(/l)) = pc(/(fi)), 

** ViGCN:g.(>l)=g.(5) 

** g{A^)~TM8{B) (5.7) 

** g(^)~id.id^(^) 

“ pc(^(>f)) = pc(g(5)). 

So, the following decomposition theorem for ~y ^ can be formulated beside (5.3), 
(5.5) and Lemma 5.10. 

Theorem 5.13. Fur each (/,^')GF and ..4,5GGP, the following equivalences are 
satisfied: 

A~^^B « A~^^^B&A~p^^B « f(A)~,,^^fiB}&giA)~r,,,g(B). 
Proof. An immediate consequence of (5.6), (5.7) and Theorem 5.6. □ 



The formulae (5.6) and (5.7) very clearly suggest that — ^ ^ and (equivalently, 
but more appropriately) —y. ^ together with ~jj are the most important 
equipotency relations. They can be used to express the equipotencies of obj(/4) 
and obj(B) with respect to any other pair from F. This fact will be essentially 
used in further definitions, theorems, and proofs of the theory under 
presentation. However, as we will see in further chapters, it is convenient in 
many situations to keep at the equivalent references to the equipotencies of 
obj(/l) and obj(S) with respect to (T,g) and (/, M) rather than at the references 
to the equipotencies of the lower and upper approximations with respect to 
(id, id) or (T,id) and (id,M). Therefore, we will often base ourselves on the 
variant A ~fgB ^ A~^ f^B & A ~y ^B of the decomposition of ~j ^ (see also 
Remark 6.6). 

The following two equivalences are simple and immediate corollaries from the 
previous theorem; 

^ ^ /(^) ~id,M/(^) gs("^) ~r,id gs(^)> 

(5.8) 

^ « fl(A)~i, ,yfl(fi)&g(>l)~^,„g(B). 

(5.9) 

This makes true the implications 
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A (5.10) 

and 

=* ^~T.gB. (5.11) 

On the other hand, Theorem 5.6 easily leads to the following equivalences: 

- |^il = |5il, (5.12) 

^~ 7 -,gs^ “ |supp(/l)| = |supp(B)|. (5.13) 

So, applying these equivalences to (5.8) and (5.9), we obtain 

^~n,gs^ *=* Mil = l^il & |supp(/l)| = |supp(5)| (5.14) 

and 

A~,,-,,B « \A,\ = \B,\8lA~j-^,B. (5.15) 

Taking again /1 ,BgGP from (E3) in Section 5-B, we get A~j-^^B and 
A -ff, because |/lj | = 1 and | | = (f. 

Let us notice that the following implications hold true for each pair (/,g)GF 
and A,BEi GP; 

^ I supp(/(^)) I = I supp(/(B)) I & I supp(^'(/l)) I = I supp(g(B)) I, 

(5.16) 

A—j-^B =* I supp(>l) I = I supp(B) I provided that / = id or g ^ A/. (5.16a) 

Indeed, (5.16) follows from Theorem 5.7 because Y° = supp(y). To prove the 
implication (5.16a), it suffices to combine (5.16) with Corollary 4.2(b). With ref- 
erence to (5.16a), if there exists a bijection 

b: supp(/l) -►supp(5) 

such that 

^(x) = B(b(x)), 

then, in virtue of Theorem 5.7 and (A3) from Section 4-A, we have A ~fgB with 
any (/,g)GF. To see that the inverse implication is not generally true for 
arbitrary VD-objects, it suffices to take A and B from (E3) in Section B of this 
chapter (see also the end of this section). 

We are now ready to formulate the following important equivalence for equi- 
potencies between VD-objects, namely 

A~^^^B - V/GCN: [/!], = [5],, (5.17) 

which holds for (f,g) = (id,id), (T, id), (id,M), (id,gs). Indeed, on account of 
Theorem 5.6, it is obvious for (id, id), (T,id) and (id, A/). As regards the case 
(/,g) = (id ,gs), we see that A~-^^^^B implies A~^^ j^B (see (5.10)). On the 
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other hand, if A then (5.16a) leads to the equality 

|supp(/l)| = |supp(fi)l. 

So, in virtue of (5.13), we get A ~y Thus, 

and A—j-^^B, 

i.e. A ~|j gjB (see (5.8)). Tliis completes the proof. Although the equipotencies 
with respect to (id, id), (Tjid), (id,M) and (id,gs) are mutually equivalent, the 
power of a VD-object is expressed in each case by another type of generalized 
cardinal numbers (see Chapter 6). 

So, there is a wide spectrum of conditions characterizing the equipotencies of 
VD-objects with respect to various pairs from F*: from the strongest one for 
(fl,id) (see (5.15)), through (5.17), (5.14) and (5.12) with (5.13), to the weakest 
possible ’zero-condition’ for {f,g) = {T,M), where all the VD-objects in M are 
equipotent. 

Using (5.15), (5.17), (5.12), (5.16) and (5.13)-(5.14), we immediately conclude 
that the implication 



(5.18) 

is fulfilled for each basic pair (f,g) from F. In virtue of Lemma 5.2(e), if 
A, BG FGP, then (5.17) works for each pair {f,g)G F such that / = id or g = id 
(clearly, the quantification ’V/G CN’ can then be replaced by ’VjG bT). Moreover, 
for such the (/,,(,') ’s, A exactly means that A and B are identical up to the 

permutation of their values, including possible repetitions, and, in virtue of 
Lemma 5.2(e), we have 






B 



A ,.B 



(5.19) 



for each {d,e)G F. 



Section E. Finiteness and infiniteness 
of vaguely defined objects 

Similarly to the division of sets into finite and infinite ones, we like to 
introduce an analogous dichotomic division of VD-objects. The following pos- 
tulates involving the notions of finiteness and infiniteness of VD-objects seem to 
be natural and intuitively acceptable; 



(FI) VD-objects being finite sets have to be finite VD-objects. On the other 
hand, infinite sets have to be considered to be infinite VD-objects. 
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(F2) VD-objects contained in a finite VD-object should be finite, too. Analo- 
gously, VD-objects containing an infinite VD-object have to be infinite, too. 

(F3) VD-objects which are equipotent to a finite VD-object with respect to a pair 
(/,^»)GF such that / = id or ^ M have to be finite, too. On the other 
hand, VD-objects which are equipotent to an infinite VD-object with respect 
to such the pair (/,g) have to be infinite. 

Both (FI) and (F2) do not call for additional comments, but (F3) does. Contrary 
to the notion of equipotency, formulating a definition of finiteness/infiniteness of 
VD-objects we like to keep it independent on the choice of (/,g). Also, we like to 
exclude possible equipotencies between finite and infinite VD-objects with respect 
to any (/, j?) G F such that / = id or .g # M. We understand that it will be hard to 
avoid them when dealing with the pairs (/, M) with / id because equipotencies 
between veiy much ’different’ VD-objects are then allowable (see again (E4) in 
Section B of this chapter). 

Let us tiy to formulate a definition of finiteness/infiniteness of VD-objects that 
satisfies (F1)-(F3). We realize that VD-objects with finite supports have to be 
considered to be finite VD-objects. Indeed, if AG FGP, then 

obj(/l) c obj(gs(/l)), 

whereas obj(gs(/l)) is a finite set. So, in virtue of (F2), obj(/l) is finite. Thus, 
our problem resolves itself into the following question: which VD-objects beside 
those with finite supports, if any, should be defined as finite ones? To answer it, 
let us notice that if obj(f?) with some BGFGP were finite, then 

whereas obj(gs(fi)) is an infinite set, which contradicts (F3). Therefore, the 
following definition will be used throughout the book: 

A VD-object obj(A) with A G GP is called a finite VD-object 
iff A G FGP. obj(y4) is called an infinite VD-object iff it is not 
a finite VD-object. 

The fulfilment of (FI) and (F2) is then quite obvious, and follows from the equality 
D = obj(l|,) and (2.41), whereas (F3) is guaranteed by (5.16a). One sees that if 
(f,M) with / id is used, then infinite proper VD-objects can be equipotent to 
finite VD-objects (proper or not), which forms one more anomaly in comparison 
with the classical cardinality theory, but, nevertheless, is justifiable (see again (E4) 
in Section 5-B). 

An advantage of the introduced definition of finiteness/infiniteness of VD-objects 
is its simplicity. On the other hand, it appears that just the transition from finite to 
infinite supports causes a change of properties which is analogous to the change of 
properties caused by the transition from finite to infinite sets in the classical car- 
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dinality theory. As was already pointed out in Section A of this chapter, if one deals 
with finite VD-objects, it suffices to put 

CN:= N, 

disregarding the real cardinality of M. Sometimes, however, the definition 

CN:= N u {N} 

is more proper and convenient, e.g. if infinite sequences of finite VD-objects are 
considered. Moreover, we understand that the starting assumption about the 
infiniteness of M is made rather for technical convenience. The presented non- 
classical cardinality theory can also be applied to VD-objects in finite universes, 
as it is in the classical set theory. We then also put CN := N or 

CN:= {0, 1, 2, ... ,|M|}. 

In virtue of (2.42a), we immediately notice that sums, intersections and car- 
tesian products of each finite number of finite VD-objects are finite VD-objects, 
too. Worth emphasizing is that finite VD-objects seem to be, say, more 
’complicated’ or ’advanced’ constructions than finite sets. We mean that even a 
VD-object with a 1-element support has uncountably many subobjects in the 
sense of c in (4.11). 

Finally, we refer the reader to [FCR#15] which contains some remarks about 
another approach to finiteness. 




CHAPTER 6 

GENERALIZED 
CARDINAL NUMBERS 



The notion of equipotency, introduced in the previous chapter, allows us to 
state if two VD-objects are 'equinumerous' , i.e. to state if they are identical with 
respect to their powers (cardinalities). Instead, the aim of this chapter is to 
introduce and to investigate basic properties of mathematical tools allowing ones 
to express the powers of VD-objects, in other words - to describe the amount of 
elements in a VD-object. We feel that the main difficulty, and, simultaneously, 
the main difference in comparison with sets and their cardinality theory, lies in 
the nebular feature of VD-objects. That feature causes that the elements from M 
are in a VD-object only 'to a degree', which is expressed by means of a maybe 
imprecisely determined real number from 1 , generally distinct for each xGM. 
The tools used to express the powers of VD-objects will be called generalized 
cardinal numbers. Shortly speaking, they are some convex functions CN I, i.e. 
some special convex VD-object in CN. In the further chapters, their applications, 
inequalities and arithmetic will be discussed. 



Section A. Primary intuitions and motivations 

As one knows, the power or cardinality of a set A is expressed by means of a 
single numerical object called a cardinal number. In other words, the sentence 

3BGP,:A = B (6.1) 

becomes true, i.e. attains a positive truth value, for only one cardinal number i, 
where 



P,:=P,(M) and P.(D); = {BcD: lB| = i} 
for D c M. If A is finite, its cardinal number is simply the natural number 
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obtained by adding up the elements of A. As regards VD-objects, the cardinality of 
obj(/l) with A GGP cannot be generally expressed by means of a single cardinal 
number. The reason is that the quantified many-valued sentence 



3„.BGP,:obj(>l)=„,obj(lB), (6.2) 

which is a natural modification of (6.1), attains positive truth values for many i's 
in general; indeed, applying (1.7) and (4.10), we conclude that, for each i, the 
truth value of (6.2) is equal to 

V A \-\A{x)-\^{x)\. 

BSP, Ar€M 

This means that obj(/l) belongs ’to a degree' (from I) to many families P; of equi- 
potent sets. Thus, its cardinality should be expressed by means of a weighted family 
of cardinal numbers. Such a family will be called a generalized cardinal number 
(gc-numher, in short). So, a gc-number can be understood as a function 

CN-*1 

with the value at each i E. CN being identical with the weight assigned to the 
cardinal number i. We feel that it suffices to restrict oneself to the cardinals 
from CN because obj(/4)c obj(A/) for each /IGGP and, on the other hand, we 
like to have the gc-numbers to be monotonic with respect to c . This means that 
the weight assigned to a cardinal number j € CN should be equal to zero. As one 
sees, gc-numbers can also be equivalently viewed as VD-objects in CN. Never- 
theless, it seems to be more convenient to treat them simply as (membership) 
functions CN-» I. 

By the way, as one knows, each cardinal number is in essence a family of equi- 
potent sets. In this context, each gc-number can be viewed as a weighted family 
of families of equipotent sets. The role played by gc-numbers in relation to 
VD-objects is analogous to that played by cardinals in relation to sets. 
Nevertheless, there is a mild (?) semantical difference. Namely, it was G. Cantor 
who has first systematically investigated the notion of equipotency and cardinality 
of sets. The cardinality of AcM was treated by him as the property of A which 
remains if one disregards both the quality and order of its elements. The 
classical notation for the power of A (i.e. = over A) symbolizes that double act 
of abstraction. On the other hand, the ordinal number of A was viewed by 
Cantor as the property of A which remains if one disregards the quality, but not 
the order of its elements; similarly, the classical notation for the ordinal number 
of A (i.e. — over A) symbolizes that single act of abstraction. In this context, 
taking into account the nebular feature of VD-objects as well as the many-valued 
nature of membership to them, the cardinality of obj(/l), expressed by means of 
a gc-number, can be treated as the property of obj(/I) which remains if one 
disregards the order, but not the quality of its elements. Indeed, one can 
introduce the following convention: the degree of membership of x to obj(^) 
expresses the quality oi x as an element of obj(/l). 
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As one sees, the problem of expressing the power of obj(y4) collapses now to how 
to determine the values of a function CN -* I at respective f’s, i.e. how to determine 
the weights associated with the cardinals from CN. Since A is generally imprecise, 
which is not reflected in (6.2), it does not seem to be an appropriate idea to use the 
truth values of (6.2) as the weights. Instead, to this end, we propose to use the truth 
values of the following sentence: 

sent(F, G, /) ;= 3„,B G P, ; obj(F) c„,obj(lB) &n. G P, ; obj(lc) e„,obj(G), 

(6.3) 



which is a generalization of (6.2) (see also Chapter 15). More precisely, let 

GCN; GPxGP-h.GP(CN) 

and 



GCN(/(>l),g(^))(0:= [sent(/(^),g(/l),/)], (6.4) 

where (/, g) G F* and A G GP. The approximative feature of A is respected by 
the formula (6.4). Each value GCN(/(^) , g(/l))(/), understood as the weight as- 
signed to i G CN, results from the following 3-step approximative procedure (see 
(6.3), (1.7) and (1.2)): 

(i) One looks for the best upper approximation of obj(/(^)) by means of a set 

of the power /, where [obj(/(/l)) • ] is used as an approximation 

quality index. 

(ii) One looks for the best lower approximation of obj(g(/l)) by means of a set 

of the power i, where [ • obj(g(y4))] is used as an approximation 

quality index. 

(iii) The worse result from among (i) and (ii) is chosen. 

Clearly, (i) and (ii) could be equivalently formulated in the language of member- 
ship functions and characteristic functions of sets of the power i. 

Lemma 6.1. For each (f,g) G F*, A,BG GP and i G CN, the following equality is 
satisfied: 

GCN{f{A),g{A))(i) = V A \ -f{A){x) A V A g{A){x) . 

BeP; BEP; agb 

Proof. In virtue of (1.7) and (1-2), [sent(E, G,/)] is equal to 

V [obj(F)c^,obj(lB)l A V [obj(lB)c obj(G)l, 

B e p B e P; 



whereas 
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(obj(F)c„,obj(lB)]= A F{x)^l^{x)= A F(x)-0 

atSM xCB 

and 

[obj(lB)c^,obj(G)]= A 1b(x)-*G(jc) = A G{x), 

A^eM aeb 



which follows from (4.9), (1.6), (1.4), (4.8) and (1.10). This completes the proof 
of the lemma. □ 

We now easily see that GCN(T, A/)(/) = 1 for each lECN. Let us formulate two 
remarks related to the above lemma. First, the Lukasiewicz implication operator 
-► used in the proof could be replaced by any other many-valued implication 
operator which fulfils the following two conditions (see also [FCR#16]); 

l-»b = b , a-»b = l for a<b. (6.5) 

However, the advantage of the Lukasiewicz implication operator lies in its 
extremely strong metrical feature which, for instance, will be used in Chapter 9 
when introducing and investigating a many-valued generalization of the notion of 
equipotency of VD-objects (cf. also Section 1-C). Second, we notice that 
/ > I M] implies P- = 0 and, hence, we would have GCN(/(/l),g(/l))(i) = 0 if 
GCN were defined as a function from a larger family of cardinals than CN. So, 
when constructing the gc-numbers, it is really quite sufficient to restrict oneself 
to the cardinals from CN. Let us define 

prop(/, g,A, i) := 3n,B£P;: obj(/(/l)) obj(lB) obj(g(/l)), (6.6) 

where (/,g)GF, A G GP and / GCN. As an immediate consequence of the proof 
of Lemma 6.1, we get 

[P'‘op(/, g, /I, 01= ( A l-f{A){x) A A g(/l)(x)). (6.7) 

Bep, aCB a£B 

Thus, applying the monotonicity property of V as well as using Lemma 6.1, one 
obtains 



[prop(/, g. A, /■)]< GCN(/(/l),g(/l))(/). (6.8) 

Theorem 6.2. Let (/, g) C F, AG GP and i G CN. If (/, g) ^ (id ,id) or AG FGP, 
then 

GCN{ f (A), giA)){i) = [prop(/, g. A, / )]. (6.9) 

Proof. Assume that (/,g) (id,id), A GGP and iG CN. In virtue of (6.7) and 
Lemma 6.1, the thesis is obvious if f= T or g = M. Let /=fl and B G P- . We 
then have 
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A l-f{A){x) 



1 , 

0, otherwise, 



because jc ^ B — /(/4)(x) = 0 if /(/4)j c B, else there exists an element x S M 
such that f{A)(x) = 1 and x € B. Hence 



GCN(/(/l),g(/l))(0 = [prop(/,g,^,0] = 



V A 

BEP- i^EB 

0 , 



g(^)(x),if i>\f{A)^ 
otherwise. 



Now, let g = gs and B £ P; . Then we get 



A g(/l)(x) = 

j^EB 



1 , if Be supp(g(^)), 
0 , otherwise . 



Hence 



i V A 1-/(^)(a:), if/<|supp(g(^))|, 

GCN(/(^),g(/l))(0 = lprop(/,g,^,/)]= BeP.xEB 

[ 0 , otherwise , 

which follows from Lemma 6.1 and (6.7). In virtue of (4.1), this completes the proof 
if (/,g) ^ (id, id) and>l G GP. LetA GFGP and (/,g) = (id, id). If i> |supp(/4)|, 
then 



GCN(y4 , A){i) = [prop(id , id, A, /)] = 0, 

which easily follows from Lemma 6.1 and (6.7). Since Pq = (0), we have 

GCN(y4 , v4)(0) = [prop(id , id, y4, 0)] = A{1 -A(x): x G M}. 

If 0 < 1 < I supp(yd) |, we take B* G P, composed of such elements xE M for which 
A attains the greatest i values, including possible repetitions. Then 

GCN(^,^)(i) = [prop (id, id, /I, /)] = A 1 -/4 (a:) a A A{x) = [A]j a I- [A]j_^^. 

x^R' jrEB* 

This completes the proof. □ 

So, if A GFGP and (/, g) = (id,id), then Theorem 6.2 and (4.10) imply the fol- 
lowing equality for each i G CN; 

GCN(/I,/1)(0 = [3„,BGP;: obj(>4) =„, obj(l„)]. (6.10) 

This emphasizes that (6.3) is really a natural generalization of (6.2). 




76 



Chapter 6 



Section B. Towards a formal definition 



In the first place, we like to seek a more concise form of GCN(/(^) , g(/4))(/) 
because that offered by Lemma 6.1 does not seem to be convenient enough (cf. 
Definition 5.1). 

Theorem 6.3. For each (f,g) E F, A E GP and i E CN, wc have 
GCN(/(A),g(A))(0 = g.(A) A 



Proof. Let us fix an arbitrary Y £ GP and i G CN. In virtue of Lemma 6.1, it 
suffices to show that 



V A 
Bel*, jr€B 



n^) = m, 



and V A 1 -y(x) = 1 - [Yl..^. 
Bep. 



To prove the first equality, let us denote its left-hand side by L(Y,i). The equal- 
ity is obvious if Y = M (L(Y,i) = [Y], = l)or i > lsupp(Y)| (L(Y,i) = [Y], = 0). 
So, one can assume that Y ^ M and i < | supp(Y) |. Suppose that L(Y,;)<[Y).. 
Then there exists I* E Iq such that 



L(Y,/)<C and |Y,. |>/. 

Let us choose B*cY,. with | B*| =/. Clearly, 

A{Y(x):a;GB*}>/*, 

which contradicts L(Y,i) <t*. Suppose now that L(Y,i) > [Y],. This implies the 
existence of B, such that 



\B,\=i and [ Y]- < A{ Y(jc): jc G BJ. 

But, for each t > t, with t^\ = [Y],, we have | Y, | < i. On the other hand, there 
exists C > t, such that Y(jc) > t'-’ for each xE B,. Hence 

B, c Y,.> and | B,] < | Y,<>| < (, 

which contradicts ] B.| = i. So, L(Y, i) = [ Y];. 

Proving the second equality, let us denote its left-hand side by R(Y,i). The 
equality seems to be obvious if Y=T (R(Y,i) = 1- [ Y],+ = 1) or i<|Yj| 
(R(Y,i) = 1- [ Y];+ = 0 because then, for each BGP,, there exists x€B such 
that Y(j:) = 1). So, one can assume that Y and i ^ | Yj ]. As one sees, 



1-[Y],.^ = 1-V{/: |YJ>i} = 1-A{t: | Y,| < /} = V{l-t; |Y,|<i}- 
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Suppose that R(y,t) < 1-[Y];+. Then there exists /* such that 

R{y,/)<l-r* and |y,.l</. 

Let us choose Y,, such that |B*| = i. Since the following chain of elemen- 
tary implications holds true: 

(B*3y,. & jt€B*) - x€Yi. - Y{x) < /* - \-Y{x)>l-t*, 

we have 

A l-Y{x) > l-l*, 

which contradicts R(Y, /)<1 — t*. Suppose now that R(y,i) > 1 — [y],+. Then 
there exists B. G P; such that 

A i-y(j:)-i-v y(x) > i-[y],+ , 

rSB. ;f€B. 



i.e. 

V y(x)<[y],. = V{r. |y,|>i}. 

*eB, 



Let t, : = [y],+ . So, for each l < l„ we have | T, | > i. On the other hand, there 
exists Y <t^ such that T (jc) <Y for each x $ B,. This means that jc C B, -* jc € y,« 
holds true. Hence xGY,^ => xGB. is satisfied, i.e. 



Thus, 



y,o c B.. 






which contradicts B. G P,. So, R(y,i) = 1- [y],+. This completes the proof. □ 



We can now easily check that Theorem 6.2 really does not hold if (f,g) is equal 
to (id, id) and A GGP-FGP. Indeed, for instance, take M = I and A such that 

supp(/l) = [0.3, 0.8] 

and 



._J— JC-(-l.l,ifj:G [0.3 ,0.8 j, 
(0, otherwise. 



In virtue of Theorem 6.3, we get 



GCN(/1 , /!)(©) = [A]^ A l-[/l|g+ = 0.8 A I-O = 0.8, 
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whereas (BE P^) 

supp(/l)— B = 0 =• supp(/l) c B — h A {x) < 0.3 

r6B 

and 

supp(^)- B 5* 0 3;c E B: j: E supp(/l) =• A 1— < 1- 0.3 = 0.7. 

Hence 

[prop(id, id, /I, C)] = V ( A \-A{x) a A ^(jc)) < 0.7. 

BeP,fr€B r£B 

Worth mentioning is that Tlieorem 5.6, Lemma 6.1 as well as the proof of 
Theorem 6.3 allow us to formulate a logical interpretation of Definition 5.1 of 
equipotency in the language of L^, namely A ~f,gB iff 

[3„,BEP,: obj(/(/l))c„,obj(lB)l = [3„,CEP,: obj(/(5)) c„, obj(le)] 

and 

(3„,DEP,: obj(lD)c,„obj(g (/!))] = [3,„EEP,: obj^lg) obj(g(S))] 
for each i E CN, where (f,g) E F* and A, BE GP. 

Corollary 6.4. (a) If {f,g), (/", g^) E F and A, BE GP are such that 

f(B)or(A)c g-(A)^ g(B), 

then 

GCN{r{A),g'\A)) c GCN(/(B) , g{B)). 

(b) For each (/, g) E F and A E GP, we have 

GCN{A,A)^GCNif{A),g(A)). 

Proof, (a) Indeed, Lemma 5.2(a) allows us to construct the following simple im- 
plications: 

f{B) c fO(A) - V/E CN: f(B) < f-(A) 

and 

g^A)^g(B) V/ECN:g)>(>l)<g,(S). 

So, in virtue of Theorem 6.3, we get 

GCN{riA),g^\A)){i) = g<;{A)M-ru{A) < 

g,(5)Al-/,.(B) = GCN(/(B),g(B))(0 
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for each /G CN. (b) follows from (a) by putting /‘^:= 10 !,^“^:= id and B := A. This 
completes the proof. □ 

As an immediate consequence of Theorem 6.3 and Corollary 5.1a(b), we get the 
following implication: 

/€betw(|/(A)i|,|supp(g(.4))|) - GCN(/(^) , g(^))(/) = 0, (6.11) 

where (f,g)EF and /IgGP. This and Corollary 4.2(b) lead us to the following 
equalities: 

GCN(/(^),g(/l))(j) = 0 for each /€betw(|/lj|,|supp(/4)|) (f^T,g^M), 
GCN(T , g{A))(i) = 0 for each / > | supp(/l) |, (6.12) 

GCN(/(A) , M){i) = 0 for each / < | Aj j. 



Let us define 



z^j^^:=A{iECN:g.{A) + f..{A) <1} (6.13) 

with (/,g)EF and AEGP. If it does not lead to misunderstanding, we shall 
simply write 2 ^ or z. Obviously, the well-orderedness of CN causes that 



8j (^) + fj* (^) ^ 1 for i = Z/i. f.g- 

Since ^o(^) = 1, we see that 

z^./., = 0 iff f{A) = T. 

Moreover, in virtue of Lemma 5.2(f), if (f,g) ^ (id, id), then 



z^,^,^:=A{iGCN: f.r{A) =0}. 
Further, Theorem 6.3 implies that 



(6,13a) 



GCN(/(^),g(zl))(0 



l-fi^{A), if i<ZAj,g’ 
g.{A), otherwise. 



(6.14) 



for each pair (f,g)EF and ^GGP. Again, if (/,g) (id , id) and i<z with 
z: = z^jg, then (6.13a) implies 



fc{A)>0. 

Moreover, 



Indeed, if z is not a limit cardinal number, (6.13a) implies f^{A) > 0, which, in 
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virtue of Lemma 5.2(f), leads to = 1. If 2 is a limit cardinal number, then 

Lemma 5.5 says that 



g^A) = f\{gj{A): j<z}. 

So, g^{A) < 1 would imply that gj(A) < 1 for some cardinal number j < z. 
Again, in virtue of Lemma 5.2(f), we then get fj{A) = 0 and, hence, fj+{A) = 0, 
which contradicts (6.13a). This completes the proof. So, for (f,g) ^ (id, id) and 
A G GP, (6.14) can now be rewritten as 



[1- /;+(^) < 1, if i < 2, 

GCN(/(/I) , g{A))(i) = 1 , if / = 2 , (6.14a) 

1^. (/4)<1, otherwise. 

Instead, for each (/,g)G F, A GGP and iG CN, Theorem 6.3 gives the following 
two equalities; 

GCN{fiA),M){i) = l-f..{A) , GCN{T,g{Am=g.{A). (6.15) 

Tlius, the following decomposition property becomes obvious, and corresponds to 
Theorem 5.13 for equipotency relations: 

Theorem 6.5. For each {f,g) G F and A G GP, the following equality holds true: 
GCN{f{A),g{A)) = GCN(T,g(A)) n GCN(f(A),M). 

Proof. Obvious. □ 



Remark 6.6. So, the decomposition formula for in Theorem 5.13 is appro- 
priately coincident with the decomposition property of GCN in Theorem 6.5. 
This coincidence disappears when the equivalent decomposition offered in the 
formula (5.3) is used. 

Corollary 6.7. For each pair (/,g)GF and /I GGP, GCN(/(y4) , g(/l)) is 
convex in CN. 

Proof. An immediate consequence of Theorem 6.3 or Theorem 6.5. □ 



From now on, and throughout the book, the following two symbols related to 
A G GP will be used: 



m:=\Ai\ and n ;= | supp(/l)|. 

Obviously, m < n. Moreover, we have m = n whenever A GPS. Applying (6.15), 
we immediately obtain the following formulae; 
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GCN(fl(/(),M) = lbe.w(.,.). (616) 

GCN(7,gs(/l)) = 1 

betw( 0 , n ) ■ (6.17) 

Since g^{A) = l and /„+(/4) = 0, Theorem 6.5 and (6.15)-(6.17) lead to the 
following results: 

GCN(fl(/l),g(^))(0 = GCN(7,5(/l))(0AGCN(fl(/l),M)(0 

I 0, if / < m, (6.18) 

= j 1 , if / = m , 

\ g-{A), otherwise, 



GCN(/(/l) , gs(>l))(/) = GCN(T,gs(/l))(0 a GCN(/(^),A/)(0 

\l-fi.{A), if i<n, (6.19) 

= 1 , if /■ = « , 

[ 0, otherwise. 



Qearly, we also have 



GCN(y4 ,A) = [Al A 1- [Al^ = 



1-[A]-^, if i<z^, 
[A]j, otherwise. 



( 6 . 20 ) 



For each subfamily from among the five subfamilies composing F, the value of 
GCN(/(/l) , g(yd))(/) is now explicitly discribed. This, together with Theorem 6.5, 
allows us to express GCN(/(>4) , g(/l)) for each basic pair (f,g) £ F. For instance, 
(6.16) and (6.17) imply 



GCN(fl(/l),gs(/l)) = 1 

betw(m,rt) ■ (6.21) 

Corollary 6.8. (a) If (f,g) ^ (id, id), then GCN{f(A),g(A)) is normal in CN 
with each A £ GP, i.e. 

GCN{f{A),g{A)}, 7^ 0 for each IEIq. 

(b) GCN(j4 , A) is normal with A £ GP iff 

[A ]; = 1 and [A ];+ = 0 for some i £ CN, 
i.e. 

[A\= 1 for each k < i and [>1 ]^ = 0 for each k> i. 

(c) If A & FGP, then GCN(^ , A) is normal iff A FPS . 

Proof, (a) follows from (6.14a). As concerns (b), (6.20) says that GCN(/1 ,A)(i) 
is equal to 1 iff [A\ A 1- [/!],+ = 1, which is equivalent to [A]^ - 1 and [A]j+ = 0. 
Since [A]j is nonincreasing with respect to j, this means that [.4],^^ = 1 if k<i. 
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else [A]^ = 0. Finally, (c) follows from (b) and Corollary 5.1a(d). □ 

The corollary calls the question of the form of /-level sets of GCN(/(/l) , g{A)) with 
(/,g) E F and A G GP. In the next theorem, it is shown how they look. The case of 
sharp / -level sets is more complicated. Generally, they do not need to be closed 
intervals in CN. Indeed, consider again, say, A G GP(N) such that 

^(0) = 0 and A{i) = \H whenever /> 0. 

Let if,g) = (T,id). Then 

GCN(T, >!)(/■) = Mi 

and 

GCN(r, Af^ = 1^0 IJ, whereas GCN(T, Af = N. 

Lemma 6.9. Fur each Y G GP, i G CN and / G Iq, we have 

{/GCN: l-[y],.+ >/} = betw(|y‘“'|,-l-). 

Proof. Let us fix an arbitrary yGGP, /G CN and / G Iq- By definition, we get 

{/GCN; l-[y];+ >/} = {/GCN; [y],+ < 1-/} 

= {/GCN; A{«; 1 yj ^ /} < 1-/}. 

Let evpr;= A{u; I y„| < /}. One can notice that expr>\-t implies iy'“'|>/. 
Indeed, if cxpr = «*>! — /, then 

|y„..|>/ for each /<** G (!-/,/<*) 

and, hence, 1 y’~‘| > /. Suppose now that expr <1 — /, and let us try to infer that 
1 y'“'| < /. The assumption immediately implies 

1 y„ I < / for each u > 1 - / . 

Let ITGGP be defined as follows; 

IF(jt);=0vy(.»;) -(!-/). 

The following elementary equivalences are then satisfied; 

xEY^-' -* y(jt)>l-/ - iy(Ar)>0 - .xGsupp(IF) 

and 

xGy„ Y{x)>u » wix)>u-{\-t) - 
for each u > 1 — /. So, applying (2.51), we obtain 
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|y'-‘| =|supp(W^)| = i*eio} 

= V{|yj: u> 1-0 

Hence expr < \ -t iff | y'“'| < i, which completes the proof. □ 

Theorem 6.9a. For each pair (f,g) GF, A E: GP and t £ Io> the following equality 
is satisfied: 



GCN(/(/l) , g{A)), - betw( I f{Ay-‘ \ , crd(g(0) . t)). 

Proof. In virtue of Theorem 6.5 and (2.45b), we have 

GCN(/(.4),g (/!)), = GCN(T,g(/l)), n GCN(/(.4) ,M),, 
whereas (6.15) and Lemma 5.10a imply that 

GCN(T,g(A)), = betw(0,crd(g(/l),0)- 
On the other hand, (6.15) and Lemma 6.9 lead to 

GCN(f(A),M),= {iECN: l-f.(A)>t}=betw(lf(Ay-'j,+). 

This completes the proof. □ 

Let us formulate a few useful conclusions from Theorem 6.9a. 

Corollary 6.10. (a) For each (f,g) EF, A E GP and t E Iq, we have 
GCN(f(A) , g(A)), 3 betw( | /(/1)>-'| , | g(^),| ). 

(b) If A E GP, then GCN(>1 , A), = 0 iff \A^~‘\ > crd{A , t) ■ 

If AEFGP, then GCN(v4 ,Af = 0 iff \A^~‘\ > \A,\ . 

(c) If A GGP and GCN(y4 , ,4), = 0, then t > 0.5 and [.4], > 1-t. 

(d) For each A E GP, there exists j E CN such that GCN(v4 , A )(J) > 0.5 . 

(e) If AE GP and (f,g) (id , id), then the inequality GCN(/(/l) , g(A)){j) > 0.5 
can he satisfied by many fs. However, GCN(/( , A )(j) > 0.5 holds true iff 
t = 0.5 is an internal point of the set 

{(■ \A,l =j}. 



Thus, the cardinal number j such that GCN(v4 , .4 )(;) > 0.5 is unique, if it at 
all exists. 
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Proof. Part (a) is an immediate consequence of Theorem 6.9a. (b) follows from 
Theorem 6.9a and (a). As regards (c), GCN(/1 , A), = 0 implies 

GCN(/1 , )(0) = \ -\A]^<t, 

i.e. [/l]i > 1-t. On the other hand, (b) says that 

\A^-‘\ > cvA{A,t)>\A,\ 

whenever GCN(/4 , ^4), = 0. However, 1^4'“'! > \A,\ excludes t < 0.5. This com- 
pletes the proof of (c). Further, (c) implies 

GCN(/f , A )o 5 0 

and, in this way, (d) becomes obvious. Finally, in virtue of (6.14a), the first 
sentence in (e) is self-evident. Let us show that there exists at most one cardinal 
number j such that GCN(.4 , A )(y) > 0.5. On account of Theorem 6.3, we have 

GCN(.4 , A ){j) > 0.5 [^ ]^. A 1 - [A ] > > 0.5 

( 0 ) « V{/: \A,\ >y} >0.5 & 

V{t: \A,\^j^} = A{t: |^,| <;} < 0.5. 

If {f.\A,\=j) were empty and GCN(/1 , /I )()) > 0.5, we would obtain the 
following elementary contradiction; 

0.5<V{t: \A,\^j} = A{r. \A,\<j} = A{f. \A,\<j} <0.5. 

Thus, if GCN(/1 , A){j) > 0.5, then {t: \A,\ = j} ^ 0 and, hence, one obtains 

V{t: |yl,|>y} = V{;: |^J=;}>0.5 

and 

A{/:|/l,|<y} = A{t:|/l,|=;}<0.5, 

\{t:\A,\=j}\ = Cf, 



and t = 0.5 is an internal point of the set {(: \A,\ In virtue of (A), the 
inverse implication is also satisfied. So, GCN(/1 , /4 )(;) > 0.5 iff t = 0.5 is an 
internal point of the set {/: \A^\ =j). Such the cardinal number j is unique if 
exists. Indeed, if t = 0.5 were an internal point of 



then 



{t:\A,\=j} and {l:\A,\=j*} with j^j*, 
Mo.5l = y ancl 1^051 = y. 



which forms an elementary contradiction. This completes the proof of (e). □ 
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We are now ready to formulate the most essential property of the operator GCN 
which opens the door to further development of the nonclassical cardinality theory 
for VD-objects. Let us recall the axiomatic definition of cardinal numbers, proposed 
by A. Tarski in TARSKI (1924): 

To each set corresponds an object which is called its cardinal 
number. The same cardinal number corresponds to two sets 
iff those sets are equipotent. 

Clearly, the ghost of this definition can be applied to formulate a postulate which 
seems to be absolutely principal, and has to be satisfied by mathematical objects 
which serve for expressing the powers of VD-objects, namely: 

To each VD-object corresponds an object which is called its 
generalized cardinal number. The same generalized cardinal 
number is assigned to two VD-objects iff they are equipotent. 

In the next theorem, we like to show that the values of the operator GCN fulfil this 
postulate and, therefore, they seem to be suitable candidates for generalized car- 
dinal numbers. 

Theorem 6.11. For each pair (f,g) E F and A, BE GP, the following equivalence is 
satisfied: 



GCN(/(A),g(A)) = GCN(/(fi),g(B)) - 

Proof. In virtue of Theorem 5.6 and Theorem 6.3, (♦= ) is obvious. In order to 
prove the inverse implication, let us fix an arbitrary (/,^)GF and A,BGGP, 
and assume that GCN{f{A),g{A)) = GCN(/(B) , g(B)). 

(a) Suppose that (/,g) (id , id). Applying (6.14a), we easily formulate the 
following conclusions: 

(1“) ^^=^5. 

(2“) g^(/l)=^^(R) = l, 

(3°) f-+ (A) = fi+ (B) > 0 for each i <z (z 

Obviously, (2°) implies gfiA)=gfiB) = \ for each i<z. Further, (1°) and 
(6.14a) imply gfiA)=gfiB) for each i>z. Finally, f+ (A) = f+ (B) = 0 for 
each i >z. Indeed, if, say, fj+{A) > 0 for some / >z, then g-+{A) = gfiA) = 1 
and, hence, we have 

GCN(/(>4),g(^))(0 = l-f.(A) < gfiA), 
which contradicts (6.14) (see Lemma 5.2(f)). Thus, using (3°), 
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fi+ (A) = fi+ {B) and g.{A)=g.{B) for each lECN. 

In virtue of Lemma 5.5, we conclude that fi{A) = for each /G CN. So, on 

account of Theorem 5.6, we get A ~fgB. 

(b) Suppose that {f,g) = (id, id), in virtue of (6.20) and (5.17), it suffices to 
show that the following implication is fulfilled: 

(V/GCN:[^],.a1-[/I1,. = [B],a1-[S],..) » (V/G CN: [/I], = [5],). 

However, this is obvious if = Zg (see (6.20)). So, suppose that, say, < Zg 
and put 

k: — z^ and k*: = Zg. 

Applying, if necessary, Lemma 5.5, we then immediately obtain 
[A]j = [B]j for each i < k and i > k*. 

Thus, it suffices to prove [/!]■ = [S], for each k<i<k*. If k'^ =k*, this col- 
lapses to exactly one equality, namely [/l]^ = [5]^, , which can be verified in the 
following way: 

(1°) If /: is a limit cardinal number, then, in virtue of Lemma 5.5, we have 

Ml* = A{M],:/</c} = A{[B],:f<^} = [5],. 

(2°) If /c = for some ;G CN, then [A]i^ = because 

1 - [A], = GCN(^ , A )(;•) = GCN(S , B)(j) = 1 - [B]* . 

We now assume that k~^ < k*. Let us point out that for each cardinal number i 
such that k < i < k* we have 



(0) = = c 

with some constant c G Iq. This follows from the simple fact that then 
[A]- = GCN(/1 , /I )(/) = GCN(B, B){i) = 

Moreover, we easily see that 



[A ], > 0.5 for each i < k 

and 

[^];<0.5 for each i>k. 
Indeed, in virtue of (6.13), we have 
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[/4], + [/^],+ > 1 - 2[A]i>\ for each i<k 

and 

[A\ + [A\+<\ — 2[/4],+ < 1 for each i>k. 

Therefore 



m 



GCN(^ , A )(0 = 



l-[/4],+ <0.5, if r<A:, 



[v4],<0.5, if/>it. 
This and (0) imply c < 0.5. However, if c < 0.5, then 



and, hence. 



GCN(/1 , /I )(/t) = [/l]fc<0.5 
GCN(,4 , A )(/) = [A]- < 0.5 for each i>k. 



Moreover, in virtue of ( 00 ), we have 

GCN(/1 , A )(/) < 0.5 for each i such that i'^ < k. 

So, if is a limit cardinal number, we have GCN(/1 , A )(i) < 0.5 for each 
i'G CN, which forms a contradiction with Corollary 6.10(d). Instead, if k = j'*' for 
some j G CN, we obtain 



GCN(>1,^)(;) = 

which implies 

GCN(fi,B)(y) = l-[5]*>0.5 and GCN(S, 5)(A:) = 1- > 0.5. 

So, 0.5 < GCN(B, B)(/c) = GCN(/1 , /4)(A) < 0.5, which forms an elementary 
contradiction. Therefore, c = 0.5, and (0) leads to the following equalities: 

[A]j = 0.5 for each i such that k < i < k*, 

[fi], = 0.5 for each i such that k < i < k* and i is not a limit cardinal. 

The equality [A]f^ = = 0.5 can easily be shown using the method discribed in 

(l°)-(2°). Finally, if i is a limit cardinal number such that k < i < k*, then, again, 
[B], = 0.5 follows from Lemma 5.5. Thus, [A]j = [B], for each cardinal number i 
such that k < i < k*, which completes the proof. □ 



Corollary 6.12. For each pair (f,g) G F and A, BE. GP, (he following equivalence 
holds true: 

GCNifiA ) , ^(/l)) = GCN(/(B) ,g{B)) - 

GCN( T, g(A)) = GCN( T, g{B)) & GCN(/(/l) , M) = GCN(/(B) , A/). 
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Proof. Indeed, applying Theorem 6.11 and Theorem 5.13, we immediately write 



— A ~T,g^ & ^ 

~ GCN(7’,g(/l)) = GCN(T,g(5)) & 
GCN(fiA ) , M) = GCN(/(5) , M). 



This completes the proof. □ 



So, for each (f,g)G F, the same value of GCN is assigned to two VD-objects iff 
they are equipotent with respect to (/,g); clearly, an analogous, but trivialized, 
coincidence holds true for (f,g) — {T, M) because, as we know, A j^B for each 
y4,BGGP. On the other hand. 



GCN(T, A/) = lcN- 

Thus, the values of the operator GCN can really be called generalized cardinal 
numbers (gc-numhers, as was already abbreviated). They will be denoted by 
means of small Greek letters equipped, if necessary or convenient, with the index 
(f,g) emphasizing which element of F* is used. If 

GCN(/(^) , g(A)) =aG GP(CN) 

with (/,g) G F* and A G GP, we will say that the power or cardinality of obj(/4) is 
equal to a with respect to (/,g). Taking pattern by the classical notation for sets, 
namely card D = f and | D | = f, we will then write 

Gcardy_^(^) = a, \A\f^^ = a or |zl|=^^a, 

according to our needs and convenience. Let 

with (/,g)GF and A,BgGP. In virtue of Theorem 6.11, the following equi- 
valences are satisfied: 

a = fi V/G CN: a{i) = (i{i) 

- ^ 

GCN{f{A) , g(/l)) = GCN(/(B) , g{B)) 

If not a = p, we shall write a^p. Moreover, on account of Theorem 6.3 and 
Theorem 6.9a, we have 
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«(/) = GCN(/(/l),g(/l))(0 = g^(A) A l-f,.{A) 

and 

a, = betw(|/(/1)^-'|,crd(g(>d),r)) 
for each i G CN and i £ Iq- 

Remark 6.13. It is worth emphasizing that, in virtue of Theorem 5.6, 
Theorem 5.7 and Lemma 5.10(b), both a(/) and a, do not depend on the choice 
of G GP, i.e. A could be replaced by any B G GP such that B A. 

Let us introduce two important symbols: 

GCNy ^ : = {a G GP(CN): | D |y ^ = a for some D G GP}, 

GCN; g : = {a G GCN^ | D |y ^ = a for some D G PS}, 

where (/,g)GF*. Clearly, 

GCN^,^={1cn}. 

The elements of GCNj^ will be called gc-niimbers induced by {f,g)- GCN* ^ is 
composed of those gc-numbers induced by (/,g) which express the powers of 
VD-objects being sets. In virtue of Lemma 4.1(e) and Theorem 6.3, we imme- 
diately obtain 

GCN; ^ ^ PS(CN) 

for each (/,g)G F. On the other hand, GCNy^ c PS(CN) holds true only if (/,g) 
is equal to (T,gs), (fl,Af) or (fl,gs) (cf, (6.i5)-(6.21)). 

The reader understands that the cardinality of each VD-object obj(/l) can be 
expressed in various ways by means of gc-numbers induced by various pairs from 
F which, generally, have distinct numerical forms. This gives ones the possibility 
of a flexible and individualized description of the power of obj(v4), and is 
convenient from the viewpoint of applications. In other words, in essence, the 
presented nonclassical cardinality theory is an infinite family of cardinality 
theories, determined by the choice of (/,g), rather than a single cardinality 
theory. Especially, we will be interested in universal properties of gc-numbers 
which do not depend on the pair (/,g)G F one uses. 

Let aGGCNy^ with (/,g)GF, and choose an arbitrary AEGP such that 
\A \^g = a. The gc-numbers 

a_ G GCNj^^g and G GCNy ^ 

such that 

a_ = \A\jg and a^=\A\f,^ (6.22) 

will be called gc-numbers associated with a. So, if a = GCN(/(/l) , g(A)), then 
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a_ = GCN( T, g{A)) and = GCN(/(/4) ,M), 

whereas Theorem 6.5 implies the equality 

a = a_ n . (6.23) 

Worth emphasizing is that, in virtue of Corollary 6.12, the gc-numbers a_ and 
associated with a are uniquely determined and depend only on a. i.e. 

a = p ** a_ = /3_ & . (6-24) 

In virtue of (5.2) and (6.15), we conclude that 

GCN^.^cGCNr.id and GCN^.^ c GCNi^.a/ 

for each ( T,g), (/, A/) £ F. Let us list a few useful equalities following from 



(6.23) and Theorem 6.5: 

1^ \f.M - l^("^)lr.id l/("^)lid,M (6.25) 

and, in particular, 

M lid, id ” l^lr.id ^ I'^lid.M’ (6.26) 

M In ,id = 1^ Ir.id n |>1 = |>1 1^,., n | fl(,d) (6.27) 
M lid.gs = Ir.gs M lid.AT = I gS(^) Ir.id 1"^ lid,W (6.28) 

1^ Ifi.gs = M Ir.gs 1^ lfi,M ~ lg®(^)lr,id I fU"^)lid,M- (^-29) 



Finally, if >l£FGP, the decomposition of GCN(/(v4) , g(^4)) from Theorem 6.5 
can be rewritten in the following way; 

GCN(/(^),if(/l)) = kGC^{\lkg{A),\lkgi,A)) n 

kGC^{\lkf{A)+{k-\)lk,\lkf{A)+{k-\)lk), 

where A: = 2, 3, 4,... and (Ay)(Ar) := min(l , Ay(j;)); we omit the elementary 
proof. In particular, we then have 

GCN(/(^),g(/l)) = 2GCN(0.5g(.4),0.5g(/l)) n 

2GCN(0.5/(/l) +0.5 , 0.5 f{A) +0.5) 

and 

GCN(/l,/4) = 2GCN(0.5.4,0.5/4) n 2GCN(0.5/1 + 0.5 , 0.5/1 + 0.5). 



Hence 



|/lU,i,=2|0.5/l|.j,i,n 210.5/1+0.51;, and 



A\r-,^ = 1\0.5A 



id , id ' 
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Section C. Vector notation, examples 
and comments 

Let us consider a few more or less general examples of gc-numbers induced by 
various pairs (/,g)E F. For the sake of simplicity, we shall use a kind of vector no- 
tation for gc-numbers, assuming that 



CN c {/; i < 6} 



and accepting the Continuum Hypothesis. Outside of the examples of gc-num- 
bers written in the proposed vector notation, neither that Hypothesis nor its 
generalized version, nor their negations, are assumed (see also Section 8-C). The 
vector notation for a gc-number a has the following form {k — finite): 

a = (ag, fli, a., ... , a^, (a)| b,, bj), if CN = {/: i < K}, 
a = (aq, «i- «2. («)). 'f CN c N, 

and («(,, a,, a^, ... ,a^)\ = (a^, a,, a^, ... , a^, (0)), 

which means that 



a{i) = for each i < k, 

a(i) = a for each finite i> k from CN, 

a(N) = b^ and = h 2 - 

For instance, the notation 

a = (1, 1, 0.9, 0.6, (0.3)1 0.3, 0.1) 



means that a is such that 



a(0) =a(l) = 1, a(2) = 0.9, a(3) = 0.6, 

«(/) = 0.3 for each / E betw(4 , K), and a((5) = 0.1. 

(El) Let (/,g)EF, AEGP and \A\j-g = aj-g. Applying (6.15) and (6.18)-(6.20), 
one can immediately give the general form of for each of the five subfamilies 
composing F. Here we omit this simple rewriting process. Nevertheless, let us 
write explicitly how looks a^g for each basic pair (/,g). Using (6.20), (6.15), 
(6.18), (6.19), (6.16)-(6.17) and (6.21), respectively, one easily obtains the fol- 
lowing formulae (see also Remark 6.13); 



«id,id(0 



l-[^],+ , if/<z^, 
[A]j, otherwise, 



(6.30) 
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"r, id(0 ~ [A ], for each i £ CN, 


(6.31) 


“id , mD = 1 - [>4 ];+ for each i £ CN, 


(6.32) 


( 0, if i < m, 

“n,id(0= L = 

\ [A]j, otherwise, 

'■ 1 


(6.33) 


1 l-[AD, if i<n, 

“id,gs(0= L ifi=n, 

( 0, otherwise, 


(6.34) 


^r.gs “ ^betw(O.n)’ 


(6.35) 


“ ^bclw( /«, + )» 


(6.36) 


®fl,gs “ ^betw( 


(6.37) 



If v4 £ FGP, then n is finite and we get the following list of values: 

«id,id = I-MI 2 . [AD, (6.38) 



«7',id = (M^]i. [^]2. -.MU (6.39) 

«fi,id = (0 0, 1, • •• . ML) ("I zeros) (6.40) 

«id,gs = (1-Mli. l-ML. - . 1-ML. 1). (6.41) 

«id.M = (1-Mli. I-ML. - . I-ML. (1)). (6.42) 



with [y4]„ > 0 and [>!]„,+ 1 1- So, in this case, knowing with any pair (f,g) 

such that 

/ = id or g = id 

one can easily generate with any other basic pair (/,^)£F. Moreover, if 
A £ FGP and / = id or g = id, the computational complexity of each algorithm 
that determines Ml/s strongly depends on the computational complexity of a 
sorting method which one applies to arrange the nonincreasing sequence of 
positive truth values A{x), including their possible repetitions. 

Let us define two more subfamilies of GCN^^^ with (/,g)£ F, namely: 

FGCNy.^ := {ffE GCNj^: \D\f^^ = a for some Z)£FGP} 

FGCNJ;^:= {aEFGCNy^^^: \D\f^^ = a for some DEFPS}. 



and 
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The elements of FGCNy^ will be called finite gc-numhers induced by (f,g) (see also 
Section E in this chapter). FGCN| ^ contains the gc-numbers corresponding to 
VD-objects being finite sets. Looking at (6.30)-(6.37) and (6.38)-(6.42), the reader 
recognizes the following well-known particular cases of gc-numbers induced by some 
basic pairs: 

- FGCNj.,id is composed of the so-called ’fuzzy’ cardinal numbers introduced in 
BLANCHARD (1981) and ZADEH (1982, 1983) for finite fuzzy sets, 

- GCNj^ is identical with the family of ’fuzzy’ cardinals proposed for arbitrary 
fuzzy sets in SOSTAK (1989), 

- FGCNf, collapses to the ’fuzzy’ cardinals introduced in DUBOIS (1981) for 
finite fuzzy sets, 

- FGCNjj is identical with the family of ’fuzzy’ cardinals proposed for finite 
fuzzy sets in ZADEH (1983), 

- FGCNjj id collapses to the ’fuzzy’ cardinals introduced in WYGRALAK (1983) 
for finite fuzzy sets, 

- GCNfj GCNy- and GCNfj contain the interval cardinals defined in 
KLAUA (1968, 1969) for partial sets. 

Furthermore, the elements of FGCNjj are also similar to the ’fuzzy’ cardinals 
proposed for finite fuzzy sets in KLEMENT (1982). Finally, if (f{A),g(A)) with 
(f,g) ^ (id , id) and A G FGP is treated as a (’finite’) twofold fuzzy set, then \A \jg 
is identical to the cardinality of that twofold fuzzy set in the sense proposed in 
DUBOIS/PRADE (1987b) (see also Chapter 15). The reader is referred to 
[FCR#17] which contains detailed historical comments and remarks on the 
approaches to cardinality of VD-objects and subdefinite sets represented via fuzzy, 
twofold fuzzy or partial sets. ^ 

So, the presented general nonclassical cardinality theory brings together many 
earlier nonclassical approaches to the problem of cardinality. Simultaneously, it of- 
fers infinitely many new variants of solution. In its context, on the other hand, some 
of the earlier approaches seem to be (in a way) misrelated to fuzzy sets because, in 
essence, they describe the powers of VD-objects with really imprecise membership 
functions, where (f,g) is equal to (T, id), (fl ,id) or (id. A/) (see above). 

(E2) Assume that we deal with finite VD-objects in M. So, one can take CN = N. 
Let A G FGP be such that 



supp(/l) = {x^, X 2 , ... , ^lo) 
and its positive values are defined as follows: 

X2 X^ X^ Xj X^ Xg XjQ 



A(x.): 0.1 1 0.3 0-9 0.8 0.5 1 0.3 0.8 0.6 
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We then have m = 2 and n = 10. Moreover, 

[Al= I for i < 2, [A], = 0.9, [A], = [A], = 0.8, [A]^ = 0.6, [A], = 0.5, 

[^]g = [A]g = 0.3, [/l]jo = 0.1, [A\ = 0 for each natural i > 10, and jj ^ = 7. 

Applying (6.35)-(6.42), we immediately get the following values of a:=\A\f^ 
expressed in our vector notation; 

(/.g) « 

(7, id) (1, 1, 1, 0.9, 0.8, 0.8, 0.6, 0.5, 0.3, 0.3, 0.1) 

(id, id) (0, 0, 0.1, 0.2, 0.2, 0.4, 0.5, 0.5, 0.3, 0.3, 0.1) 

(fl , id) (0, 0, 1, 0.9, 0.8, 0.8, 0.6, 0.5, 0.3, 0.3, 0.1) 

(id,gs) (0, 0, 0.1, 0.2, 0.2, 0.4, 0.5, 0.7, 0.7, 0.9, 1) 

(id , M) (0, 0, 0.1, 0.2, 0.2, 0.4, 0.5, 0.7, 0.7, 0.9, (1)) 

(7’,gs) 

^betw( 0,10) 

^belw(2, + ) 

(fl.gs) 1 betw(2,I0) 

Instead, if {f,g) is a non-basic pair, we get, for instance, the following results 
(see Section 4-A): 

(/ = f^“) f,{A) = 1 for i < 2, fy{A) = 0.81, f,{A) = k{A) = 0.64, 

f, {A) = 0-36, f,{A) = 0.25, f,{A) = fg(A) = 0.09, f,^(A) - 0.01, 

and fi(A) = 0 for i > 10, 

(/= f""') MA) = 1 for / < 2, MA) = 0.6, f,(A) = f,{A) = 0.5, 
f(,{A) = 0.3, fy{A) = 0.2, and f-{A) = 0 for i > 7, 

{g = gi(A) = 1 for i < 5, g^{A) = 0.8, g^{A) = 0.7, 

g, (A) = gg(A) = 0.5, gjg(/l) = 0.3, and g.(A) = 0 for / > 10, 

(/= fi(A) = 1 for / < 2, f,(A) = 0.9, f,(A) = f,{A) = 0.8, 

f(,{A) = 0.6, fyiA) = 0.5, and f;{A) = 0 for i > 7, 

= g g;(A) = 1 for i < 5, g^{A) = 0.6, g^{A) = 0.5, g^{A) = g^{A) = 0.3, 
^iq(/ 1) = 0.1, and ^.(/l) = 0 for i > 10. 



Applying now (6.14a) or using the general formula for GCN(/(/l) , g(yd))(j) from 
Theorem 6.3, we easily obtain the following values of the power of obj(/4): 
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if >8) « 

(f^^gs) (0, 0, 0.19, 0.36, 0.36, 0.64, 0.75, 0.91, 0.91, 0.99, 1) 

(f-°-\gs) (0, 0, 0.4, 0.5, 0.5, 0.7, 0.8, 1, 1, 1, 1) 

(fl ,g-^°^) (0, 0, 1, 1, 1, 1, 0.8, 0.7, 0.5, 0.5, 0.3) 

(f^°\gs) (0, 0, 0,1, 0.2, 0.2, 0.4, 0.5, 1, 1, 1, 1) 

(j^, g.0.75) i ^ ^ ^ 0.6, 0.5, 0.3, 0.3, 0.1) 



(E3) Let Gc^rdfg{A) - a and Gcardy^^g(fi) = )3, where /4,fieGP([0,oo)) are de- 
fined as follows: 



B = 1 



N > 




1-1/j:, if xE N-{0}, 
0, otherwise. 



Using (6.30)-(6.37), we easily obtain the following results: 



(f^g) 


a 


p 


(id, id), (id,gs) 


((0)1 1.0) 


((0)1 1. 0) 


(7,id), (T,gs) 


((1)1 1.0) 


((1)1 1.0) 


(fl,id), (fl,gs) 


((1)1 1. 0) 


((0)1 1.0) 


(id,M) 


((0)1 1. 1) 


((0)1 1, 1) 


(fl,A/) 


((1)1 1. 1) 


((0)1 1. 1) 



Similarly to the gc-number )8, for each basic pair (f,g) differing from (fl ,id) and 
(fl,gs), we have aGGCN*^, although yd^PS. As was already emphasized in 
Example (E2) in Section 5-B, the reason is that A has infinitely (but countably) 
many values lying as near to 1 as one wishes. 

(E4) Assume that A G GP(I) is defined as in Example (E3) from Section 5-B, i.e. 
A(x) = l—x for each x, and put a:=\A \f g. Using (6.30)-(6.37), we easily get what 
follows: 



f((l)|l, 1), if(/,g) = (7,id),(7,gs), 

a= ((0)|0, 1), if (/,g)- (id, id), (id,gs), (id. A/), 

[(0, (1)1 1, 1), if if,g) = (fl ,id), (fl ,M), (fl ,gs). 



As previously, although A C PS, we have a G GCN* ^ for each basic (f,g) differing 
from (fl ,id) and (fl ,gs). This is because A has uncountably many values lying as 
near to 1 as one likes. 
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Section D. Basic properties 

In this section of the chapter, we like to investigate basic ’static’ properties of 
gc-numbers. Here we mean the properties which can be formulated without defining 
inequality relations or arithmetic operations on gc-numbers. 

Theorem 6.14. Let (f,g) G F and a £ 

(a) a is convex. 

(b) If (f,g) is such that, respectively, f = T, f = i\, g = M, or g = gs, then a is non- 
increasing, nonincreasing on its support, nondecreasing, or nondecreasing on its 
support, respectively. 

(c) If (f,g) (id,id), then a is normal. 

Proof, (a) and (c) are trivial (see Corollary 6.7 and Corollary 6.8(a)). Part (b) 
immediately follows from (6.15), (6.18) and (6.19). □ 

One easily sees that a gc-number a £ GCN^ ^ is generally nonmonotonic. However, 
it is always nondecreasing on {/ £ CN: < < and nonincreasing on (j £ CN: f ^ z^} 
(see (6.20)). As regards the normalness of a £ GCNjj jj. Corollary 6.10(e) says that 
there exists at most one cardinal number /£ CN with a{i) > 0.5. So, there exists at 
most one / £ CN such that a(i) = 1. Furthermore, Corollary 6.8(b) justifies the fol- 
lowing equivalences: 

a £ GCNjj is normal •» |supp(a)| = l — a£GCN*j|j. (6.43) 

Suppose that lA|;j ^ = a for A £ FGP, i.e. a £ FGCNj^j jj. Then supp(a) con- 
tains exactly one element iff v4£FPS (obj(/l) is a finite set, in other words), 
which follows from Corollary 6.8(c). Unfortunately, this equivalence cannot be 
extended to A £GP— FGP and to infinite sets (see (E4) in Section 6-C). 

The above consideration provokes one to investigate how look exactly the 
elements of GCN* This is shown in the following theorem. 

Theorem 6.15. Let (f,g) £ F. /f A £ PS and \A = a, then 

betw(0 , rt) > if f — '^1 

lbetw(«. + ). if g = M, 

1{„), Otherwise. 



Proof. In virtue of Lemma 4.1(e), we obtain f(A) = A and g{A) = A for A £ PS, 
unless f = T or g = M, respectively. So, for {f,g) £ F with f = T,we have g{A) - A, 
which implies 



g.(/l) = 1 if I < n, else g-^{A) = 0. 
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Thus, in virtue of (6.15), we get a = lbetw( 0 ,«)- Similarly, for (/,g) G F with g = M, 
we obtain f(A) =A, i.e. 

ff(A) = 1 if i < «, else f-(A) = 0. 

Again, using (6.15), we immediately get a{i) = 0 for i < n, and a{i) = 1 for i > n. 
So, in other words, we have 

“ ^betw(0,/i) ~ ^betw(/i, + ) 

whenever {f,g) is such that f and g^ M. Since a = a_ na^, the thesis be- 
comes clear also if / ^ 7 and g^ M. \3 

One should notice that Theorem 6.15 suggests an interpretation of a(i) G I for 
a = \A\f g with {f,g) G F and A G GP. Namely, a{i) can be considered to be, re- 
spectively, a degree to which obj(/l) has 

at least i elements (/ = 7), 
at most i elements (^ = M), 

exactly i elements {f^T and g^ M, but, especially, if (f,g) = (id, id)). 

COROLI^RY 6.16. For each (/,g)GF, there exists a hijection by ^: CN^GCN*^ 
such that for each subset D c M we have 

Gcardy^(l„) = by^(|D|). 

Proof. Indeed, by^ such that 

^betw(0,it)’ f~ 

~ ‘ ^betw( <:, + )> g — ^^ 

,l(^j, otherwise. 



is bijective for each (/,g)G F, whereas Theorem 6.15 says that, in essence, by^(A:) 
is a gc-number expressing the power of a VD-object being a set of the power k. □ 

So, for each pair (/,g)GF, the following diagram is commutative; 




card 




Gcardy^ 



GCN 



* 

f.g 
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In other words, there is an appropriate correspondence between cardinal numbers 
from CN and gc-numbers from GCN* ^ which express the powers of VD-objects 
being sets. Moreover, the mapping from the proof of the previous corollary 
establishes also an appropriate correspondence between natural numbers from N and 
elements of FGCN^ From now on, let 

where by^^g is defined as in the proof of Corollary 6.16 and /cGCN; if this does 
not lead to misunderstandings, we shall simply write (k) instead of (k)^^g. So, for 
each (f,g) G F, we have 



GCN;,^= A: GCN} 

and 

FGCN;_g = kern. 

Let us present a few concrete examples of On account of Theorem 6.15, 

the following equalities can be written: 



( 0 ), 



'/.X ' 






1{0}. if 

otherwise. 






if 

otherwise. 



V.X “ I l/.S’ - I f{.v.x) !/.«> 

~ I f nI/.s’ “ I fRl/.X’ 



(6.44a) 



(6.44b) 



where p* : = | M|, x,_y G M are arbitrary distinct elements and (/,g)G F. 

An interesting question is how much the gc-numbers induced by a pair 
(/,g)GF ’differ’ from the usual cardinal numbers. The answer can be given by 
means of the deviation measures presented in Section 2-A. 

Theorem 6.17. (n) Assume that {f,g), (/^g*)G F and A,BE:GP. If \ A \fo = a, 
I B = p and f(B) c /-(A) e g^(A) c g(B), then 

dev(a) < dev(j8). 

(b) Let A G GP and \A ^ For each {f,g) G F, we have 



dev(aij,ij) < dev(ay^). 
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Proof, (a) Indeed, Corollary 6.4(a) implies 

GCN{r(A) , g^A)) c GCN(/(S) , g(B)), 

i.e. a c j8. So, in virtue of (2.53), we get dev(a) < dev()3). Finally, (b) is an im- 
mediate consequence of Corollary 6.4(b). □ 



One can say that a in Theorem 6.17(a) is more ’similar’ to a cardinal number 
than the gc-number (i. If the power of obj(yl) is simultaneously expressed by 
means of gc-numbers from different families GCN^-^, then 



provided that 



dev(o^o ^o) < dev(ay ^) 
f(A)^r(A) and g^'(.d) c g(/l). 



Thus, taking into account the entire family 



(/,g)GF), 

ajd ij is the gc-number which least of all differs from a classical cardinal number 
(cf. Corollary 6.10(e)). Finally, it is clear that Corollary 6.4(a) implies the follow- 
ing chains of relations: 



«id,id'= «n,id^ «7-,id^ “r,gs> 

«id,id «id,gs <= «id,M^ (6-45) 

®fl,id "n,gs “fl.W’ “id.gs “fl.gs "T'.gs- 

Using (2.53), they can be immediately rewritten into analogous chains of in- 
equalities between deviation measures. 

Closing this part of the section, we like to mention one more property which 
seems to be very specific but, nevertheless, interesting. As one knows, if 
|M|=/j*<oo, then |D'|=p*-|D| for each DcM. This complementarity 
property has a nice counterpart for (finite) VD-objects in M provided that (/,g) 
is equal to (id, id) or (fl,gs) (cf. Section 4-B and Section 5-E). Namely, if 
a-.= \A\f^^ and a* :=\A' |y_^, we then have 

a*{j) = a(p*-j) for each j = 0, 1, 2, ... ,p*. 

In other words, the degree to which A’ has j elements is equal to the degree to 
which A has p-j elements. Indeed, let (f,g) = (id, id). Then 

«*(7)= M']/A I-M']y+, and a{p*-j)= [A]p,_j ^ 



whereas A'{x) = l-A{x) and, therefore, it is clear that 
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So, 



[A']j = l-[/l]p._y+i for each j = 0, 1, 2, ... ,p*. 

[A']j A A 

~ [Af]p*-y A f ~[-^]p*-y+ 1 > 



which completes the first part of the proof. If (f,g) = (fl ,gs), then (see (6.37)) 
where 



® fbetw(ni.n) <*nd 01 f betw( m*. «•) ’ 



m* ;=l(/4'),| and «* := ] supp(/l') j. 

But supp(zd') = {A^y. Hence, by putting A : = A', we get (A')^ = supp(A)'. So, 

m* = 1 supp(v4)' 1 = p*- n and n* = \ (A^)' \ = p*- m, 
i.e, 

a* = h 

Finally, we have 

1, if m <:p*-i <n, _ (1, if p*-n <j<p*-m. 



*bctw(p*— n,p* -m) ‘ 



a{p*-j) = 



0, otherwise. 



«*()) 



0, otherwise. 



This completes the proof. 



Section E. Finiteness and transfiniteness 

In Section C of this chapter, the families FGCNy^ and FGCN^ ^ with {f,g) £ F 
are introduced. The elements of FGCNy ^ are called finite gc-numbers induced by 
(f,g), whereas FGCN* ^ contains those finite gc-numbers induced by (f,g) which 
correspond to finite VD-objects being (finite) sets. If a G GCNy^-FGCN^^, then 
a will be called a transfinite gc-number induced by (f,g)- As we already know, for 
each (f,g) £ F, there is an appropriate correspondence between the elements of CN 
and GCN* ^ as well as between the elements of N and FGCN* 

Clearly, the use of the terms ’finite gc-numbers’ and ’transfinite gc-numbers’ 
needs an appropriate justification. In the classical cardinality theory, finite cardinal 
numbers (i.e. natural numbers) are cardinal numbers which express the powers of 
finite sets, whereas those expressing the powers of infinite sets are called transfinite 
cardinal numbers. So, we should ask if also finite gc-numbers are those related 
exactly (exclusively) to finite VD-objects, and if transfinite gc-numbers are gc-num- 
bers corresponding exactly (exclusively) to infinite VD-objects. Shortly speaking, the 
answer is positive provided that (f,g) is such that / = id or g ^ M. 
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Theorem 6.18. Let {f,g) E F fte a pair such that /= id or g ^ M, and let \A \f ^ = a 
with A G GP. Then 



a e FGCN^ g iff A e FGP. 

Proof. Indeed, (*=) follows from the definition of FGCN^^. Conversely, a 
belongs to FGCN^^ iff = a for some 5EFGP. If (/,g)EF is such that 

/ = id or ^ ^ A/, then (5.16a) leads to the following implication: 

® ~f.g^ 1 ®“PP(®) I = 1 s^PP(^) I- 

So, A GFGP whenever \A = a. This completes the proof. □ 



Let us notice that the above theorem cannot be extended to gc-numbers induced 
by a pair (f,g) with / »* id and g = M, what forms the next anomaly in com- 
parison with the classical cardinality theory. Indeed, consider again A and B 
from (E4) in Section 5-B. Using (6.36), one gets 

Gcardfi.^(lB) = Gcard„,^(/1) = (0, 0, (1)|1, I). 

So, the gc-number 



a = (0, 0, (1)1 1, 1) 

is a finite gc-number induced by (fl , M). On the other hand, however, we have 
Gcardf] i^{A) = a with /I € FGP. Thus, if {f,M)&F is such that f ^ id, then 
the gc-number assigned to an infinite VD-object, and induced by is not 

necessarily transfinite. 

Taking into account (6.38)-(6.42), we notice that if (/,g) is such that / = id or 
g = id, then the following equivalence holds true (a:=\A 

aEFGCN|g ~ ^GFPS. 

Examples (E3) and (E4) from Section 6-C show that FGCN)^ ^ and FPS cannot 
be replaced by GCN* ^ and PS. Finally, using (6.15) and (6.18)-(6.20), we easily 
obtain the following inclusions: 

FGCNy^^^ c FGP(CN), FGCN; ^ c FPS(CN), 

provided that g^M. Otherwise, the elements of FGCN^^ and FGCN^ ^ them- 
selves are functions with infinite supports. 
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Section F. Characterizations 

As was emphasized in Section C of this chapter, the presented nonclassical car- 
dinality theory offers a variety of types of gc-numbers which, generally, have distinct 
numerical forms. In this section, we like to characterize the families FGCNy^^ and 
with (f,g) being a basic pair. 

Taking into account (6.35)-(6.42), we easily conclude that R G GP(CN) is an 



element of FGCNy^^ iff the following conditions are satisfied: 


(/=id, g = id): 


(a) There exists 7 G N such that R is nondecreasing 
on betw( 0 ,y) and nonincreasing on betw(y + l ,+), 

(b) there exists /: G N such that k>j and R{k) = 0, 

(c) R(j)+R{j+l) = l, 

R(i)+R(i+l) < 1 for each i < j, and 
R{i)+R{i+\) < 1 for each / > j, 

(d) /?(/) < 0.5 for each i < j, 

R{i) < 0.5 for each / > y'+l (cf. the proof of Theorem 6.11) 


III 

ys 

II 

a.' 


(a) R(0) = 1, 

(b) R is nonincreasing on CN, 

(c) there exists 7 G N such that R{j) = 0. 


(/=fl,g = id): 


(a) There exists 7 G N such that R{i) = 0 for each i < 7 , 
R(j) = 1 and R(j+l) < 1, 

(b) R is nonincreasing on betw (7 + l 

(c) there exists k> j such that R{k) = 0. 


(/=id,g = gs); 


(a) There exists 7 G N such that R{j) - 1, 

R{i) = 0 for each i > 7 , R(i) < 1 for each i < 7 , 

(b) R is nondecreasing on betw( 0 , 7 '— 1). 


(/= \d,g = M): 


(a) There exists 7 G N such that R(i) = 1 for each i > 7 
and R{i) < 1 for each i < 7 , 

(b) R is nondecreasing on CN. 


(/= T,g = gs): 


There exists 7 G N such that R = lbetw(o,y)- 


III 

11 


There exists 7 G N such that R = lbetw(/,+)- 


(/=fl,g = gs): 


There exist j, kGN (7 < k) such that R = Ibetwo ky 
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Another, but indirect, method of characterizing FGCNjj jj is that based on the de- 
composition formula (6.23), namely: /? G FGCNjj ^ iff there exist aGFGCNj- j^, 
/3 G FGCNjjj and A G FGP such that 

Mlr,id = “- l^lid,A/ = ^ and R = anfi. 

As regards the case of arbitrary gc-numbers induced by a basic pair, we easily get 
the following conditions (see Lemma 5.5 and (6.30)-(6.37)): 

R G GCNj- iff R is nonincreasing on CN and R(i) = A {/?()): j < i} 
whenever i is a limit cardinal, 

7?GGCNi,,^ iff R is nondecreasing on CN and there exists j G CN such 
that R(j) = 1, 

R G GCNt^ gs iff there exists j G CN such that R = lbeiw( 0 ,y)> 

R G GCNf, ^ iff there exists y'G CN such that R = lbeiw(;,+)> 

R G GCNf, g 5 iff there exist j, k G CN (y < k) such that R = lbetw(y, ky 

Again, GCNj^ id, GCNfi jj and GCNjj g 5 can be characterized in the indirect 
way by applying the decomposition property (6.23). 



Section G. Higher-order constructions 

Let (/,g) G F, G GP and = a G GCN^^. The cardinality of obj(.,d) can 

also be understood as a VD-object obj(a) in CN. Further, it is quite reasonable to 
speak about the cardinality of obj(a) itself, which says how many cardinal numbers, 
i.e. how many families of equipotent sets, have to be used to express the power of 
obj(/l). Clearly, this recursive procedure and interpretation can be continued giving 
gc-numbers which will be understood as higher-order gc-numbers related to obj(/l) 
or higher-order cardinalities of obj(/l). Let us formulate the following formal 
definition: 



a® := a. 



a'‘:=|a'‘ for each natural k>l. 



(6.46) 



The gc-number fx .= a^ with k G N will be called a klh-order gc-niimher related to 
obj(A) or a gc-numher expressing the klh-order power (cardinality) of obj(y4) with 
respect to (f,g). We shall then write 




= p. 



In this book, we are not going to develop the theory of higher-order gc-numbers. 
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Nevertheless, we like to present explicit forms of k//i-order gc-numbers related to 
a finite obj(/4) with respect to a basic pair (/,g)GF. Generally, the notion of a 
higher-order gc-number seems to be appropriately sensitive only if the starting 
gc-number a” is finite. Indeed, if a,/3 G GCN^^ ij are such that 

a = (1, ai, flj, ... , a„ (a) | a, 0) 

and 

= (1, flj, ••• . («) I 

with some a,, a^, ... , a, and a, b G (0 , 1), then 

a' =/?* = ( 1, 1, aj, «2. - . («) I 0) 

although a and p, respectively, express the powers of VD-objects with countable 
and uncountable supports, respectively. 

Let us enrich the vector notation introduced in Section C by adding to it one 
more convention, namely the notation (... , c, c, ... , c, ...) with j numbers c 
(j > 2) will be abbreviated as (... ,j*c, ...). 

Let CN = N, A& FGP, ^ : = and 

a:=[Al^ 1- [/!],, b = [A\^y \-\Al. 

As previously, m■.= \A^ \ and n ; = | supp(,4) ]. Then 

\il-[A]„l-[A]„...,\-[Ai,[Al,[AU, MU,ifk = 0, 

\ {a, h, k* a, sequence), if k>0. 



where sequence symbolizes a sequence composed of the numbers 

l-[A]„l-[A]„...,l-[Ai_, and [^1^2. - - ML 

ordered in nonincreasing way. Moreover, we easily get the following formulae: 
®r,id = ((k+l)*l, [A]^, [A] 2 , ... , [/!]„) for each kG N, 

L ML+i- ML+2> - - ML), if •‘ = 0. 

1(0, 1, ML.I. ML.2. -.ML), if k>0, 



a 



k 

id.gs 



(m*0, 1-ML.i. I-ML.2. - . f-ML. 1). if k = 0, 

> (0, ML. ML-i. - . ML.+1. 1). if k = i,3,5, ..., 

(0, 1-ML.i. I-ML.2. - . 1-ML. 1). if k = 2, 4, 6, ... , 
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U\-[A],,\-[A]„ (1)), if k = 0, 






<N>> 

belw(l , N)> 



if k=l,3,5, ... , 
if k = 2, 4, 6, ... , 



gg = ((n+ k + 1)*1 ) for each k( 



.k 

*n,w 



(m*0, (1)), if k = 0, 



{N}’ 

betw(l , N)> 



if k = 1, 3, 5, ... , 
if k = 2, 4, 6, ... , 



"n,gs = < 



(m*0, («-m + l)*l), if k = 0, 
((n-n? + l)+0, 1), if k = l, 

(0,1), if k>l. 



In the case of and afj ^ with k > 0, we understand the necessity of extending 
CN to N u {t't}. With the exception of jj, all the above listed formulae are im- 
mediate consequences of (6.46) and (6.35)-(6.42). As regards jj, suppose that 
[/IL^l-ML.Then 



[®id,id]l “ ML’ 



whereas [a^ jj], is equal to l-[A], or [>!].+ ]. However, by definition, we have 
[Ai + [Au;<'\,i.e. ML.i^l-ML- So, 

[«id,id]2 = 1-ML and ["id.idli + [«id.id]2 = !• 

Since [/I], > 0, we obtain 

2„0 = 1 with 2 „k:=Z„k^.^jd,id . 



Hence 



«!d,id = (l-ML’ ML’ [A],, sequence) 
with 2^1 = 1. Tlierefore, 

"id, id = (1-ML’ ML’ ^-ML’ I -[Al, sequence) 



and, generally. 



"id. id = (1-ML’ l^L’ \<^*(.l-[Al), sequence) 
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for each natural k > 1. Now, suppose that [A],<l — [A\^. So, [A]^< 0.5 and, hence, 
> 0.5. Tlien 

Kd,id]i = 

whereas [ajj is equal to [A], or Again, by definition, we have 

+ i e. 

[“id.idla = ['^L- 

Hence [Oid ijli + [aid jd], = 1. So, z„o = 1 and 

“id, id = ([^L- sequence) 

with 2 „i = 1. Thus, 

“id. id = ([^L- [^L- ML. sequence) 

and, generally, 

“id, id = (ML- 1-ML-. ML- sequence) 
for each natural k > 1. This completes the proof 
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SELECTED 

APPLICATIONS 



Although the main purpose of this book is theory rather than applications, we 
like to outline a few possible applicational variants for gc-numbers. Their general 
list was already presented in Section 1-B. In this chapter, we will focus our atten- 
tion on applications to data bases and communication with them (Section A), 
metrical analysis of digital grey tone images (Section B), numerical modelling of 
the meaning of imprecise quantifiers, and to expressing the probabilities of vague 
events (Section C). 

Generally, gc-numbers together with their inequalities and arithmetic, which 
will be investigated in further chapters of the book, seem to be an adequate and 
convenient tool serving for expressing the powers of VD-objects one asks about 
in quantitative queries containing vague or imprecise terms with s-properties. 



Section A. Communication with data bases 

Imagine a data base offering standard information about registered offenders, 
including 



sex, race, dale of birth, height in cm, and address. 

When, say, an unknown perpetrator of a train of crimes is wanted, it happens 
that all one knows is that, say, it is 

a white male, middle-aged, rather tall, and lives in the vicinity of London. 

If there are no other traces or special suspicions, the investigation procedure re- 
quires checking the alibis of all registered offenders who fulfil the mentioned 
properties. So, from the data base, we expect to get satisfactory answers to the 
following two natural queries: 
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(Ql) "Which male whites in the data base are middle-aged, rather tall, and live 
in the vicinity of London?", 

(Q2) "How many male whites in the data base are middle-aged, rather tall, and 
live in the vicinity of London?". 

We understand that the second query is essential, for instance, for an appropriate 
evaluation of how time-consuming will be the checking process. Obviously, the 
difficulty lies in that we ask about proper s-properties of which age and height, 
maybe, have been very subjectively expressed by a witness. Male whites who, 
respectively, are middle-aged, rather tall, and live in the vicinity of London can be 
considered to be three VD-objects in the data base, say, 

obJ(ALd), obJ(/?T) and obj(LL), 



respectively. Then 

oh]{MA n RT r\VL) and ^ := | MA n RT n VL ^ 

are the two answers we are waiting for; clearly, n could be replaced by an inter- 
section Oj induced by a t-norm t from Section 2-D (see however Section 16-A). 
The following 4-step procedure should be realized: 

(1) construct MA, RT, VL, 

(2) compute MA n RT n VL, 

(3) list supp(M4 n RT n LL) together with the corresponding 
values {MA n RT n VL){x) > 0, 

(4) compute and print 

Obviously, MA, RT and VL, respectively, have to be constructed in the data base 
on the basis of reasonable assignments of numbers from I to ages, heights and 
addresses, respectively (see [FCR#18]). Generally, the choice of {f,g) depends 
on the subjectivity level we deal with. 

For the sake of simplicity, suppose here that the data base contains infor- 
mation about 10 offenders 



’ ■*10 

to whom the following assignments have been established: 





*1 


*2 




*4 


*5 


*6 


-*7 


■*8 


*9 


■*10 


MA: 


0.8 


1 


0 


0.5 


1 


1 


0.9 


0.8 


0.2 


0.9 


RT: 


1 


1 


0.5 


0.2 


0.8 


1 


0.6 


1 


0.8 


1 


VL: 


0.3 


1 


0 


0.5 


0.9 


1 


0.9 


0.7 


0 


1 




Selected Applications 

We then get 



109 



*^2 "^4 *^6 *^7 "^8 "^lO 

MAnRTnVL: 0.3 1 0 0.2 0.8 1 0.6 0.7 0 0.9 



So, the following sorted list will be created; 

jc,. (MAnRTnVL)(xi) 



X2 


1 




1 


•*10 


0.9 


A^5 


0.8 


-*8 


0.7 


Xi 


0.6 


X] 


0.3 


•*4 


0.2 



Hence, 

\{MA r\ RT n VL)^\ - 1 and | supp(M^ n f?rn 1^) | = 8. 

Applying the formulae (6.35)-(6.42), we immediately get the following values of 
p-f g with CN = {0, 1, 2, ... , 10}: 



if’S) 


Hs 


(id, id) 


(0, 0, 0.1, 0.2, 0.3, 0.4, 0.6, 0.3, 0.2) 


(r,id) 


(1, 1, 1, 0.9, 0.8, 0.7, 0.6, 0.3, 0.2) 


(fl,id) 


(0, 0, 1, 0.9, 0.8, 0.7, 0.6, 0.3, 0.2) 


(id, A/) 


(0, 0, 0.1, 0.2, 0.3, 0.4, 0.7, 0.8, (1)) 


(id.gs) 


(0, 0, 0.1, 0.2, 0.3, 0.4, 0.7, 0.8, 1) 


(fl,M) 


^betw(2,10) 


(T’.gs) 


^betw(0,8) 


(fl>gs) 


^betw(2,8) 



By definition, Mr.idO) means that at least / individuals are in the VD-object 



no 
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oh']{MA n RT n VL) Xo degree >a. Any can be used en bloc by the data base 
in a further processing. On the other hand, one can formulate some firm con- 
clusions concerning a scalar evaluation of the power of obj(M/l n RT n VL), i.e. 
concerning an approximation of by means of a single finite cardinal number k. 
The most cautious choice is 

k = |supp(M/l n RTn VL)\=%, 

which is equal to the right end of the interval evaluation offered by and 

/Xfj gg. However, it could be useless because k is then very large in practice. But 
jif g with another pair {f,g) enables more a restricting evaluation. In the case of 
(/,g) = (id , id), one can take k = 6 because only if i = 6 (cf. 

Corollary 6.10(d, e)). This cardinal number is also distinguished in 

Mr, id’ Mfi.id’ Mid.gs Mid, A/ 

as a point of a violent change of the membership values. Finally, the choice of 
k = 6 coincides not only with our intuitive feeling. It coincides also with the 
scalar evaluation 

sevi(iW>l n RTn VL) = T, {MA n RTn VL){x) = 5.5 

X 



of the power of obj(A^,d n RT n VL) (see [FCR#17]), 

Obviously, that simple criminalistic example only illustrates and gives a taste of 
general problems occurring, say, in decision making or pattern recognition in the 
presence of vague information. The term ’data base’ we have used can be re- 
placed by ’knowledge base’, ’expert system’ or ’information system’ (see 
[FCR#121). The applied general method can be useful, for instance, in any 
computerized dialoque system allowing natural formulation of users’ wishes and 
queries. Indeed, (Ql) and (Q2) are particular cases of queries of the form 

"Which objects in the data base are p?" and 
"How many objects in the data base are p?", 

where p denotes an s-property (see Section 1-B). Further simple natural exam- 
ples of quantitative or cardinal queries of the second form are: 

"How many cheap hotels are there in the vicinity of the city center?", 

"How many combat-ready ships are there in the vicinity of the Persian Gulf?", 
"How many young employees have high salaries?". 

Relations of inequality between and arithmetic operations on gc-numbers, which 
will be defined and investigated in the further chapters of the book, can be 
applied to formulate, for instance, satisfactory and mathematically ’well-behaving’ 
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"Are there more (at least as many, etc.) objects in the data base which are p than 
objects which are pj?", {comparisons between gc-numbers) 

"How many objects in the data base are p or pj?", {addition of gc-numhers) 

"There are a clusters of objects which are p. Each cluster is composed of P 
objects. How many objects are p?", {multiplication of gc-numbers) 

where p, symbolizes an s-property (see also [FCR#19]). 



Section B. Metrical analysis of grey images 

In this section, we like to discuss an example involving some application of 
gc-numbers to image analysis, more precisely: to metrical analysis of regions and 
segments of digital grey tone images. We mean the question of diameters, distances, 
lengths, areas, etc. This requires a nonclassical approach when dealing with images 
which, say, are of low quality and blurred or vague by their very nature, like, for 
instance. X-ray and satellite pictures. Usually, their regions and segments are more 
or less vague. 

A digital k-level grey tone image with a finite k> 1 can be represented as a 
finite p ><■ q matrix 



A = K1 

composed of numbers from the closed unit interval. Each pixel of the image 
achieves one of k possible levels of greyness. Tliis is reflected in A by placing an 
appropriate value from I in the ith row and the yth column, where 0 and 1 
symbolize, respectively, a pixel maximally light and maximally dark, whereas 
intermediate levels of greyness are represented by k—2 (maybe, equidistanced) 
numbers from (0,1). Generally, elements of a grey tone image do form more or 
less vague regions and segments which can be understood as VD-objects, where 
the membership grades are identical to the greyness levels of the pixels. Since we 
deal with a discrete image, any measurement can be made in pixels and, there- 
fore, gc-numbers seem to be quite sufficient. 

Consider, for instance, an 11-level grey tone image with two vague figures re- 
presented by 5 X 5 submatrices of numbers from {0, 0.1, 0.2, ... , 0.9, 1}, namely 



0 


0 


0.1 


0 


0 




0 


0 


0.2 


0.1 


0 


0 


1 


0.4 


0.1 


0.1 




0 


0.4 


1 


1 


0 


0 


1 


1 


1 


0.5 


and 


0 


1 


0.9 


0.5 


0 


0 


0.9 


0.7 


0.8 


0.5 




0.3 


0.8 


0.8 


0.2 


0.1 


0.2 


0 


0.2 


0.2 


0 




0 


0.5 


0.1 


0 


0 
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The two vague figures will be treated as two finite VD-objects obj(/l) and obj(B), 
respectively, where A,B: NxN-»I. Then 



\A 


il ~ 


= 4, 


i^ii = 


3, 1 supp(>l)| = 16, 


supp(5) 1 


— 


15, 


1, 


if 


i < 


4, 




1, 


if 




< 


3, 


0.9, 


if 


i = 


5, 




0.9, 


if 


i 


— 


4, 


0.8, 


if 


/ = 


6, 




0.8, 


if 


i 




5, 6, 


0.7, 


if 


/ = 


7, 




0.5, 


if 


i 


- 


7, 8, 


0.5, 


if 


i = 


8, 9, 


15], =■ 


0.4, 


if 


i 


= 


9, 


0.4, 


if 


i = 


10, 




0.3, 


if 


i 


= 


10, 


0.2, 


if 


i ~ 


11, 12, 


13, 


0.2, 


if 


i 




11, 12, 


0.1, 


if 


i = 


14, 15, 


16, 


0.1, 


if 


/ 


- 


13, 14, 15 


0, 


if 


/ > 


16, 




0, 


if 


I 


> 


15. 



Applying (6.35)-(6.42), one can easily give the form of the gc-numbers \A \j-g 

and with any basic Instead, using (6.15) and (6.18)-(6.20), a^g 

and p^g with an arbitrary (/,g)GF can be computed. In each case, a^g and (ijg 
express in pixels the areas of obj(A) and obj(B), respectively, and can be used en 
bloc in further processing. 

Clearly, gc-numbers can be applied to express the lengths of segments with vague 
ends and the distances between vague regions. Again, inequalities between and 
arithmetic operations with gc-numbers (see further chapters) are helpful when com- 
paring those areas, lengths, distances, etc., and calculating with them. In particular, 
multiplication of gc-numbers, investigated in Chapter 12, can be applied to com- 
pute, say, the areas of ’regular’ vague regions, like vague squares, rectangles, 
triangles, etc. 



Section C. Imprecise quantifiers and 
vague probabilities 

Closing this chapter devoted to selected applications of gc-numbers, we like to 
outline two more lines; modelling the meaning of imprecise quantifiers, for instance 
’few’, ’many’, ’some’, ’almost all’, etc., and expressing the probabilities of vague 
events (see also [FCR#20]). 

The dissimilarity of monotonicity properties of gc-numbers induced by various 
pairs from F suggests the following choice of (f,g) in the modelling of imprecise 
quantifiers (cf. Theorem 6.14(b)). The gc-numbers induced by (f,g) with / = Tor 
/= fl seem to be suitable to express the meaning of quantifiers like ’few’, ’almost 
none’, ’very few’, etc. Instead, those induced by (f,g) with g = M or g = gs are 
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convenient to express the meaning of ’most’, ’many’, ’almost all’, etc. For instance, 
if one deals, say, with a 15-element population U, the meaning of ’very few’ and 
’almost air in the sentences 



and 



"A very few individuals in U are very tall" 
"Almost all individuals in U can swimm". 



respectively, can be expressed by means of two gc-numbers aGFGCNfj and 
/3 G FGCNjj respectively, where 

« = (0, 1, 0.9, 0.7, 0.5, 0.3, 0.1) 

and 

/3 = (8*0, 0.1, 0.1, 0.3, 0.5, 0.7, 0.9, 1). 

More flexibly, gc-numbers approximately equal to a and p can be used to re- 
present the meaning of those two quantifiers (see Chapter 9). 

As regards the second line of applications, VD-objects in M can be treated as 
vague events in M, just like the ’usual’ events in M are represented by sets in M. 
This way, more general and more naturally formulated probabilistic tasks can be 
considered. Clearly, in the most demonstrative formulation, we mean the tran- 
sition from problems of the form 

"An urn contains k white and black balls. What is the 
probability that a ball drawn at random is black?" 

to problems of the form 

"An urn contains k balls of various colours, more or 
less light and dark. What is the probability that a ball 
drawn at random is dark?" 



Tliis formulation can be even more general by replacing the term 



by 



’k balls of various colours’ 
’approximately k balls of various colours’. 



It illustrates a class of tasks in which we ask about the probability that an ele- 
ment drawn at random satisfies an s-property. If k is finite, the quantity of dark 
balls (generally, the quantity of elements having an s-property) can be expressed 
by means of a finite gc-number. Suppose that an urn contains 15 balls 



b2, ... , />]5 



to which, respectively, the following degrees of darkness are assigned; 
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0.7, 1, 0.2, 0.8, 0, 1, 0, 0, 1, 0.9, 0.3, 0, 0, 0.9, 0.2. 

Using the gc-numbers induced by (id, id), the cardinality of the VD-object com- 
posed of dark balls in the urn is equal to 

8 = (0, 0, 0, 0.1, 0.1, 0.2, 0.3, 0.7, 0.3, 0.2, 0.2). 

The probability of drawing at random a dark ball can then be understood as a 
vague probability, i.e. as a function I-*I, rather than a number from I. More 
precisely, for each / G betw(0, 15), S(i) describes the degree to which there are 
exactly i dark balls in the urn. So, 8{i) can be interpreted as a degree to which 
the probability of drawing a dark ball is equal to //15. Generally, if a denotes a 
gc-number induced by a pair {f,g)GF, the function assigning the a(i)’s to the 
i/k’s will be denoted by a/k. Again, inequalities between and arithmetic oper- 
ations on gc-numbers can be applied to handle those vague probabilities of 
vague events. For instance, one can define 

a/k -I- p/k ■.= {a + P)/k 

and 

a/k < ^/k ;= a < p. 




CHAPTER 8 
INEQUALITIES 



The notion of equipotency introduced in Chapter 5 allows us to state if two 
VD-objects in M are of the same power (cardinality) or not. In this chapter, we 
will introduce and investigate some ordering relations which make possible to 
compare nonequipotent VD-objects with respect to their cardinalities as well as 
to compare nonidentical gc-numbers. 



Section A. Inequalities between the powers 
of vaguely defined objects 

Taking into account Theorem 5.6, let us introduce the following inequality 
relations between the powers of VD-objects: 

Definition 8.1. Let (f,g) G F* and A, BE GP. 

(a) We say that the power of obj(y4) is less than or equal to the power of 
obj(B) with respect to (f,g) and we write \A \ j | iff for each I'G CN we 
have 

f,{A)<f,{B) and g.(/l) < g.(fi). 

(b) We say that the power of obj(>4) is less than the power of obj(B) with 
respect to (f,g) and we write \A \ [fij iff 

\A I I 5| and \A \ |5|. 

As usual, the dual notation for \A \ <^^\B\ and \A \ <y^|fi|, respectively, can 
be used, namely |B|>y^|^| and \B\>j^\A\, respectively. We then say that 
the power of obj(B) is greater than or equal to the power of obj(v4), and that 
the power of obj(fi) is greater than the power of obj(/I), respectively. In virtue 
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of Lemma 4.1(e), if obj(/4) and obj(fi) are two sets, then both \A \ <j ^ \ B\ and 
\A\<fg\B\ collapse to the usual inequalities between their powers (see 
[FCR#24]). It is clear that \A \ <j- f^\B \ and ~^\A \ <t m\^ \ 

A, BE: GP. Finally, for {f,g) G F, we easily notice that is generally only a partial 
order relation, i.e. <j ^ is reflexive, antisymmetrical and transitive (see [FCR#2]). 
becomes a linear order relation if {f,g) is equal to (7’,gs) or (fl ,M). 

Theorem 8.2. Let {f,g) G F and A, BE GP. 

(a) \A \ <f g I B I implies \A \ \ B \ and excludes \A \ | B \ and \A \ =fg \B\. 

(h) \A\=f_^\B\ iff \A\<f,^\B\and \A\>f,^\B\. 

(c) If obj(/l) Cy g obj(B), then \A\<fg\B\. 

Proof, (a) and (b) are immediate consequences of Definition 8.1 and Theorem 5.6. 
(c) follows from Lemma 5.2(b). □ 



As concerns the transitivity of the relation we immediately see that the 

following related implications are fulfilled for each {f,g)EV and A,B,CeG^\ 



A\ 




& 




|C| 




1^1 


</.x 1 C 


A\ 


<fJB\ 


& 




|C| 


- 


\A\ 


</.x 1 C 



Theorem 5.6 justifies the following implications: 



(8.1) 

(8.2) 



A\ 




& 




\A*\ 


& 


\B\ 


~f.g 


\B*\ 




\A*\ 




A\ 




& 


Ml=/,x 


\A*\ 


& 


|5| 


~f.s 


|5*| 


- 


\A*\ 





where {f,g) G F and A, B, A*,B*E GP. The same theorem combined with (4.18) 
and Theorem 8.2(c) leads to the conclusion that 



|/1| - \A\<f^^\B\ (8.5) 

holds true for each {f,g)E¥ and A, BEG?. Lfnfortunately, the inverse impli- 
cation does not generally hold, unless obj(>l) and obj(fi) are finite VD-objects or 
(f,g) is equal to (T,gs), (fl,M) or (fl,gs) (see Lemma 5.2(c-e) and the equi- 
valences in (8.18)-(8.20)). This forms the next difference in comparison with the 
classical cardinality theory. Indeed, let us consider the following counterexample 
in which M = I, (f,g) = (T,id) and 



f 1, if Jc = 0, 0.1, 

/l(jc) = io.2, if 0.2<jt< 1, B(x) = l-x, 

[O, otherwise. 



Then 
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[A\ = \ for i<2 and [yd], = 0.2 for / > 2, 

whereas 

[B], = 1 for each i G CN. 

So, by definition, we get |yd| |B|. However, if one tries to find B* such that 
obj(B*) c obj(B) and obj(B*) is equipotent to obj(/l) with respect to (7, id), 
one should have 



[B*j; = 1 for i<2 and [B*]; = 0.2 for i>2. 

But this means that B*(x) = 1 for two different jc’s from the closed unit interval, 
which excludes B*c B. 

Remark 8.3. So, if we deal with finite VD-objects or if (/,g) is equal to (7,gs), 
(fl , M) or (fl ,gs), this part of the nonclassical cardinality theory for VD-objects 
can be equivalently reformulated in the classical-like way. Namely, the following 
definitions can be introduced instead of Definition 8.1: 

|/1|<^,JB1 » 3B*cB: |/1|=;,JB*|, (8.6) 

|y4|<^,JB| - |yd|<^,JB| & |yd|^^.JB|. (8.7) 

Clearly, if A, B E¥G¥, then Theorem 5.6 can be rewritten as 

|yd|=^,JB| - \fiEN: f.iA) = f-{B)&g_{A)=g^(B). (8.8) 

In virtue of Lemma 5.2(b) and (4.18), we now have 

3B*cB: 1/1|=^ JB*| - V/GN: /;.(^)<y;.(B)&g.(/l)<g.(B). (8.9) 

As an immediate consequence of (8.8) and (8.9), we easily obtain the following 
equivalence: 

|yd|=^^JB| - 3B*cB: |yd| =^JB*| & 3yd*cy4: |yd*| =^,^|B1, (8.10) 

whereas (8.7), (8.6) and (8.10) imply 

|y4|<yJB| « 3B*cB: |/1| =yJB*| & =3yd*cy4: |.d*| =^JB|. (8.11) 

/ 

Finally, the reader understands that (8.6) as a definition of cannot be ex- 
tended to arbitrary y4,BGGP. The reason is that -f,g would then be generally 
nontransitive, what is difficult to accept. Indeed, let us take the membership 
functions A and B from the counterexample preceding this remark, and let 
CGGP be such that C(a) = 1 for each xGM. Then |/4|<7-jj|C| and 
I ~T,\i whereas \A \ jj |B| does not hold. □ 
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Let us consider a few explicit necessary and/or sufficient conditions for having 
\A \ ^\B \ with various pairs from F; respective conditions for \A \ <f g\B \ can 

then be automatically created by using Definition 8.1(b) together with the results 
from Section 5-D. In virtue of Definition 8.1(a), the following equivalences hold 
true for each /1 ,BgGP (cf. (5.6) and (5.7)): 

- v/GCN:);.(/i)<i;.(fi) 

~ l/(^)l^id.A/l/(fi)l (8-12) 

- l/(^)l^id,idl/(s)l. 

- V/GCN: g.(^)<^,(fi) 

« |g(,4)|<^,i,|g(B)| (8.13) 

- U'(>i)l^id,idU(5)l- 

Thus, the following decomposition property of ^ can be formulated (cf. Theo- 
rem 5.13). 

Theorem 8.4. For each {f,g) G F and A, BE GP, wc have 

° \A\<f^^\B\ & \A\<r^^\B\ 

- \f{A)\ \f{B)\ & |g(/l)| ^r.id 
Proof. An immediate consequence of Definition 8.1 and (8.12), (8.13). □ 

As simple corollaries, we get the following equivalences: 

&\A\<r.,s\B\ (8.14) 

- & |gs(/()|<^,.Jgs(B)| 

and 

^ \A\<,,_^\B\ & \A\<r,s\B\ ( 8 - 15 ) 

^ |fl(/I)|<ij.^|fl(fi)| & |g(^)|<^,,, |g(S)|. 



Hence 










Ml — /, gs 


Ml 


=* Ml 


^/.mMI 


(8.16) 


and 








M 1 ^fi,g 


Ml 


- Ml 


CQ 

VI 


(8.17) 



Moreover, (8.12) and (8.13) easily lead to the following conditions: 

1^1 -fi.w 1^1 “ Mil - Mil> 



(8.18) 
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|.4|<j-gJ5| - |supp(/l)l < |supp(B)|. (8.19) 

Thus, in virtue of Tlieorem 8.4 and (8.15), we obtain 

l-^l ^fi.gs 1^1 ~ l^il ^ l^il & |supp(>l)l < lsupp(B)l, (8.20) 

\A\<,,-„\B\ - |/li|<|fii| & (8.21) 



Theorem 8.5. For each pair (f,g) G F and A, BE GP, the following equivalence is 
satisfied: 



- vtel,: |/(^)'|<|/(5)'| & |g(/l)'|<|g(B)'|. 

Proof. It suffices to apply Lemma 5.4 and Lemma 5.3 to Definition 8.1(a). □ 

As an immediate consequence of Theorem 8.5, we get (cf. also Theorem 5.7 and 
(5.16), (5.16a)): 

|supp(/(^))| < |supp(/(B))| & (8.22) 

|supp(g(.4))| < |supp(g(B))|. 

Combining (8.22) and Corollary 4.2(b), we obtain the following implication for 
(/, g) G F such that / = id or g ^ A/: 

^ |supp(^)| < |supp(5)|. (8.23) 

So, for (/,g) = (id, id), (T,id), (id, A/), (id,gs), the following equivalence can 
be formulated: 



|/l|<^^5| ^ V/GCN: [/!],< [5],.. (8.24) 

Indeed, by definition, the equivalence (8.24) is obvious if (/,g) is equal to 
(id, id), (T,id) or (id, A/). If (/,g) is equal to (id,gs), then |.^|<|j gs|B| 
implies \A \ <-^^j^\B\ (see (8.16)). Further, in virtue of (8.23), \A \ <-^^ f^\B\ 
implies jsupp(y4)| <lsupp(fi)l, i.e. \A\ < 7 - gs|S| (see (8.19)). So, Theorem 8.4 
leads to \A \ ^id,gs |^| because \A \ ^ I® I 1^ I -r,gs I ^1- 

We see that Lemma 5.2(e) allows ones to extend (8.24) also to (/,g) = (fl ,id) 
whenever y4,BGFGP; clearly, the quantification ’ViGCN’ can then be replaced 
by ’V/GN’. Finally, with reference to (8.23), \A\<^g\B\ is fulfilled with 
(/,g)GF and /l,fiGGP whenever there exists a bijection b between supp(v4) 
and a subset of supp(S) such that 

^(x) = fi(b(x)). 

This follows from Theorem 8.5 and (A3') in Section 4-A (cf. Section 5-D). 
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So, similarly to equipotencies, there is a wide spectrum of conditions charac- 
terizing \A \ \ with (/,g) E F* and A, BE. GP: from the strongest one for the 

pair (/,g) = (fl , id), through (8.24) and (8.18)-(8.20), to the weakest possible 
’zero-condition’ for (/,g) = (T,M). Let us consider the following example with 
M = [0,2] and A,BeGP such that 

f l, if X is rational and a ; < 1, 

0.5, if l<jc<2, 

0, otherwise, 

and 

[ 2x, if X < 0.5, 

B{x) = \-2x-\-2, if 0.5 <j:<1, 

[O, otherwise. 



If i < N, then [Al = 1, else [/1|, = 0.5, whereas [B], = 1 for each iE CN. Thus, 

1"^ I '^ 7 ',id I ® I because [y4], < |B], for each /ECN, and |/l]g < [Bjg 
l^l<n.A/l^l because |5i|<|/li|, 

because | supp(/l) | = | supp(S) [, 

whereas the powers of obj(/l) and obj(B) are incomparable with respect to <fj jj 
(see (8.21)). There are good reasons for accepting this relativity which is even 
deeper than in the case of (see Section 5-D). It very well reflects what happens 
in reality when one compares two things using different criteria or different infor- 
mation. Also, that relativity visualizes that the choice of (f,g) has to be careful; 
obviously, this problem vanishes if obj(y4) and obj(B) are two sets. On the other 
hand, we see that 



Ml<n,id|fi| - \A\^f,,\B\ (8.25) 

holds true for each basic (/,g)GF and A,BEGP, which follows from (8.21), 
(8.23) and (8.24). In particular case, if A,B E¥GP, then 

\A\<f^^\B\ =* V(r,g'^)GF; (8.26) 

provided that (/,g) is such that / = id or g = id, which is a consequence of 
Lemma 5.2(e) and (8.24) extended to (fl ,id). 

Closing this section, we like to refer once more to our everyday experience which 
says that the less the information the more uncertain the results of comparisons. 
This well-known principle is reflected in the nonclassical cardinality theory under 
presentation. Namely, if obj(/l) and obj(B) are, respectively, infinite and finite 
VD-objects, then we have \A \ >^g|5| provided that the powers of obj(^) and 
obj(B) are at all comparable with respect to ^ and / = id or g ^ A/. Indeed, it 
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then follows from (8.23) that the inequality | supp(>l) | > | supp(fi) | excludes 
\A 1 I B\. However, if (f,g) G F is such that / id and g = M, then \A \ \ B | 

is possible. Really, taking M = 1 , {f,g) = (fl , M), A{x) = 0.99 for each Jt G M, and 
5 = Ig with B = {0, 1}, we have \ A^ \ < 1 5] |. So, in virtue of (8.18), one concludes 
that \A I <f] A/ 1 fi|, while obj(y4) is an infinite proper VD-object and obj(fi) is a 
finite set. Thus, we get a very surprising result from that comparison. However, 
again, let us stress that ({\{Y),M) generally represents extremely incomplete and 
distorted information about TgOP, just as any other (f{Y),M) with / ^ id. This 
explains that strange result (cf. also (E4) in Section 5-B). 



Section B. Inequalities between 

the generalized cardinals 

The previous section contains a study of inequalities between the powers of 
VD-objects. Making use of them, we will now define and investigate the ordering 
relations allowing ones to compare (inequal) gc-numbers. Let us recall that the 
equality a = /3 of two gc-numbers induced by the same pair (f,g)E. F means that 
a(i) =j8(i) for each /GCN, and is attained iff there exist A,BEGP such that 
|v4|=j^a, and |/1 1 | | (see Section 6-B). 

Dehnition 8.6. Let (f,g) G F* and a,)3 G GCN^^. 

(a) We say that the gc-number a is less than or equal to the gc-number /3 and we 
write a < P iff there exist A, BE GP such that 

1^1 1^1 -/,x 1 ^ 1 - 

(b) We say that a is less than (3 and we write a <(3 iff 

a < 13 and a ^ [3. 



As previously, the dual notation for a < p and a < p, respectively, can be used, 
namely P > a (P is greater than or equal to a) and p > a (P is greater than a), 
respectively. In the case of inequalities between the powers of VD-objects, 
oh}(A) and obj(B) can be compared with respect to various (f,g)’s and, there- 
fore, the notation \A\<f_^\B\ and \A\<j_^\B\ was introduced in order to 
make clear which pair from F we chose. As concerns inequalities between the 
gc-numbers, the belonging od a and p to a concrete family GCN^^ specifies that 
context, and we simply write a < P and a < p. Nevertheless, we shall also write 

a <f^P and a <f^p 

whenever that belonging has to be emphasized. 
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In virtue of Definition 8.6(a) and Definition 8.1(b), for each pair {f,g)G F and 
a, )8 G GCNy^g, we have 

a</3 - 3A,B&G?: \A\=f^^a & \B\=f^g(3 & \A\<f^g\B\. (8.27) 

So, taking into account (8.3) and (8.4), we easily state that both a <fi and a < /3 
are well-defined because they do not depend on the choice of A,BeG? such 
that \A \ =f_gOi and |5| =f_gP- 

Theorem 8.7. Let (f,g) G F and a, ^ G GCN^^. 

(a) a < /3 implies a < j8 and excludes both a> P and a = ^. 

(h) a = (3 iff a < P and /3 < a, 

(c) //obj(/l) c^^obj(B), fl/itf \A \ and \B\ then a < p. 

(d) (GCNy^, <y^) forms a poset. 

Proof. Part (a) is an immediate consequence of (8.27), Definition 8.6(a) and 
Theorem 8.2(a). (b) follows from Theorem 8.2(b) and Definition 8.6(a). (c) is 
implied by Theorem 8.2(c) and Definition 8.6(a). Finally, (d) easily follows from 
Definition 8.6(a) and the partial orderedness of the powers of VD-objects (cf. 
Section 8- A). □ 



Clearly, (b) in Theorem 8.7 is a counterpart of the Cantor-Bernstein theorem for 
cardinal numbers (see also Theorem 5,8 and its consequences). As regards the 
transitivity of < for gc-numbers, for each pair {f,g)G F and a,p, y G GCNy^, we 
also have 



a < P & p < y =• a < y (8.28) 

and 

a < p & p < y -* a < y, (8.29) 

which easily follows from Definition 8.6(a), (8.27) and (8.1)-(8.2). Moreover, we 
point out that GCNy^ is linearly ordered by <y^ provided that (/,g)G F is equal 
to (fl,M) or (7',gs) (see (8.18) and (8.19)). As a simple example of incom- 
parable gc-numbers, let us mention 

a = (1, 0.9, 0.6) and p = (1, 0.8, 0.7) 

from FGCNj jj. Indeed, if \A \ =j -^a and |5| =j -^p, then (see (6.39)) 

[/I], = 0.9, [A]. = 0.6, [fi]i = 0.8 and [5], = 0.7. 

So, in virtue of (8.24), neither \A | | B \ nor \ B\ ^^\A\. 

As was done in Section A, we are now going to give some characterizations of 
the relation < for gc-numbers. Again, corresponding characterizations of < can 
then be automatically constructed by applying Definition 8.6(b). Taking into 
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account Definition 8.6(a), (8,12)-(8.13), Theorem 5.6 and (6.15), we easily conclude 
that 



and 



a <7- ^/3 iff 


a c p 


(8.30) 


« iff 


pea. 


(8.31) 



Let us define 

Y# := A{/tGCN: Y(^) = 1} and y* := V{A:G CN; y(A:) = 1} (8.32) 

for YGGCNy^^^ with (/,^)GF. Applying (6.17) and (6.16) to (8.30) and (8.31), 
respectively, we get 



and 



a <r,gs/^ iff 


a* <p* 


(8.33) 


iff 


a^<P^. 


(8.34) 



Similarly to Theorem 8.4, a decomposition property for inequalities between two 
gc-numbers can be formulated (cf. (6.24)). 



Theorem 8.8. For each pair (/, g) G F and a, /3 G GCNy the following equivalence 
holds true: 



a < (i *=* a_ < I3_ & . 

Proof. Indeed, for each (/,g)G F and y G we have (see (6.22)) 

\<^\=T.gy- and |C|=^;^,Y + - 
So, the thesis follows from Definition 8.6(a) and Theorem 8.4. □ 



We see that the occurrence of < = is possible on the right side of the 

equivalence in Theorem 8.8. Since GCNj^ ^ = {l(-fj}, we get Y— ^ whenever 
Y, 5 G GCNj- (see Section 6-B and Section 8-A). As immediate consequences 
of Theorem 8.8 and (8.30)-(8.34), the following equivalences can be written: 



(«+)#^0+)# & a_e p_ 
a# s/3# & Vi >/3^; a{i) < P{i), 


(8.35) 


(a_f<(p_)* & p^ea^ 


(8.36) 



*=• a* <fi* & Vi < a*: a{i) > /?(/), 
«-n,gs/3 *=* 8l a* 



(8.37) 
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In virtue of (8.24), we have 
Hence 

«^id,id/^ “ a_c/3_ « (>'+=> (8.38) 

Another way of characterizing a < /3 is to do it via the /-level sets of a and p. 

Theorem 8.9. Let (f,g) £ F, a, /3 £ GCNy^ and kG CN. Assume that 
a, = betw(i) ,y,) and ji, = betw(p, , q,) 

for each /£Iqi where each i,,j,,p,,q,ECN is determined from Theorem 6.9a. The 
following equivalences are then .satisfied'. 

(a) a < ^ - V/ G I,,: /, <p, &. j, < q,, 

(b) ik)<a - V/eio:/:<y, {iff=T), 

{k) < a - 'sf t E Iq. k ■< i, (ifg = M), 

{k)-<a « V/ G 1q: k < min(/, ,/,) {if f ^ T and g ^ M). 

Proof, (a) If/= 7, then (8.30) and (2.44) imply that 

a < (3 “ ac/? <=* V/ G ly! a, c /3,. 

But a and /3 are nonincreasing, and a(0) = /3(0) = 1 (see (6.15)). Hence 

i, =p, = 0 for each t E ly 

and 

a - V/GIy; 

Analogously, if g = M, then 

j, — qi=p* for each /£Iy, 

where p* : = | M|, and 

a < jS *“ a ^ 13 =* V/Gly:a, <-• V/Gly:/)<p, . 

Finally, if {f,g)E F is such that 7 and g^ M, then Theorem 8.8 leads to the 
following equivalences: 

a <13 *=* a_ <I3_ & - V/ G ly: (a_), c (^_), & (a^), z. (/l^),. 

But, if a, = betw(/',,y)) = betw( |/(y4)‘“'| , crd(y;(/l) , /)) for some A E GP, then 
(a_), = betw(0,crd(g(A),/)) = betw(0,y,) 



and 
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(«+)/ = betw(|/(^)^ '!,+) = betw(j,,+). 
Similarly, if jS, = betw(p,,q,), then 

0_), = betw(0,^,) and (^^), = betw(p,, +) 
for each ^ G Iq- Hence 



a </3 « VtGIo: i,<p, & j,<q,. 

This completes the proof of (a). Finally, (b) is an immediate consequence of (a) 
and the definition of as well (see Section 6-D). Indeed, we have 

( betw(0, k), if f =T, 

= I betw(/c, +), \ig = M, 

[betw(/:. A:), otherwise. □ 



In the previous theorem, the explicit formulation of the requirement saying that 
hJt’Pi’ ^ determined from Theorem 6.9a is essential if / = g = id. 

Indeed, say, a, might then be empty for some tGIo, i e. a, = betw(/, 7 ) for each 
i,j G CN such that i > j. Throughout the book, we will assume that both / and j meet 
that requirement whenever ’a, = betw(ij)’ occurs with any gc-number a G GCNy^ 
and (/,^)GF. 

Let us formulate a few remarks about relationships between and c for 
gc-numbers. It is clear that can be replaced by c, when ordering GCN^^, only 
if f = T or g = M. We then get identical or reverse ordering, respectively (see 
(8.30)-(8.31) and (8.35)-(8.38)). Let us notice that if y G GCNf, ^ (yGGCNy^^, 
respectively), then y_ (Y + < respectively) originates from y by replacing each 0 by 1 
at the points i such that i < {i > y*, respectively), which follows from (6.15) and 
(6.18)-(6.19). So, using (8.35) and (8.36), one can formulate the following two 
conclusions; 

ac/3&o;#=j8# =»a<)3 (if a, /3 G GCNfj ^) (8.39) 

and 

^ca&.a*=(i* -a<i3 {if a, (3 E GCNf^^). (8.40) 

Generally, there is no relationship between <|,j and c. On the other hand, 
worth mentioning is that c can be applied as a ’super’ ordering relation for 
gc-numbers allowing us to compare two gc-numbers induced by distinct (/,^’)’s. 
So, we could tell what happens with the (generalized) cardinality of a 
VD-object obj(yl) with (f,g)EF when (f,g) changes. Namely, applying 
Corollary 6.4, we come to the conclusion that the power of ob\{A) increases with 
respect to c if we diminish / or/and we increase g. So, 0 :^ is with respect to c 
the least possible gc-number expressing the power of the VD-object obj(/l), 
chosen from all «jy’s (cf. also (6.45) and Theorem 6.17). 
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Needless to say, it is essential to have a coincidence between < for cardinal 
numbers and <f for gc-numbers from GCNr . The next theorem describes this 
property. 

Theorem 8.10. For each (f,g)EF, the systems (CN,<) and (GCN*g,<y^) are 
isomorphic. 

Proof. It suffices to show that, for each (/,g) £ F, there exists a ((/,g)-dependent) 
bijection 



fl: CN-GCN;^ 

such that 

/<; iff D.{i) 

But GCN* ^ kECN} and the function assigning iky g to k is always 

bijective. Applying (8.30) and (8.31), we immediately get the folowing equivalences: 

‘ —j ** ** i^'^T.g—T.giJ'^T.g 

and 

i<j i^\.M -f,M ijy,M- 

If (/,g) is such that /# T and g ^ M, then Tlieorem 8.8 leads to the following 
chain of equivalences: 



*''V.x ~/.x ^^^r.g-T.giJh.g ^ ay,M-f,Mijy,M ** i-i- 

This completes the proof. □ 



As a simple corollary, we point out that (N,<) and (FGCN*^,<y^) are also 
isomorphic for each (/,g)EF. In connection with the Cantor inequality / < 2', 
we easily get that 



\‘^ I -f.g I ^supp(/I)l "^f.g i'^ 'i 

for each {f,g)E F and /IGGP, which immediately follows from Theorem 8.2(c) 
and Theorem 8.10. 

Recall that in the previous section we discovered an anomaly in comparison 
with the classical cardinality theory. Namely, if (/, M)EF is such that /5*id, 
then it is possible that \A\<f j^f\B\, whereas obj(/l) is an infinite proper 
VD-object and obj(R) is a finite set. Let us consider an analogous problem for 
finite and transfinite gc-numbers. 

Theorem 8.11. Let (f,g) £ F and let a and jS, respectively, denote a finite gc-num- 
her and a transfinite gc-numher induced by the pair {f,g), respectively. If a and /3 
are at all comparable, then a < (3. 
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Proof. Suppose that p<a. Then there exist A,BGGP such that |S| =f,gP> 
\A I =f^gOt and |B| \ A \ (see Definition 8.6(a)), In virtue of (8.3), this implies 

\B*\<fg\A*\ for each A*,B* 

such that 

\A*\=f^^\A\ and 

where supp(5*) is infinite in each case (see Section 6-E). So, if (f,g)GF is such 
that / = id or g ^ M, then (8.23) implies that supp(/4*) has to be always infinite, 
too, which contradicts the definition of FGCNy^. Otherwise, on account of the 
implication (8.22), we always get 

lsupp(/(B*))|<lsupp(/(/l*))|, 

even if supp(y4*) is finite. Using (5.16), we conclude that the support of each 
f{B*) such that |fi*| =f gP must be finite. Now, take a quite arbitrary function 
B* such that 1B*| =/gP, and construct B** as follows; 

= if xGsupp{f(B*)), 

I 0, otherwise. 



Applying (A3) from Section 4-A, we then get 

f{B**) = f(B*). 
So, 



1^**1 1^*1 =/,A//^ with/?iid. 

But obj(B**) is finite, which contradicts the transfiniteness of p. Thus, /3 < a 
does not hold, no matter which (/,g)£ F is used. □ 



So, if a < p and p is finite, then a is also finite. On the other hand, if a is trans- 
finite, then p is also transfinite. 

Let us consider a few examples of inequalities between the gc-numbers. We 
shall use the vector notation from Section 6-C. Examples concerning a<j ^p 
and a ^f^^P will be omitted because such inequalities are very easy to verify by 
means of the characterizing conditions (8.30) and (8.31). 

(El) Suppose that a,pE GCNfj are such that 

a = (0, 0, 0, 1, 0.9, 0.8, (0.7) | 0.7, 0.3) 

and 
So, 



whereas 



p = (0, 0, 0, 0, 1, 0.9, (0.8) I 0.8, 0.4). 
=3 and p^ = 4, 
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a_ = (1, 1, 1, 1, 0.9, 0.8, (0.7)1 0.7, 0.3) 
]8_ = (1, 1, 1, 1, 1,0.9, (0.8)10.8, 0.4). 
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and 



Thus, in virtue of (8.35), we get a<ji because and a_‘=/3_; clearly, since 

a 5^ we have a < ^. If Y, S G GCNf, are such that 

Y = (0, 0, 0, (1)1 1, 1) 

and 

8 = (0, 0, 0, 0, 1, 0.9, (0.6)1 0.6, 0.6), 

then Y# = 3 and 8^ = 4, but S_c y_, i.e. y and 8 are incomparable with respect to 
the relation Sf, jj. 

(E2) Let (/,g) = (id,gs) and CN = {/: i <<?}. Let a,^G GCN^^ be such that 

a = (0, 0, 0.2, 0.4, 0.6, 1) 

and 

P = (0.1, 0.1, 0.4, 1). 

Then a* = 5 and = 3, whereas 

= (0, 0, 0.2, 0.4, 0.6, (1)| 1, 1) 

and 

/3^ = (0.1, 0.1, 0.4, (1)|1, 1). 

Since fi* < a* and a_,.c/3^, (8.36) implies fi < a. 

(E3) If a,P, Y G FGCNf, are such that 

® ^betw(7,12)’ P ~ ^betw(5,10) and Y ~ lbetw(8,ll)’ 

then 

= P^ = 5, Y# = 8 and a'*' = 12, /?'*' = 10, y* = W. 

In virtue of (8.37), we get 

/^<fi,gs« and ^<fi.gsY, 

whereas a and y are incomparable with respect to <fj 

(E4) Let us take a, /3 G FGCNjj ^ such that 

a = (0, 0.1, 0.4, 0.6, 0.3, 0.2) 
and 

p = (0, 0, 0.2, 0.5, 0.5, 0.5, 0.3). 

Using (6.38) and (6.39), we point out that 
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f 1, if i = 0, 

Y-(0 = I f 0<j<i* + l, 

[y( 0> otherwise, 

foreach y G FCCN^ jj, where i* := min{/ G N: y( 0 + Y(f+1) = 1} (cf- (6.13)). Hence 

a_ = (1, 1, 0.9, 0.6, 0.3, 0.2) 

and 

= (1, 1, 1, 0.8, 0.5, 0.5, 0.3). 

So, on account of (8.38), we obtain a 

In the last part of this section, we would like to focus our attention on some 
structural properties of with (/,g)GF. In the first place, we ask about 

the existence and uniqueness of extremal elements. 

Theorem 8.12. The following statements hold true for each (f,g) G F: 

(a) (0}f g is the least element in (GCNy^, 

(b) ip*)gg is the greatest element in (GCNy_^, ^gg), where p* = | M|. 

Proof, (a) Fix an arbitrary (/,g)GF and put (0):= (0)gg- Since T<zA for each 
/IGGP, we get \T\<^^^\A\ (see Theorem 8.2(c)). Hence, (0) < a for each 
gc-number aGGCN^^, i.e. (0) is the least element in (GCN^^^, <j^). The proof 
of (b) is quite analogous. □ 



So, for each {f,g)GF, {0)f g and ip*)gg, respectively, are a unique minimal 
element and a unique maximal element in (GCN^^, respectively (see 

[FCRi<^2]). As concerns (FGCN^^, <y^), it is clear that is always its least 
and unique minimal element, while a maximal element does not exist. 

Each cardinal number i has a successor i'^ defined as the smallest cardinal 
number larger than i. Clearly, gc-numbers do not have successors in that sense, 
unless GCNy-^ is linearly ordered by <y^. Nevertheless, each two gc-numbers a 
and p induced by any (/,g)GF do have a common predecessing gc-number y 
and a common successing gc-number S such that 

y < a,p < S. 

Indeed, it suffices to take any A,BgG? such that \A \ and \B\ =ggP- On 

account of Theorem 8.2(c), we then get 

\ArsB\^g^\A\,\B\^g^\AvB\, 

and the thesis becomes clear by putting y := \A^^B\^^ and S:= \Av I" 
other words, such the gc-numbers Y and 8, respectively, are a lower and an upper 
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bound of {a, j8} with respect to respectively. A quite natural question now is 
whether, for each {a, )3} <= GCN^^^, there exist a greatest lower bound and a least 
upper bound. So, we ask about a lattice structure of (GCNy^, The answer is 
immediate for {f,g) = (fl , A/), (T,gs) because we then deal with a linear ordering 
of gc-numbers. Let us define 

a A j3 : = (a_ n P_) n {a^ u 

and (8.41) 

a 7/3:= (a_ u)8_)n(a;^ n j8^), 

where a, ^ E GCNy^ with (/,g) E F. In virtue of (6.23), we have 

a A /3 = (an (3_) u (a_ n /3) 

and (8.42) 

a V /3 = (a n /3^) u (a^ n /3). 



Let us show that 

a A /3, a 7 /3 E GCNj 

Indeed, this is obvious for each (/,/?) E F such that f = T or g = M. For instance, 
if f = T, then a_,f3_E GCN^ ^ and E GCN^ So, we have (see (6.15)) 

a_ n /3_ , a_ u /3_ E GCNj- ^ 

and, in virtue of (8.41), we conclude that 

a a/ 3, a 7 jS E GCNy 

Suppose that (f,g) is such that f^T and g^M. Choose arbitrary A,BEGP 
such that \A = a and | = /3. Moreover, let us put 

m* := |B,| and n* := |supp(B)|; 

as previously, we use the symbols m := \ A^\ and n;= |supp(/l)|. Assume that 
/ = fl. Since a_,(i_E GCNj we have a_n P_,a_u (i_E GCN-j- g. If 

Y = a_ n ]8_ and Y = I 6^ Ir ^ for some C E GP, 

then one can assume that | Cj | = min(m , w*). Hence u = |C|f, So, 
the definition (8.41) implies 

«a/3= |C|^,^nlC|„,;^= |C|f,,^EGCN„,^ 

(see also (6.36) and (6.25)). Similarly, if 

a_ u /3_ = l^lr.g with some DeGP, 
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one can assume that | j = max(m , m*), i.e. n /?^ = | i) |fi ^ and 
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av/3- l-DlT’^^nlDIfj - |D|f,^^G GCNfi^^. 

Suppose that the pair (/,g)GF is such that g = gs. Since a^,p_^E.GCNj we 
have u n E GCN^/^. Again, if 

a+ u /3^ = I C|y-^ with some CGGP, 

then one can assume that | supp(C) | = min(/i , «*). Hence a_ n /3_ = IGjj-gj, 
whereas (8.41) implies 

a Ap = 1 Cly g 5 n| = I C ly g 5 G GCNy- gj. 

Analogously, if 

a+ n /3^ = with DgGP, 

one can assume that |supp(D)| =max(n,n*). Then a_u p_ = |£)|j- g^ and 

a V p = \D\j-^^^n\D\j- nf = | D|y_g^ G GCNy_gj. 

Finally, for f = g = id, we have a_,P_E GCN^ ^ and G GCNjj So, if 

a_ n j3_ = I C|^ jj with CgGP, 

then 

(a_np_){i) = [C],. = min([/l],,[B],) 

and, hence. 



(a+ u/3+)(0 = max(l-[/l|,+ ,l-[fi];+) = l-min([^],+ , [5],+) = 1-[C],+ . 
Thus, 



a A p - 1 Gjj- ijn| - I G GCNjd jj. 

Analogously, if 
then 

and, hence, 

(a^np^)(i) = min( 1 -[/!];+, 1-[S];+) = l-max([/l];+,[fi],+) = !-[£>];+. 
So, 

a ^ P = I f? l7',id n I D lij = I G 



a_ u y3_ = I D Ij- with DgGP, 
(a_up_)(i) = [D]- = max([/l];,[5],.) 



This completes the proof which together with (6.24) implies that 
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a A /3 = Y 


iff 


Y_ = a_ n j8_ 


and 


Y+ = a+ u/3_, 


a V /3 = S 


iff 


S_ = a_ u p_ 


and 


= a^ n p^. 



In other words, we have 

(a A /3)_ = a_ n /3_, (a a / 3)+ = a+ u 



and 

(a V /3)_ = a_ u jS_ , (a v /3)^. = n . 



(8.43) 



In the next theorem, we show that GCN^^ forms a lattice, whereas a and v, 
respectively, are a greatest lower bound operation and a least upper bound oper- 
ation, respectively. As previously, we use the notation p* | M|. 



Theorem 8.13. For each (/,g)G F, (GCN^-g, a , v, (0)^-^, ip*)fg) forms a hounded 
distributive lattice. 



Proof. Suppose that a, £ GCNy^^^ with (/,g')£F. If f=T, then (6.22) and 
(8.41) imply that 



a A /3 = an/3 and avj8 = au/3. 



Similarly, if g = M, then 

a A /3 = a u /3 and av/3 = an/3. 

In both the cases, one sees that a and v are idempotent, commutative, associ- 
ative, and 

a A (a V /3) = a V (o A jS) = a. 

Thus, (GCNj^, A,v) forms a lattice whenever f=T or g = M (see [FCR#2]). 
Moreover, in virtue of (8.30) and (8.31), we immediately conclude that 

a</3 ** a A P = a ** av/3=/3. 

So, the ordering relation associated with the operations a and v is that from 
Definition 8.6(a) (see [FCR#2]). 

Suppose now that (f,g)G F is quite arbitrary. In virtue of Theorem 8.8, we have 

a < S “ a_ < 5_ & a^ < 5^ 

and 

P<8 - /3_ < S_ & /3^ < 5 + 

also if 8 is equal to a least upper bound of {a, /3). The previous part of the 
proof says that the least upper bounds of {a_, /3_) and {a^, p+}, respectively, 
are equal to a_u/3_ and a^np^, respectively. So, we conclude that a least 
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(a_ V (ij) n (a+ v /3^) = (a_ u fi_) n (a^. n /?+). 

Similarly, a greatest lower bound of {a, p} is equal to 

(a_ A I3_) n (a+ a = (a_ n n (a+ u /3+). 

Thus, for each (/,g)GF, (GCN^g, a,v) forms a lattice. Applying (8.30), (8.31) 
and (6.24), we obtain the following equivalences: 

a < fi *=* a_<fi_ & + 

“ Sc 

*» a_ n /?_ = a_ & u 

« a A p = a. 

Similarly, 

a < P ^ a V p = p. 

This means that the inequality relation introduced in Definition 8.6(a) is the 
ordering relation associated with the lattice operations a and v. On account of 
Theorem 8.12, (GCN^-g, a,v) is always bounded by the gc-numbers (0)y-g and 
Finally, applying (8.43), we easily check that 

a a(/ 3 vy) = (a_ n (/3_ u y_)) n (a^. u(/3^ n y^)) 

= ({a_np_)u{a_ n y_)) n((a^ up^) n (a^ Y + )) 

= (a A /3) V (a A y) 

and 

a V (^ A y) = (a v/?) A (a V y). 

So, the lattice is distributive, which completes the proof. □ 



The previous theorem and the first part of its proof together with (8.43) imply 
that 



and 



A = n and 
A = u and 

a A P = y 
a '7 p = 8 

a A P = y 
a 7 p = 8 



V = u, if (f,g) = (7’,id), 


(8.44) 


V = n, if (f,g) = (id,M), 


(8.45) 


“ Y+ = «+u/?^ 

- 8^ = a^nP^, if (/,^) = (id ,gs). 


(8.46) 


“ y^ = a_np_ - Y+ = «+uy3^ 


(8.47) 


» 8_ = a_v p_ *=* = a,^ n p_^, if 


(/,5) = (id,id). 



and 
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and (8.48) 

a '7 P = lbetw(niax(«„,^t,),niax(«*,/J*))> if’S) ~ >gs). 

Indeed, (8.44) and (8.45) are obvious. As regards (8.46), it follows from the fact 
that 17^. implies X_= tj_ whenever X, 17 E GCNjj g^. Really, if ^ = |£|id, gs 
77 = |F|j(j gs, then, in virtue of (5.16a) and (5.13), we have 

X + =T7^ - |£:| =id,A/|f"l -* |supp(£)| = |supp(F)| - X_=T/_. 

Further, (8.47) follows from (5.17) which says that 

X + = 77 + - X_= 77 _ 

provided that X, t; £ GCN;j (cf. (8.38)). Finally, (8.48) is a consequence of the 
following simple equalities: 



^betw(0,iiiin(r»*,/l*'))’ ® + '-' lbelw(iiiin(«, , +)’ 

~ ^betw(0.niax(rt*./i*))’ Oi+C>P^ — lbetw(niax(«„, /?,!,), +)' 

Taking into account (8.41) and (8.44)-(8.45), we can write that 

a i^P = (a_ A P_) n (a^ a /3^) 

and (8.49) 

av/3 = (a_vp_) n(a_^vp^) 

for each (/,g)EF and a,/3EGCN|g. Closing this section, let us consider an 
example of a a P and a v p with a,)8 E FGCNjj jj. Let 

a = (0, 0, 0, 0.4, 0.5, 0.5, 0.3) 

and 

p = (0, 0, 0.1, 0.3, 0.7, 0.2). 

We easily point out that (see (E4) in this section) 

a_ = (1, 1, 1, 1, 0.6, 0.5, 0.3), 
p_ = (1, 1, 1, 0.9, 0.7, 0.2) 

and 

= (0, 0, 0, 0.4, 0.5, 0.7, (1)), 
p^ = (0, 0, 0.1, 0.3, 0.8, (1)). 

In virtue of (8.41), we then get the following results: 
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a A j8 = (a_ n /?_) n (a^ u /3^.) = (0, 0, 0.1, 0.4, 0.6, 0.2) 

and 

a v)8 = (a_ u /3_) n (a^. n = (0, 0, 0, 0.3, 0.5, 0.5, 0.3). 



Section C. References to the Generalized 
Continuum Hypothesis 

This section of Chapter 8 is devoted to the problem of existence of inter- 
mediate gc-numbers. Let i E N, and let B and D denote two arbitrary finite sets 
in M such that B c D, 

B = {Xj, Xo, ... , X;} and D = {Xj, x,, ... , x,, 

Moreover, we put B : = Ig and D : = Ip. Let CE FGP be defined as follows: 

f 1, if xEB, 

C{x)=la, if (8.50) 

[ 0, otherwise, 

with aE(0,l). Suppose that (f,g) is a basic pair differing from (T,gs) and 
(fl , M). In virtue of Tlieorem 6.15, we have 

1 ^betw(0,i)’ f~ 

^betw(i, + )’ S — 

!{;), otherwise 

and 

f lbelw(0,('+l)’ f— 
lbe.w(,>l, + ). if S = M, 

lj,^_i}. Otherwise. 

On the other hand, applying (6.37)-(6.42), we get the following results: 

((i+l)*l,a), if(/,g) = (T,id), 

(/*0, 1-a, (1)), if (f,g) = (id, M), 

\C\f^g = ' {i*0, l-a, a), if (/,^) = (id , id), 

(;*0, I- a, 1), if if,g) = (id,gs), 
i(/*0, l,a), if (/,g) = (fl,id). 
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and lC|y^ = lbe,w(,.(+i)if = (fl ,gs). So, B c C c D and | B| | C| as well 

as I C| \D\. Thus, 



\^\<u\C\<fJD\ 

for each pair (/,g) under consideration, which follows from Theorem 8.2(c) and 
Definition 8.1(b). In other words, for each IG N, (8.27) implies that there exist CS 
intermediate (finite) gc-numbers A, such that 

{i)< X < ii + l), 

unless (f,g) = (fl,gs) for which there is only one intermediate X. This occur- 
rence of intermediate finite gc-numbers is not so surprising. However, it is in- 
teresting to extend the construction given in (8.50) to infinite sets in M. Namely, 
let i'GCN be an arbitrary transfinite cardinal number such that 2'<|M|. 
Moreover, let B and D denote two arbitrary sets in M such that B c D, 

|B| = i and 1D1=2'. 

As previously, we put B: = Ig and D: = l^. Furthermore, let CGGP be defined 
as follows (again, a G (0,1)): 



r 1, if X G B, 

C(x) =|a, if xGD-B, (8.51) 

lo, otheiwise. 



So, we have B c C c D, which implies | B | | C| <yg | D | for each (/,g) G F; 

obviously. 



for each (/,g)G F. But 



and 




if k<i, 
otherwise, 




if k<2', 
otherwise. 



rl, if k<i, 

[ j «. if i<k< 2', 

to, otherwise. 



Thus, [B], < [C], < [D\ for each k such that i < k < 2'. Moreover, 

I -^1 1 ~ I f-i I I I I supp(B) I < I supp(C) I = I supp(D) |. 
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for instance, for each (/,g)GF such that /=id or g = id, and for the pair 
(y^g) = (fl ,gs). As previously, this means that for each transfinite cardinal 
number i there exist intermediate gc-numbers A such that 

{i)<X <(2'>. 

The number of these intermediate A’s depends on the number of intermediate 
cardinals lying between i and 2'. If one accepts the Generalized Continuum 
Hypothesis, there are C<: intermediate A’s for {f,g) G F such that / = id or g = id, 
and there is only one intermediate X for (/,g) = (fl , gs). For instance, if 
{f,g) — (T, id), the intermediate A’s are such that 



n, if A: < /, 

X{k) = i a, if i < k < T, 
lo, othemise 



with any a G (0, 1). If {f,g) = (fl >gs), the unique intermediate A is equal to 

^belw(f,2')' 

Recall that the Generalized Continuum Hypothesis is a sentence which is in- 
dependent on the axioms of set theory and says that 

C = 1 ' 

for each transfinite cardinal number i\ in particular, the sentence saying that 

N"" = e 

is called the Continuum Hypothesis. In other words, the Generalized Continuum 
Hypothesis states that for each transfinite i there is no set of power greater than 
/ and less than 2', i.e. there is no cardinal number q such that i < q < 2'. 

With reference to the Generalized Continuum Hypothesis, we point out that, 
anyway, in each nonlinearly ordered GCN^^ with a basic pair (/,g)GF there 
exist(s) intermediate A G GCN^^ such that (/) < A < (2'). In other words, there 
exists a (proper) VD-object, for instance, obj(C) defined in (8.51), whose power 
with respect to any of those {f,g)'s is greater than the power of obj(R) and less 
than the power of obj(D), whereas obj(R) and obj(D) are, in fact, two infinite 
sets of cardinality i and 2'. 

This builds a strong feeling that all mathematical discussions and doubts arisen 
around the questions of independency and acceptability /nonacceptability of the 




138 



Chapter 8 



Continuum Hypothesis and the Generalized Continuum Hypothesis are essentially 
conditioned by the two-valuedness of the classical logical system used by classical 
mathematical theories. Indeed, if we use just {f,g) = (fl,gs), what collapses to 
accepting the 3-valued logical system, intermediate gc-numbers exist and are easily 
constructable. 




CHAPTER 9 

MANY-VALUED 

GENERALIZATIONS 



In Chapter 5 and Chapter 8, equipotencies and inequalities between the 
powers of VD-objects and between the gc-numbers are defined in the classical 
categorical two-valued manner. For instance, 

either or 

In this chapter, we like to introduce and to investigate many-valued formulations 
of those relations. They have strong approximative features and, therefore, will 
be called approximate equipotencies and approximate inequalities. One can con- 
sider them to be additional tools (in relation to the lower and upper ap- 
proximations of the membership functions of VD-objects) for overcoming the 
problem of possible imprecision of those functions. 



Section A. Approximate equipotencies 

Let us define a many-valued inequality <„, and a many-valued equality 
between numbers from the closed unit interval, namely 



and 



where fc, c G I and -* 
tion 1-C). So, we have 



[b <,„f] := h-*c 


(9.1) 


■ := *<„,c &,„ 


(9.2) 



denotes the Lukasiewicz implication operator (see Sec- 



and 



\~ b-\~c 


(9.3) 




(9.4) 
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We see that [b c] and \h =,„c], respectively, can be understood as a degree to 
which b is not greater than c and b is equal to c, respectively. Let 

b=‘c := [b<„^c]^t (9.5) 



for t G I. Thus, 



b =‘ c I /j-f| < \ -t. 



So, 



b = c iff b = ^ c. 



(9.6) 



It is quite reasonable to treat =' as a relation of approximate equality between 
two numbers from I. Theorem 5.6 seems to be a good basis for extending the 
relation =' to equipotencies between VD-objects and equalities between gc-num- 
bers. Namely, let 

- V„,/GCN: g.(A) g.(B) (9.7) 

and 

:= [|/l|=y,JB|]>t (9.8) 

with (/,g)GF, A,BgGP and tGl. Applying (1.6), (1.2) and (9.4) to (9.7), we 
obtain the following equalities: 

|5|]= A ([y;.(^)=„,y;.(B)iA[g.(/i)=„,g.(B)] 

= 1- V i\f.{A)-MB)\y]g.iA)-g_iB)\). 

i € CN 

So, (9.8) and (9.6) immediately imply that 

~ V/GCN: |/;(/l)-/;.(B)|vU,(/l)-g,(B)l<l-t 
« V/E CN: f^{A) =‘f.{B) & g.{A) =‘g.{B). (9.9) 

Again, we have 

\A\=^^^\B\ iff \A\=y^\B\. 

Let us emphasize that (9.9) visualizes an extremely strong metrical feature of the 
Lukasiewicz implication operator and f,^. Indeed, \A \ |5| with t < 1 means 

that although fj(A) and /;(5) and/or gj(A) and g.{B) are possibly not identical 
for all j’s, the differences between them do not exceed l~t up to the modulus. 
This has a very clear metrical interpretation. Therefore, will be called a 
relation of approximate equipolency between two VD-objects with respect to {f,g). 
If \A \ =|^|fi|, we shall say that obj(/l) and obj(S) are to degree t equipotent 
with respect to (f,g)- 
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Theorem 9.1. Le/ (/,g)£F, A,B,CEG? andl,uGl. The following properties hold 
true-. 

(a) \A\=l,\A\. 

(b) If \A \ =fg\B\, then \ A | | B | for each u < t. 

(c) |/l|=),JB| iff \B\=f^\A\. 

(d) If \A \ =fg\B\ and jB) =<fg\C\, then \A \ =/,g|C|, where v = tA2«- 

Proof, (a)-(c) are immediate consequences of (9.9). Further, using (9.6), we easily 
check that 



h=‘c &c=“d - h=''d 

with V = t r\ 2 ii is fulfilled by each b,c,dEl. In virtue of (9.9), this makes (d) 
quite obvious. □ 



In the next theorem, we formulate many-valued generalizations of Corollary 5.9 
and Theorem 5.13. 

Theorem 9.2. Let (f,g) £ F, A,B,CEGP and t £ I. 

(a) IfA<ZfgB(z^gCand \A \ =jg\C\, then |y4 | | B | | C|. 

(b) M|=|,JB| iff |/1|=},,,|B| and |/l|=f,JB|. 

Proof, (a) If A ^ggB ^ggC, then 

f.{A)<fiB)^f.(C) and g.(/l) < g.(B) < g.(C) 
for each /£ CN (see Lemma 5.2(b)). So, 



\f{A)~ f{B)\+\fiB)- f{C)\^\f{A)- f{C)\^\-t 
because \A \ | C|. This implies that 

\MA)-MB)\<l-t and \f.{B) - f.(C)\ < I- 1. 

Similarly, 

|g.(>l)-g.(B)|,|g.(B)-g.(C)i<l-t 



for each /£CN. In virtue of (9.9), the proof of (a) is completed. Since b = c 
implies b ='c for each tG I, (b) immediately follows from (9.9). □ 



Of course, the whole nonclassical cardinality theory for VD-objects, which is 
presented in this book, could be based on approximate equipotencies between 
VD-objects. It would be of applicational value because of the imprecision of the 
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membership functions of VD-objects and the obvious usefulness of in error 
description, on the other hand. However, we are not going to develop here this idea 
in full detail. We believe that the nonclassical cardinality theory in its shape 
established in the previous chapters is flexible and sensitive enough, which is 
guaranteed by the possibility of using different approximating pairs (f,g)GF. It 
seems that adding a new parameter (we mean the t expressing the degree of being 
equipotent) we would complicate the presentation by allowing too many ’degrees 
of freedom’ within the theory. Nevertheless, we will present a sample of such the 
enriched theory in which we develop a bit the idea of approximate equalities and 
inequalities between gc-numbers. Taking pattern by (9.7) and (9.8), let us define 

«=n,^ := 3,„/l,fiEGP: \A\=^_^a &„, |fil=;.,/3 \A\=J^^\B\ (9.10) 

and 

a=-p ;= [«=„,/?]>; (9.11) 

with (f,g) £ F, a, /3 £ GCN^g and t £ I. Since 

= V{[|/1| =^,^a]A[|fi|=^,,/3]A[|>l|=7,JS|l; A,BGG?} 

= V{[M|=7 JB|J: A, BEG?, Ml 



we conclude that 

- 3A, B EG?: \A\=f^^a & \B\ =^^^13 & \A\=‘^^^\B\. (9.12) 

Moreover, 

a =/3 iff a =M- 

So, the approximate equality a =' (3 of two gc-numbers is properly correlated with 
the relation of approximate equipotency. As previously, if a =' j3 with t £ 1, we 
shall say that a and f3 are mutually equal to degree t. 

Theorem 9.3. Let (f ,g)E F, a,(3, y E GCNy^^ and t, u E 1. The following properties 
are then satisfied: 

(a) a a. 

(b) If a =‘ (3, then a =“ (3 for each u < t. 

(c) a=M iff P='cr. 

(d) If a =' p and j3 =“ y, then a =" y, where v = t AjM. 

(e) a =‘p iff a_ =‘p_ and ='/3+- 

Proof, (a)-(d) are immediate consequences of (9.12) and Theorem 9.1. (e) fol- 
lows from (9.12) and Theorem 9.2(b). □ 



Approximate equalities between the gc-numbers could also be defined in another 
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way, namely (t S I): 




a=,p := V/GCN: a(0='^(0- 


(9.13) 


One easily verifies that 





a=,l3 - [\/JGCN:a(i}=„,p(i)]^t. 

Let us formulate a few remarks about interrelations between =' and =,. 

Theorem 9.4. For each pair (f,g) € F, a, e and t G I, the following im- 

plication is satisfied: 

a — ^ =* a =,p. 

Proof. Fix an arbitrary t G I, {f,g)EF and .4.5GGP such that \A \ =f^gO! and 
1^1 =f^gfi- In virtue of (9.12), (9.9) and (9.13), it suffices to show that the 
condition 

V/GCN: \f{A)~ f{B)\<\-t & |^,(/1) - ^.(5) | < 1 - 1 
implies the condition 

V/GCN: \{gfA)M-f..{A)) - {g.{B) ^1- <\-t, 
which is an elementary task and, therefore, omitted. □ 

The inverse implication in Theorem 9.4 is satisfied if (f,g) ^ (id, id) or t = 1. 
Tlie approximate equality a ='y3 of a and p is then equivalent to the ap- 
proximate equality a{i) =‘P{i) of the values of a and P at all points in CN. Let 
us construct a counterexample for (/,g) = (id , id) with t < 1. If M = N and 
A, Be FGP are such that 

( 0.8, if X = 2, 3, 4, ( 0.5, if jc = 2, 

>l(jc) = < 0.3, if X = 5, B{x) = < 0.3, if x = 3, 4, 5, 

[O, otherwise, [O, otherwise, 

and \A \ =id,ida, |fi| =idjd^, then 

a = (0.2, 0.2, 0.2, 0.7, 0.3) 

and 

p = (0.5, 0.5, 0.3, 0.3, 0.3). 



So, 



“=o.e/^ 
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because 

I a(i) - P{i) I S 0.4 for each i. 

On the other hand, we have 

I [/!]• - [5], I < 0.5 for each i 
and, hence, (9.12) and (9.9) imply that 

a=°^p. 

As one sees, the last evaluation cannot be improved and, therefore, a does 
not hold. 



Section B. Approximate inequalities 

Using the way of doing from the previous section, we like to introduce 
so-called approximate inequalities between the powers of VD-objects and 
between the generalized cardinal numbers. Taking into account Definition 8.1(a), 
let us formulate the following definitions with (/,g)GF, /1,5 gGP and tGl; 

:= V„,/GCN: f,{A) g.(/l) <„,g.(5) (9.14) 

and 

:= [|/1|<7_JB|J>/. (9.15) 

So, we easily get that 

\A\<<fJB\ ^ ViGCN: y;.(A)<'/;(B) & if,(A)<'g.(fi), (9.16) 

where 

b<‘c := [b<„,c]>t 

for b, c G I, i.e. 

b <‘c iff b <c + (l-t)- 

Thus, |y4|<|^161 with t<l means that the inequalities /;(y4)</;(B) and 
g-{A) <g.(B), occurring in Definition 8.1(a), are maybe not fulfilled for some I’s 
but, nevertheless, /(v4) does not exceed /;(B) + (l-t) as well as g-(A) does not 
exceed g.(B)-^(l-^) for those /’s. The relation <7^ will be called a relation of 
approximate inequality between the powers of VD-objects. If |/1 [ <|^ | B|, we say 
that the power of obj(A) is to degree t less than or equal to the power of obj(B) 
with respect to (f,g). 
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Theorem 9.5. Let (/.^') G F, A,B,C& GP and t, u G I. The following properties are 
then satisfied: 

(a) 

(b) If \A \ <‘j-g\B\, then \A\<'j ^\B\ for each u < t. 

(c) If \A \ <‘f g I B I and | B \ <‘f^ \C\, then \ A \ <'f^ \ C |, where v = t AjU. 

(d) \A\^jJB\ iff \A\<f^\B\and\A\^fJB\. 

(e) iff \A\<f^\B\ and \B\^f^\A\. 

(f) If \A \ I B I and \ B \ \ A |, then \A \ ='f^ \ B |, where v = tAU. 

(g) If \A \ =1^ I B* I for some B*c B, then \A \ \ B\. 

Proof, (a), (b) and (d) are immediate consequences of (9.16). One can easily check 
that 

h<‘c&c<“d -> h <" d with v = t A^it 

holds true for each h, c, dE:l. This makes (c) obvious. Part (e) follows from the 
fact that 

h ='c iff h <‘c and c <' h. 

Part (f) of the theorem is a simple consequence of (e) and (b). Finally, (g) fol- 
lows from (e), Theorem 8.2(c) and (c). □ 

We see that, respectively, (d), (e) and (g) in Tlieorem 9.5 are generalizations of 
Theorem 8.4, Theorem 8.2(b) and (8.5), respectively. 

Taking pattern by Definition 8.6(a), we like to introduce the following rela- 
tionships with {f,g) G F and a, /3 G GCNy^: 

:= 3.„^,5GGP: |/l|=;,,a 1^1 =/,,/? &„, \A\<J^^\B\ (9.17) 

and 

a <'/3 ;= [«<„,/?]>/, (9.18) 

where r G I. Again, we easily conclude that 

a<‘(i - 3A,BeGP: \A\=f_^a & \B\=^^^li & \A\<f^\B\ (9.19) 

is satisfied and 

a < P iff a <^/?. 

The relation <' for gc numbers will be called a relation of approximate inequality 
between two gc-numbers. If a <'/3, we shall say that the gc-numher a is to degree t 
less than or equal to the gc-numher Moreover, the equivalence (9.19) says that 
there is an appropriate correlation between the approximate inequalities 
\A I <1^ I B\ and a <'/?. 
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Theorem 9.6. Let (f,g) E F, a, y G ^ and t, u E I. The following relationships 
are then satisfied: 

(a) a a. 

(b) If a (i and (i <"a, then a ='’ P with v = t/\u. 

(c) If a <‘p and /3 <“ y, then a y, where v = i AjK. 

(d) a <‘ p iff a_ p_ and P+- 

Proof, (a)-(d) are simple consequences of (9.19) combined with (a), (£), (c) and (d) 
from Theorem 9.5. □ 

Clearly, (d) in the above theorem is a generalization of Theorem 8.8 expressed in 
the language of approximate inequalities between gc-numbers. 




CHAPTER 10 

TOWARDS 

ARITHMETICAL 

OPERATIONS 



This short chapter is thought as a preparation for the next chapters, where 
basic arithmetical operations on the generalized cardinal numbers will be defined 
and investigated in detail. Introductory assumptions, motivations, definitions and 
lemmas are here collected and discussed. 



Section A. The extension principle and 
its modifications 

Dealing with any ’generalization’ of the concept of number, we have to have a 
tool for extending the binary operations on numbers to such generalized num- 
bers. Tliere is a tool, called the extension principle, which allows one to extend a 
binary operation * on numbers in a set NUM to an operation on elements of 
GP(NUM) (see [FCR#21]). Unfortunately, that principle does not give sat- 
isfactory results if NUM is composed of cardinal numbers. In particular, if + = •, 
it generates nonconvex functions and, consequently, the family GCN^^ with 
(/,g)GF does not remain closed under such an extended multiplication a /?, 
even if one deals only with finite gc-numbers. The reason is the presence of 
prime numbers in CN. Tlierefore, if we like to have well-defined basic arith- 
metical operations on gc-numbers, we must introduce some modifications in the 
original extension principle. 

Let (/,g)G F, a, /3 g GCNj^c GP(CN), and let * denote a binary operation on 
the cardinal numbers from CN. Further, let ^ G {<, >, =} and 

ext(a, **, ♦} ;= V {a{i) f\ (i,y)GCN“ & i*j ^ k} (10-1) 
with /:GCN. We immediately notice that 
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ext(a, (i, k\ =, +) 

collapses to the original extension principle, and that the following interpretation 
of (10.1) in can be formulated, namely: 

ext(a,l3,k-, ♦) = [3,„(/,7) G CN“: /G,„obj(a) ; G„,obj(/?) i*j--k]. 

Finally, we define 



a* p := {a_ * * j3^), ( 10 . 2 ) 

where 

(«_ * (i-){k) := ext(a_, /?_, k, >, *) 

and (10.3) 

(a+ * P+)(l<) ■= ext(a_,, /3^, k; <, ♦). 

The formula (10.2) is motivated by (6.23) and derivative decomposition proper- 
ties like, say, those described in Theorem 8.8 and (8.49). As one knows, each 
GCNt^^ and GCNy^,^, respectively, is composed of nonincreasing and non- 
decreasing functions CN-»I, respectively. This justifies the presence of > and < 
in (10.3) which guarantees that a* (3 is always convex and properly monotonic. 
The couple of definitions (10.2)-(10.3) will be called the modified extension 
principle. We immediately see that 



(a*i8)(/:)=j 



ext(a, /I, k\ 
ext(a, (3, k\ 



>, *), if /s T, 
<, +), if = M, 



for each /cG CN and ♦ G { + , }. Indeed, if f = T, then 



a = a_ and /?=/!_, 



(10.4) 



whereas a^, (3^ and, hence, belong to GCNy ^ = (l^-j^ }. Analogous 

results hold true if (f,g) is such that g = M. Our general strategy of transferring 
the basic arithmetical operations on cardinal numbers to gc-numbers will be the 
following: 

(a) Addition and multiplication will be extended to gc-numbers in GCNy^^^ by 
means of the modified extension principle from (10.2)-(10.3). The same 
concerns any other monotonic operation + on cardinal numbers which satisfies 
the implication 



i< p & j < q - i*j < p*q. 

(b) Subtraction will be extended to gc-numbers in the classical-like way via 
addition of gc-numbers. 




Towards Arithmetical Operations 



149 



Clearly, the modified extension principle (10.2)-(10.3) can be easily generalized to 
an arbitrary number of operands. This will allow us to investigate in Chapter 14 and 
Chapter 15 generalized sums and products of gc-numbers, composed of arbitrarily 
many components and factors. More precisely, let (f,g)G F_ (see Section 4-B). As 
previously, let J denote a nonempty set of indices, and let C GCNy^^ for each 
index e E J. Then 



where 



and 



* := * K)- n * 

eej eGJ eEJ 

(¥(aj_)(^):= V{A (a,)_(g; * i^> k} 

e£J eej eej 

KK)(^) := V{ A («e).(g: *i,<k} 

cej eej eej 



(10.5) 



( 10 . 6 ) 



for each cardinal number A:ECN. Obviously, if J = {1,2), then (10.5)-(10.6) 
collapses to (10.2)-(10.3). Moreover, we see that 



( ^ a^)(k) = V{ A a,(g: * > k}, if f= T, 

eej eej eej 

and (10.7) 

( * aj(/c) = V{ A a,(g: * < k}, if g^M, 

e6J eej eej 



with kE CN and ¥ G {S ,11}. Finally, throughout this chapter and throughout the 
next chapters, we will accept the axiom of choice. This seems to be reasonable 
and convenient. Recall that this axiom is equivalent to the following desired law 
for cardinal numbers: 



Vi, /, p, qr G CN: i < p & j < q i*j<p*q, (10.8) 

where * G { + , }. On the other hand, the axiom of choice implies that 

i+j = ij = mnx{i,j) (10.9) 

whenever at least one of the cardinal numbers i,j > 0 is transfinite (see also 
[FCR#22]). 



Section B. Introductory lemmas 

Throughout this section, we assume that ♦G{ + , }. We like to formulate a 
few technical but useful properties describing the shape of generated by the 
definition in (10.2)-(10.3). 
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Lemma 10.1. Lc; (/,^')6F, a,/3GGCNy ^ and /cGCN. Then 



ia*(3)(k) 



ext(a, /3, k\ if f = T or (f = fl and k > a^*p^), 

ext(a, )3, /c; <, * ), if g = M or (g = gs and k < a** 1^*), 

ext(a_, /3_, >, +)a ext(a^, k\ <, *), if f = g = id, 

0, otherwise. 



Proof. In virtue of (10.2)-(10.4), the thesis is obvious if (f,g) is such that f =T or 
g = M or / = g = id. Suppose that /= fl; one can then assume that g^ M. Thus, 

{a* p){k) = (a_ * p_){k) A («, * p^)(k) 

with a_, /3_ G GCNy. ^ and a^, G GCNfj Applying (10.3), we easily point 
out that 



{a^*p^){k) 



1, if k~> f\a^* !\p^= a^* 
0, othemise. 



and, hence. 



{a*p){k) 



ext(a_, /?_, /c; >, * ), if k'>a^*P^, 
0, otherwise. 



In virtue of (6.15) and (6.18), 



ext(a_, j8_, k\ >, *) = ext(a, p, k\ >, *) 
for /c > a# ♦ P^. The same method can be used to check the thesis if ^ = gs. □ 

So, if a and p are induced by (f,g) ^ (id, id), then the computational process 
leading to calculate a* P can be essentially simplified in comparison with the 
direct method from (10.2)-(10.3). If * = +, then a more radical simplification is 
possible. It appears that a+P can be computed using the original extension 
principle (cf. the beginning of Section A). 

Lemma 10.2. Let a,pE: GCNj ^ with (/, g) ^ ( id , id ). For each k G CN, 

{pc + P){k) = ext(a,p, k; =, +). 

Proof. U f =T, then 

ext(a, p, k', >, +) s ext(a, p, k\ =, +) 

is obvious. However, a and p are nonincreasing and, for each p, q such that 
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p = i + j j and q = j +j\, where i+j = k. 



We then have 



Hence 



ext(a, P, k\ >, +) = ext(a, fi, k', =, +), 



which completes this part of the proof. If g = M, the thesis can be verified in an 
analogous way. So, for (f,g) such that / = fl or g = gs, we get 

{a + li){k) = {a_ + /3_)(^) A (a+ + P+){k) 

= ext(a_, /3_, k; =, +)Aext(a^., f}^, k\ =, +) 

> ext(a_ n /8_n k\ =, +) 

= ext(a, p, k\ =, +). 

Applying elementary transformations, we easily check that > in the above chain 
of expressions can be replaced by =. □ 



Let us construct a counterexample showing that Lemma 10.2 really does not 
generally work for (f,g) = (id, id). Let CN = {/: /< G} and let a, /SGGCNjj ^ 
be such that 



a = ((0.2) I 0.2, 0.8) and /3 = ((0) | 0, 1). 

We easily see that 



ext(a, P, i\ = 

On the other hand, we have \A \ = 
defined as follows: 




0, if i < <S, 
0.8, if i = Cf. 



ij ijo: and |B| =-^-^p, where >l,BeGP(I) are 



and 



( 0.8, if X is rational and x < 0.4, 
1.6 -2jc, if 0.4 < X < 0.8, 

0, otherwise, 

r 0, if X < 0.4, 

B{x) = i 2x - 0.8, if 0.4 < X < 0.8, 

1 1, otherwise. 
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So, [A]j = 0.8 for each 0 < / < whereas [ fi]- = 1 for each i £ CN. Hence 
a_ = (l, (0.8)10.8,0,8), i8_ = ((l)|l, 1) 

and 

= (( 0 . 2 ) 10 . 2 , 1 ), / 3 ^ = (( 0 )| 0 , 1 ), 

i.e. 

a+/3 = (a_ + ^_)n(a^ + /3_^) 

= ((1)|1, l)n((0)|0, 1) 

= ((0)|0, 1). 

Thus, 

(a+/3)(ff) ^ ext(a, p, (t; =, +). 

On the other hand, one can easily check that (a + P){k) = ext{a, p, k\ =, +) 
holds true whenever a and p are finite gc-numbers induced by (id, id). 

The next lemma says how to construct a t-level set (a + /?), knowing the t-level 
sets a, and /3,. 

Lemma 10.3. For each {f,g)E¥, a, p E.GCN^ ^ and tSlg. if a, = betw(/,;) and 
Pi = betw(p , q) with some ij,p, q G CN, then 

{a* p), = betw{i*p,j*q). 

Proof. Fix an arbitrary (/,^')G F, a, PE: GCN^^ and tE Iq. The thesis is easy to 
verify if (f,g) is such that f =T or g = M. Indeed, if /= 7, then 

a, = betw(0,7) and /3, = betw(0 , ^) 

with some y, q E CN. So, 

(a*P){k)>t iff /c G betw(0, y + ly). 

Really, (♦=) is obvious. On the other hand, if y , ♦ <y, > k>j*q, then i\>j or 
q^ > q, i.e. y'j > y"^ or q^ > q'^. Thus, 

«(/i) •■/3(^i) <a(y^) v/3(^'') < t 

and 

(a*P){k) = ext(a, P, k\ >, +) < a(y"^) v/3(q'’^) < t. 

Analogously, if g = M, then 

a, = betw(i',+) and = betw(p,+) 
with some i,pE CN, i.e. y = ^ = | M|. We easily check that 
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{a*(i)(k)>t iff /c G betw(/*p , +). 

Finally, assume that {f,g)E F is such that f ^ T and g ^ M. If 
a, = betw(/,;) and )3, = betw( p , g) 
with i,y,p, 9 G CN, then 

(a_), = betw(0,y), (j3_), = betw(0, g), (a+), = betw(; , +), (^^), = betw(p , +) 
and 

(a*p), = {a_* p_),n {a^* 

= betw(0,y *q)n betw(; *p ,+) 

= betw(/ *p,j* q), 

which follows from (2.45b) combined with the results from the first part of the 
proof. □ 

Corollary 10.4. Fur each pair (/,g) G F and a, /3 G GCNj^, if a = Hetw(i » 

P = lbetw( p . ,) S CN, then 

at * P — lbetw{ i • p,j • (/)■ 

Proof. If a = lbe,w(,,;) and p = lhe,w(;,, <?)> then 

a, = betw(/',y) and /?, = betw( p , ^) 
for each t G Iq. So, in virtue of Lemma 10.3, we get 

(a*P), = betw(i*p,y*^) 
for each l G Iq. The final thesis follows from (2.48). □ 

The above corollary allows us to compute a*P very easily when, say, a and p are 
induced by (T,gs), (fl , M) or (fl ,gs). 




CHAPTER 11 
ADDITION 



This chapter is wholly devoted to properties of and laws for sums of a finite 
number of arbitrary gc-numbers, created by means of the modified extension 
principle (10.2)-(10.3). Section B contains a variety of laws in which sums of and 
inequalities between the gc-numbers are combined. 



Section A. Basic properties 

In the first place, we like to show that the modified extension principle generates 
well-defined sums of gc-numbers. 

Theorem 11.1. Let (/,g)£F and a, /3GGCN^^. Moreover, let lA\=^^a and 
I R I =fgP with A, BG GP such that A r\B = T. Then 

a+p = \A u 

Proof. Let C AuB, where A,BG GP are such that A c\ B = T. Furthermore, 
let (/,g)G F and y := | C|y^. As one knows (see Section 6-B), 

Y(A:) = g,(C)A 1-/,.(C) = V{t: \g{C ),\ > /c}a 1-V{t; \f{C ),\ > k^}. 

On the other hand, 

|g(C),| = k(/lufi),| = |g(/l),ug(fi),| = |g(/l)J + |g(B),|, 

which follows from Lemma 4.1(b) and (2.45a), and from the disjointness of A 
and B. Similarly, 



\fiC),\ = \fiA\\ + \f(B),\. 



(a) Suppose that (/,g) is such that f = T. Then 
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Y(/c) = ^,(C) = V{r: |g(/l),| + |g(B),|>^} 

= V{V{/: \g{A\\>i & |g(5),|>;}: i + j^k) 

= V{V{«: |g(/l),l>i}AV{r; \g{B),\^j}: i^j^k) 

= V{^.(^)a^.(B); i + j^k} 

= V{a(/) A /?(;■): /+7 > k) 

= («+^)(^) 

for each kE. CN, i.e. a + fi = \ A u B\f g. 

(b) If g = M, then we have 

y(k) = 1- /,.(C) = l-V{i: \f{A),\ + > k^} 

= V{l-i: l/(^),| + |/(fi),|<^'} 

= V{V{l-n \f{A),\<i & |/(B),|<;}: i + j<k} 

= V{V{1-/: |/(/I),| </}AV{l-r: 1/(5), I <y}; / + 7 <fc} 

= V{1-V{;: |/(/l),|>r}Al-V{r 1/(5), I >yn: 

= V{l-/.(/l) A l-y;..(5); i + j<k} 

= V{a(j) a/3()): / + 7 < A:} 

= {a+m) 

for each k £ CN, i.e. a + (i = \A vj B\^ 

(c) Suppose that {f,g) is such that f ^ T and g^ M. Applying the results from (a) 
and (b), we obtain 

a + p = (a_ + p_)r\(a^ + = \ AuB\j^^n\A ^ M 

which follows from (6.25) and completes the proof. □ 

So, the sum of two gc-numbers introduced in (10.2)-(10.3) is well-defined and 
has a classical-like interpretation. More precisely, for each (/,g)GF and each 
a, )3 £ GCNy^g, there exists a -I-/3 £ GCN^^ and, moreover, a+ ji = \A\j B\i ^ with 
arbitrary disjoint A,BEGV such that |Al|=^^a and \B\=^^(}. In virtue of 
(10.2)-(10.3) and (6.24), a+p depends only on a and 13 . 

On the other hand, it is clear that a+f3 could be equivalently defined by 
means of Theorem 11.1, i.e. 



a+p := \AuB\f^g, 

AnB==T, \A\=fga and |5|=y^/3. 



where 
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Theorem 5.11(a) then guarantees that a+(i depends only on a and /?, i.e. A and 
B can be replaced by any other disjoint A* and B* such that 

\A*\=fJA\ and \B*\=fJB\. 

Finally, it appears that Theorem 11.1 can be formulated in the following more 
general form called a valuation property. 

Theorem 11.2. For each pair (/,^)GF and A, BEG?, the following equality is 
satisfied: 

\f.s = \^^B\f^^+\AnB 

Proof. It suffices to show that the corresponding t-level sets of both sides of the 
equality in the thesis are always identical. So, in virtue of Theorem 6.9a and 
Lemma 10.3, one has to prove that for each / G Iq we have 

\f{Ay~'\F\f{B)^-\ = \f{AvBy-’\ + \f{AnBf-'\ 

and 

crd(^'(/l),0 + crd(^'(fi),t) = crd(^'(,4 u 5) , t) + crd(^(/l n 5) ,r). 

However, using Lemma 4.1(b) together with the classical valuation law for car- 
dinal numbers, the first equality becomes obvious. The second one is obvious too 
\i g= M, else the well-orderedness of sets of cardinal numbers implies that 

crd(^(/l),0 = U’(^)J for each uE[ul,t), 

CTd{g{B),t) = \g{B)J foreach uE[u2,t), 
crd(g(v4 u B),t) = |g(.4 u 5),J foreach uE[u3,t) 
and crd(^'(/l n fi) , t ) = I ^»(/l n B)„ I foreach uE[u4,t) 

with some ul, u2, u3, u4 < t. So, we have 

crd(^j(/l),0 = |g(/l),,l, crd(^r(B),t) = |g(fi),,|, 
crd(g(/l uB),0 = |g(^ uB)„,| and crd(g(/l n S) , t) = | g(^ n S)„,| 

with w := ul V u2 v u3 v u4, which completes the proof. □ 

Let us consider a simple example in which CN = N, a = \ A \^g, /3 = \ B\^g and 
A, B EFGP are such that 



and 



[A]^ = \, [A \2 = 0.9, [A ]2 = 0.2, [A]i = 0 for i > 3, 
[B], = [B ]2 = \, [5)3 = 0.8, [B]4 = 0.4, [B]. = 0 for i > 4. 
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If (/,g) = (fl ,id), then (see (6.40)) 

a = (0, 1, 0.9, 0.2) and /3 = (0, 0, 1, 0.8, 0.4), 
whereas Lemma 10.2 implies that 

a+/3 = (0, 0, 0, 1, 0.9, 0.8, 0.4, 0.2). 

If if^S) = (fl-gs), we have 



® Ibelw(l,.r) and Ibctw(2,4)’ 

whereas Corollary 10.4 leads to 



Ibetw(.r,7)' 

Clearly, since a, /lEFGCNj^, Lemma 10.2 can be applied to compute a+fi also 
if (f,g) = (id, id), what is more convenient than the use of (10.2). Then 

a + = (0, 0, 0, 0.1, 0.2, 0.6, 0.4, 0.2). 

Many simple but important properties of sums of gc-numbers can be derived 
from Theorem 11.1. Some of them are collected in the following corollary. 

Corollary 1 1.3. For each (/, g) £ F and a,p, y E. GCN^ ^, the following properties 
arc fulfilled: 

(a) a + P = p + a. {commutativity) 

(b) a + (/I + y) = {a+P) + Y- {associativity) 

(c) a + (0) = a. {neutral element) 

(d) a,P < a + p. 

(e) a+p = (0> iff a=P = {0). 

(f) If a, pE FGCN^. g, then a + pE FGCN^-^. 

Proof. Part (a) is an immediate consequence of (10.2)-(10.3) or Theorem 11.1. 
The same theorem implies (b). Let a E GCN^^ and a = with A E GP and 
{f,g) EF. Since 

AnT=T, 

Theorem 11.1 implies 

a + {0)f_^^\A\f^^ = a, 

which completes the proof of part (c). Further, (d) follows from (2.36a) and 
Theorem 8.7(c). If a = /3 = (0), then part (c) implies a+P = (0). Conversely, if 
a+P = (0), then part (d) leads to a, P< (0). But, clearly, we have a,p> (0) and 
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Tlieorem 8.7(b) implies a = p = (0), which completes the proof of part (e). Finally, 
A u 5 £ FGP whenever A, FGP. So, part (f) follows from Theorem 11.1. □ 



In the next theorem, we like to show that the coincidence described in 
Corollary 6.16 is not ’static’ and can be extended to sums of gc-numbers. In other 
words, we are going to prove that 

for each pair (/,g)G F and G CN. 

Theorem 11.4. For each pair {f,g)EF, (CN, + ,0) and (GCN* ^, + , (0)y^) are 
isomorphic algebraic systems. 

Proof. We have to show that, for each pair (/,g)GF, there exists a bijection 
hf g. CN-»GCNj ^ such that 

b/,«(0) = and b^^(0 + b^^(;) = hfji +7) 

for each i,yGCN. Of course, it suffices to use the by^^ defined in the proof of 
Corollary 6.16. By definition, the first equality is then satisfied, whereas the 
second one follows from Corollary 10.4. □ 



Corollary 11.5. For each pair (/,g)G F, (N, + ,0) and (FGCN^_^, + , (0)y^) are 
isomorphic systems. 

Proof. Obvious. □ 



As yet, the operation of addition of gc-numbers preserves well-known classical 
properties, which is convenient from the practical viewpoint. Nevertheless, in the 
sequel of this chapter, we will present a few more or less essential differences in 
comparison with the classical cardinality theory for sets. The first difference 
concerns the rule i-yj = max(/,7') with transfinite / or/and j (see (10.9)). As one 
sees. Corollary 11.3(d) says that 

a<p if a+p=p. (11.2) 

We ask if a + p = p for each transfinite p and a < p. Let us consider an example 
with (/,g) = (T,id), 



« = (1, 1, 0.8, (0.4) I 0.4, 0.3) 

and 

/? = (!, 1, 0.9, (0.5) I 0.5, 0.3). 



So, a < p because acp and ct ^ p (see (8.30)). However, we easily obtain that 
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(a+/?)(2) = l, 



i.e. (see Corollary 11.3(d)) 



a,ji < a+ p. 



Moreover, 



/3</3+i8. 



Thus, the answer is generally negative. Nevertheless, some other counterparts of 
the rule under discussion can be formulated. 



Theorem 11.6. Let (f,g) E F and a, pE GCN^^. Assume that a, = betw(/,,;,) and 
P, = betw(p,, ^,) with q, E CN for each t E Ig. Then 

a+p=p iff i,+p, =p, and j, + q, = q, for each t E Ig. 

Proof. This is an immediate consequence of Lemma 10.3. □ 



Corollary 11.7. For each pair (/,g)EF and each a, ^EGCNy^, if a<p and 
P > (n), then 

a+p = p. 

Proof. The thesis follows from Theorem 11.6 and Tlieorem 8.9. □ 



So, for each (f,g) E F and a E GCN^^, we have 

a + a = a, if a > (n). (H'3) 

Let us formulate one more related result which forms another type of analogy 
with the classical rule we mentioned above. 

Theorem 11.8. Let (f,g) E F and a,pE GCN^^. If k is transfinite, then 

{a+P){k) = (a v/3)(/c). 

Proof, (a) If (f,g)EF is such that f=T, then a,pEGCN^g are nonincreasing 
functions and, for each transfinite cardinal number k, we obtain (see (10.4) or 
Lemma 10.2) 



(a+p)(k) = ia{k).^p{0))via{0)^Pik)) 
= a{k)vP{k) 

= (a '^P)(k), 



which follows from (8.44). 
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(b) Similarly, if g = M, then a, PE GCN^^ are nondecreasing functions and 

{a+P){k) = a{k)AP{k) = (a v)3)(A:) 
for each transfinite cardinal number k (see (8.45)). 

(c) If {f,g) is such that f^T and g^ M, then, applying the results from (a), (b) 
and (8.41), we get 



{a+p)(k) = (a_ + p_)(k) A (a^ + ]8 J(/c) 

= (a_{k)\J p_{k))A(a^{k)Ap^{k)) 



which completes the proof. □ 



One of the important properties of addition in the classical cardinality theory 
is the reduction property which says that 

p + i = p +j -* i = j provided that p is finite. 

Its direct analogon holds true for gc-numbers. 

Theorem 1 1.9. Let (f,g) G F, a G FCCN^g and p, y E GCNy^. If a + P = a + y, 
then we have 

P = y. 



Proof. Choose an arbitraiy number t G Iq and suppose that a, = betw(/,/[), 
p, = betw(y ,/,) and y, = betw(^, /c,). If a+p = a + y, then Lemma 10.3 implies 



i.e. 



(a+/3), = betw(/+y, / ,+;,) 

= betw(i + /c, 

= (« + Y)„ 

i+j = i + k and i^+j^ = i^+k^. 



If a is finite, then i is also finite and, hence, y = k. Moreover, /j must be finite, 
too, unless g = M (then, however, t, = y, = ^j). So, y^ = Tliis means that 

P, = y,. Since t is quite arbitrary, we conclude that /3 = y- □ 



Section B. Sums and inequalities 

An important group of properties in the classical cardinality theory is that 
connecting addition of and inequalities between cardinal numbers. For instance. 
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let us mention the law of side-by-side addition of inequalities. In this section, we 
like to discuss an analogous group of properties for gc-numbers. 

Lemma 11.10. For each (f,g)E. F and a,/3E GCNj^, we have 

(a and (a -1-/3)^. = 

Proof. Let (/,^)EF and a, /lEGCNy-^. Suppose that a= \-^\f g and = \^\fg 
with A,BG GP such that A n B = T. On account of Theorem il.l, we get that 
\A ^ B\f ^ = a + p. By definition, 

(a+P)_ = \AuB\t^^= \A\-j-^g + \B\j-_g = a_ + p_ 

and 

ioi+P)+ = \A V) B\f_gf = \A \f M -I- |B|/,a/ = «+ + P+- □ 

In the next theorem, we show that the law of side-by-side addition of inequalities 
between cardinal numbers can be extended to gc-numbers and their inequalities. 

Theorem 11.11. Let (f,g) E F and a, p, y,SE GCN^g. If a <P and y then 

a + y < p + h. 

Proof. Suppose that a<P and y<8 for arbitrary gc-numbers a,p,y and 5 
induced by a pair (f,g)G F. 

(a) If f = T, then (8.30) implies that 

a{k)<P{k) and y{k)<8(k) 



for each kG CN. Hence, 

ext(a, Y, k; =, -(-) < ext(/8, 8, k\ =, -(-) 

for each kG CN, which is equivalent to a + y p-v8. ^o, a + y < p + 8. 

(b) An analogous method can be used to check the thesis if the pair {f,g) is 
such that g = M. 

(c) Assume that f and g^ M. Using Theorem 8.8 and applying the results 
from part (a) and (b) of the proof, we obtain 

a_+y_ < p_ + 8_ and a^-t-y+ ^ P+ + 8+- 

However, in virtue of Lemma 11.10, this implies 

{a+y)_ < {p + 8)_ and (a + y)^ < {P + 8)_^. 

Applying again Tlieorem 8.8, we obtain the final thesis. □ 
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Corollary 11.12. Let (f,g) G F and a, /? G GCN^^. If a then 

a + y < p + y 



is satisfied by each y G GCNy 

Proof. An immediate consequence of Tlieorem 11.11 by putting S ;= y- □ 



Worth noticing is that Corollary 11.3(d) can be derived from Theorem 11.11, 
too. Indeed, it suffices to put y : = (0) and S : = a. 

Recall that (10.8) contains an enhanced form of the law of side-by-side 
addition for inequalities between cardinal numbers. Unfortunately, its analogon 
for gc-numbers does not generally work unless we deal with gc-numbers induced 
by the pair (T, gs) or (fl , A/). Let us consider a counterexample with the 
following gc-numbers a, /3, y, S G GCNy j^: 

a = (1, 1, (0.8) I 0.8, 0.4), 
fi = S = {l,\, (0.8) I 0.8, 0.6), 
y = (1, 1, (0.6) I 0.6, 0.6). 

Obviously, a < (3 and y < S. However, applying Lemma 10.2 and Theorem 11.8, 
we obtain the following sums: 

a -f y = /? -f § = (1, 1, 1, (0.8) I 0.8, 0.6). 

As one knows, finite cardinal numbers satisfy the following law of addition of 
their strict and weak inequalities: 

Vi,y,p, </GN: i<p&.j<q =• i + j < p + q. (H-4) 

Let us show that its direct analogon holds true for gc-numbers. 

Theorem 11.13. Let (f,g) G F and a, (3, y, S G FGCNy ^. If a < p and y < S, then 

a + y < 13 + 8. 

Proof. Let (f,g) G F, and let a, /?, y, S G FGCNy^ be such that a < P and y < 8. 
In virtue of Tlieorem 8.7(a) and Theorem 11.11, we have a + y < ^ + 8. 

(a) Assume that f = T. So, a + y < 13 + 8 means that a + y (3 + 8 (see (8.30)). 
It suffices to show that a -I- y is properly contained in P + 8. Clearly, a < P implies 
a, c /3, with a, ^ P, for some t G Ig. Suppose that 

= betw(0 ,/), /?, = betw(0,p), y, = betw(0,)) and 5, = betw(0, ^), 

where i,j,p, ^ G N because a,p, y, 5 G FGCN-; Moreover, the inequalities a<p 
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and y respectively, lead to the inequalities i < p and / < q, respectively, which 
implies (see (11.4)) 

i + j < p + q. 

But Lemma 10.3 gives 

(a + Y), = betw(0, / +y) and (/? + S), = betw(0, p + ^). 

So, (a+ y), is properly contained in (j3+S),. Hence, a + y is properly contained 
in ^ + S. 

(b) The proof for the pairs {f,g) with g = M looks quite analogously. 

(c) Assume that the pair {f,g)E F is such that f and g^ M. In virtue of 
Theorem 8.8, the following equivalence is satisfied: 

a < p (a_< p_ & a^. < p^) X (a_ < p_ & a_^_< 

If a_< p_, < p^ and y ^ 8, then, applying (a) to a_< P_ and y _ < S_, we ob- 

tain a_+ y_<P_+ S_; obviously, «+-+• y+ - iS++ 5+- So, Lemma 11.10 implies 

{a + y)_< {p + S)_ and (a + y)^ < (P + 8)^. 

Hence, a + y < P + 8. The same procedure can be used to check the thesis if 
a_<P_, a_^_<p_^ and y <8. This completes the proof. □ 

COROUARY 11.14. Let if,g) G F and a,pE FGCNy^^^. 

(a) If p > (0), then a < a+p. 

(b) If a, p > (0), then a,p < a+p. 

Proof, (a) Indeed, putting 8:= y and a := (0) in Theorem 11.13, we easily get 
y < y + p with p > (0). (b) follows from (a). □ 



Let us recall the following simple property of cardinal numbers i, k G CN: 

i<k - 3/GCN: /-(-/ = yt. (11.5) 

We ask whether (11.5) can be extended to arbitrary gc-numbers a, y EGCN^ ^ 
with (/,g)GF, i.e. whether the following equivalence holds true; 

a < y “ 3/1 G GCNy^: a + p = y. 

Obviously, (*=) is satisfied, and follows from Corollary 11.3(d). As concerns (=•), 
let us consider the following example with (f,g) = (T, id). 



a = (1,0.4) and y = (1, U 0.7). 

Clearly, a < y. However, if one tries to find a gc-number p such that a+p = y, 
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one gets the following results (see Lemma 10.2): 

^(0)=^(1) = 1, ^(2) = 0.7 
and 

(a+/3)(3) = /3(3) vO.4 > 0.4, 

whereas y(3) = 0, i.e. we are not able to construct such the p. In other words, the 
implication (-* ), which can be called a compensation law, does not generally hold, 
even if we restrict ourselves to finite gc-numbers. Similar counterexamples can be 
given for gc-numbers induced by many other pairs from F; obviously, (-» ) is 
fulfilled if (f,g) = (T,gs), (fl , M) (see also Corollary 11.7). This failure of the 
compensation law for gc-numbers forms one of the most essential differences in 
comparison with the classical cardinality theory. There are good reasons to 
accept it. Namely, the lack of compensation reflects very well our everyday 
experience in dealing with vagueness. For instance, the loss of a unique work of 
art is usually incompensatable even by many works of lower value. Similarly, the 
power of a team having a top expert (specialist, player, etc.) is usually difficult to 
counterbalance by joining a weaker team even many less excellent experts 
(specialists, players, etc.). 




CHAPTER 12 
MULTIPLICATION 



This chapter contains a study of the operation of multiplication of gc-numbers. 
Again, the modified extension principle, defined in (10.2)-(10.3), will be applied. 
Section B is devoted to laws in which products of and inequalities between 
gc-numbers are combined. In Section C, relationships between sums and prod- 
ucts of gc-numbers are investigated. 



Section A. Elementary properties 

First of all, let us show that the modified extension principle (10.2)-(10.3) 
leads to well-defined products of gc-numbers. 

Theorem 12.1. Let (/,g)GF and /l,fieGP. Then 

Proof. It suffices to prove that the corresponding t-level sets of both sides in 
the thesis are always identical. Indeed, in virtue of Theorem 6.9a, Lemma 10.3 
and Lemma 4.1(b), we have 

(1-^ b' I ^ b)( = betw( |/(/l)'-'| • |/(S)'-' I , crd(g(/l) , <)-crd(g(fi) , t )) 

= betw(|/(/l ,crd(^'(/l xfi), t)) 

= 



for each t S Iq. □ 

Obviously, Theorem 12.1 says that the classical cartesian product rule can be 
extended to gc-numbers and their multiplication; by the way, this fact could be 
proved also by using the method from the proof of Theorem 11.1. In other 
words, the operation of multiplication of gc-numbers, introduced in (10.2)-(10.3), 
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is well-defined and has a classical-like interpretation. More precisely, a -pG GCNy^ 
for each (f,g) G F and a, G GCN^ g, and 

a p = \A ^B\fg 

with arbitrary functions A,BGGP such that \A \ =fgCt and |S| =fgP- Clearly, 
(10.2)-(10.3) and (6.24) imply that a -p depends only on a and p. Instead of a-p, 
we shall usually write a/3. 

Worth noticing is that a/3 could be equivalently defined using Theorem 12.1. 
Then a/3;= \A xB\j^g, where \A \ =f^gOi and |5| =f,gP- Theorem 5.11(b) guar- 
antees that such the product a/3 depends only on a and p, i.e. A and B can be 
replaced by any A* and B* such that \A*\ =^g \A \ and |fi*| =j-g |B|. 

Let us consider the following simple example of multiplication of gc-numbers 
with (f,g) = (id,id), 

a = (0, 0.1, 0.8, 0.2) and /3 = (0, 0, 0.2, 0.6, 0.4). 

Then 

a_ = (1, 1, 0.9, 0.2), p_ = (1, 1, 1, 0.8, 0.4) 

and 

a^ = (0, 0.1, 0.8, (1)), p^ = (0, 0, 0.2, 0.6, (1)). 

Hence, 

ap = a_p_ n ot_^_p_^ 

= (1, 1, 1, 0.9, 0.9, 0.8, 0.8, 0.4, 0.4, 0.2, 0.2, 0.2, 0.2) n 

( 0 , 0 , 0 . 1 , 0 . 1 , 0 . 2 , 0 . 2 , 0 . 6 , 0 . 6 , 0 . 8 , 0 . 8 , 0 . 8 , 0 . 8 , ( 1 )) 

= (0, 0, 0.1, 0.1, 0.2, 0.2, 0.6, 0.4, 0.4, 0.2, 0.2, 0.2, 0.2). 

In the following corollary, we formulate a few consequences of Theorem 12.1 
and (10.2)-(10.3). 

Corollary 12.2. For each (f,g) G F and a,p,y G GCN^^, the following properties 
are satisfied: 

(a) aP = pa. (commutativity) 

(b) a(py) = (a/3) Y- (associativity) 

(c) a(l) = a. (neutral element) 

(d) ap = (0> iff a = {0) or P = (0). 

(e) ap = {\) iff a=p = {\). 

(f) If a, pG FGCNy;^, then ap G FGCNy,^. 

Proof, (a), (c) are immediate consequences of (10.2)-(10.3). (b) follows from 
Theorem 12.1. (d) is a consequence of Theorem 5.12(a). As concerns (e), the 
implication (♦-) follows from (c), whereas (—) is a consequence of (10.2)-(10.3). 
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Finally, if supp(/4) and supp(fi) are finite, then supp(y4 X B) is finite, too. So, (f) 
follows from Theorem 12.1. □ 

Theorem 12.3. For each (f,g) £ F and a, /3, y G 

a(p + y) = otP + ay. 

Proof. Let {f,g)E F, and let a, p, y be induced by (/,g). Moreover, let us fix an 
arbitrary t G Iq and suppose that 

a, = betw(/] , I 2 ), Pi = betw( 7 i , and y, = betw( , ^ 2 )- 

Applying Lemma 10.3, we immediately get 

(a(P + y)), = betw(i, ( 7 , + A:,) , ijO'z + ^ 2 )) 

= betw(jj 7 , + ij/cj , i 2 J 2 + * 2 ^ 2 ) 

= {ap + ay)i, 



which completes the proof. □ 

COROUARY 12.4. For each pair {f,g)GF, the system (GCN^^, + , ■, <0)y_^, (l)y^) 
forms a commutative semiring with zero and unity. 

Proof. Indeed, each family is always closed with respect to + and . 

Both the operations are commutative and associative (see Corollary 11.3(a, b) 
and Corollary 12.2(a, b)). Tlie multiplication • is distributive with respect to the 
addition + (see Theorem 12.3). Finally, the gc-numbers (0)y^ and (Dy^g, re- 
spectively, are neutral elements for + and •, respectively (see Corollary 11.3(c) 
and Corollary 12.2(c)). □ 

The previous theorem has one more important consequence. Namely, it appears 
that the classical well-known relationship between finite addition of identical 
cardinal numbers and their multiplication has a nice analogon for gc-numbers 
(see also Section 14- A). 

Corollary 12.5. For each finite k> 0, (f,g) G F and a G GCNy^, we have 

a -t- a -t- ... -I- a = {k)a 

with k alphas on the left side of the equality. 

Proof. Choose an arbitrary (/,g)GF and aGGCNy^. The thesis is obvious for 
/c = 1. For each finite /c > 2, (11.1) implies that 
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{k) — (1) + (1) + ... + (1), 

where the number of the components (1) is equal to k. So, Theorem 12.3 and 
Corollary 12.2(c) lead to 



a{k) = a(l) + a(l) + ... + a(l) 

= a + a + ... + a (/c alphas). 



This completes the proof. □ 



In accordance with Theorem 11.4, cardinal numbers with their addition are 
coincident with the gc-numbers corresponding to VD-objects being sets and their 
addition. We would like to show that 

( 12 . 1 ) 

for each {f,g) £ ^ and /,y E CN. In other words, that coincidence can be extend- 
ed to multiplication. 

Theorem 12.6. Fur each F, the systems (CN, ■ , I) and (GCN* ■ , (Dy,^) 

are isomorphic. 

Proof. The proof is quite analogous to that of Tlieorem 11.4. □ 

Corollary 12.7. For each pair (/,g)GF, (N, -,1) and (FGCN^ ^, ■ , (1)^^) are 
isomorphic systems. 

Proof. Obvious. □ 

As one knows, the following reduction law for the multiplication of cardinal 
numbers is satisfied: 

pi = pj =» i = j provided that p > 0 is finite. 

It appears that its direct counterpart holds true for gc-numbers and their multi- 
plication (cf. Theorem 11.9) 

Theorem 12.8. For each (f,g) G F, a G FGCNy^ (a > (1)) and fi, y E: GCNy^, the 
following implication is satisfied: 

a/3 = ay => /3 = y- 

Proof. It suffices to use Theorem 8.9(b) together with the method from the 
proof of Theorem 11.9. □ 
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Section B. Multiplication and inequalities 

Similarly to Section 11-B, this section presents a group of properties in which 
multiplication of gc-numbers is combined with their inequalities. The proofs are 
usually omitted because they are similar to those of analogous theorems for ad- 
dition and inequalities. Clearly, the use of Lemma 11.10 has to be replaced by the 
use of the following one. 

Lemma 12.9. For each (f,g) G F and a,^E GCNy_g, we have 

= a_)3_ and (al3)^ = ot^p^. 

Proof. It suffices to use Theorem 12.1 together with the method applied in the 
proof of Lemma 11.10. □ 



The next theorem presents a direct analogon of the classical law of side-by-side 
multiplication for inequalities between cardinal numbers. 

Theorem 12.10. Let (f,g) G F and a, y,SE GCNy^. If a < ji and y ^ 8, then 

ays 138. 

Proof. See Theorem 11.11 and its proof. □ 



COROLI.ARY 12.1 1. Let (f,g) E F and a,p,yE GCN^^. 

(a) If a s 13, then ay<(3y. 

(b) If (3 > (1), then a < ap. 

(c) If a, (3 ~> {\), then a,j3 < a (3. 

Proof, (a) is an immediate consequence of Theorem 12.10 with 8 := y. On the 
other hand, putting /3 := a and y : = (1), (b) also becomes a consequence of that 
theorem, and implies (c). □ 



Let us stress that the condition a,(3>{l) in Corollary 12.11(c) cannot be re- 
placed by a, > (0). Indeed, let a, PE GCNy jj be defined as follows: 

a = (1, 1, 0.8, 0.8, 0.5, (0.4) | 0.4, 0.2) 

and 

p = (1, 0.9, 0.7, 0.5, (0.2)1 0.2, 0.1). 

So, a > (1) while p > (0) (P and (1) are incomparable). We then get 



ap = (1, 0.9, 0.8, ... ), 
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i.e. a < ap does not hold. On the other hand, the inequality a,p<ap can be 
satisfied also if a, /3 > (1) is not fulfilled. For instance, if a,/3 G GCNj- ^ and 

a =/? = (!, 0.9, 0.9), 

then 

a,/3 < a/3 = (1, 0.9, 0.9, 0.9, 0.9). 

Theorem 12.12. Lei (/,g)GF and a, /3 gGCN^^. Moreover, let us assume that 
a, = betw(/, ,/,) and /3, = betw(/7, , with /?,, q, G CN for each t G Ig. Then 

a, /3 < a/3 iff i,,p, < i,p, and j„ q, < j, q, for each t G Ig. 

Proof. Indeed, the thesis is an immediate consequence of Theorem 8.9(a) and 
Lemma 10.3. □ 

We recall that (10.8) describes an enhanced version of the law of side-by-side 
multiplication of inequalities between cardinal numbers. Again, its counterpart 
for gc-numbers does not generally work, unless (f,g) = (T,gs), (fl,M). Indeed, 
taking a, /3, y and S from the counterexample placed just before (11.4), we easily 
obtain that 



ay = pS = {\, 1, (0.8) I 0.8, 0.6), 

whereas a < P and y < S. Further, let us recall that the following implication is 
satisfied by finite cardinal numbers; 

Vj,y,p, (?GN: i < p &. j ■< q 8 l q~> \ =* ij<P^- (12.2) 

Its analogon for finite gc-numbers holds true. 

Theorem 12 . 13 . Let (/,g)GF and a, /3, y. 5 G FGCNyg. If a<p, y<5 and 
5 > <1 }, then 

ay<pS. 

Proof. See Tlieorem 8.9(b) and the proof of Tlieorem 11.13. □ 

Corollary 12 . 14 . Let (f,g) G F and a,pG FGCNj^^. 

(a) // a > (1) and /3 > (1), then a < ap. 

(b) If a, p > (1 ), then a,p <ap. 

Proof, (a) easily follows from Theorem 12.13 by putting S:=y and a:=(l). 
Clearly, (b) is a consequence of (a). □ 
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Section C. Relationships between 
sums and products 

In the last section of this chapter, we like to present a group of properties in 
which one compares sums and products of gc-numbers induced by the same pair 
from F. At the very beginning, let us recall that the following implication holds true 
for cardinal numbers: 



Vi,7 £ CN: i,j >2 -* i+j < ij. (12.3) 

It appears that one can formulate its direct analogon for gc-numbers. 

Theorem 12.15. Let (f,g) G F and a, pe GCN^^. If a, p> (2), then 

a + P ■< ap. 

Proof. In virtue of Lemma 10.3 and Tlieorem 8.9(a), it suffices to show that 

h+Pt^hP, and j, + q,<j,q, 

for each t G 1q, where a, = betw(/, ,y,) and Pi = betw(p,, qp. Theorem 8.9(b) and 
(12.3) imply that these inequalities are always fulfilled if a, ^ > (2). □ 



One should mention that the condition a,p>{2) in the previous theorem 
cannot be replaced by a, P > (1). Indeed, if a, ^ G FGCNy- ^ are of the form 

a = (1, 1, 0.8) and p = (1, 1, 0.9), 

then both the gc-numbers are greater than (1) and less than (2). But we get 
a+p = (\,\, 1, 0.9, 0.8) and ap = (1, 1, 0.9, 0.8, 0.8), 
i.e. aP <a+p. However, say, if 

a=p = (\,0.9, 0.9), 

then 

a + p = ap = {l, 0.9, 0.9, 0.9, 0.9). 

Therefore, let us formulate the following general technical criterion. 

Theorem 12.16. Let (/,g)GF and a, Moreover, let a, = betw(/', ,;,) 
and P, = betw(p, , qp, where p,, q, G CN for each t G Iq. Then 

a+p < aP iff ii+ Pi < iiPi and Ji + qi ^ Ji q, for each t G Iq. 
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Proof. The thesis is a simple consequence of Lemma 10.3 and Theorem 8.9(a). □ 



Since we accept the axiom of choice, the following implication for cardinal numbers 
from CN is satisfied: 



i <j & p <q =» i+p <jq. (12.4) 

Unfortunately, its counterpart for gc-numbers (i.e. a < (i & y < 8 — a + y < pS) 
does not generally hold, unless the gc-numbers are induced by (T,gs) or (fl ,M). 
Indeed, let (/,g) = (T,id) and 



a = (l, 1, 1, (0.8) I 0.8, 0.4), 
y - (1, 1, 1, (0.6)10.6, 0.6), 

/3 = 5 = (1, 1, 1, (0.8) I 0.8, 0.6) 



Then 

a+y = 138 = ( 1 , 1 , 1 , 1 , 1 , ( 0 . 8 ) | 0 . 8 , 0 . 6 ) 

despite of a, y,8> (2). However, the following property of finite gc-numbers 
can be formulated. 

Theorem 12.17. Let (/,g)GF and a,p, y,8GFGCNj If a, y > (2), a < (3 and 
y < 8, then 

a + y < pS. 

Proof. Indeed, if a, y ^ (2>, then Theorem 12.15 and Theorem 12.13 lead to the 
following chain of inequalities: a + y < ay < (38. □ 



In reference to the example placed just before Theorem 12.16, let us construct a 
condition that guarantees a+p = aj8 even if both a and (3 are finite gc-numbers. 
Applying both the notation from and the thesis of Theorem 12.16, we easily for- 
mulate the following rather technical characterization: 

a+(3 = a(3 « Vr G I„: /, +p^ = i^p, & j, + q,= j, q^. (12.5) 

Tlie next theorem offers a more handy condition. 

Theorem 12.18. Let {f,g)E:¥ and a,/?GGCN^^. If a, (3 >{\) and a > (n) or 
(3 > (n), then 

a+p = ap. 

Proof. Again, let us apply the notation from Theorem 12.16. Suppose that a 
and p are such that a > (m) and p > (1). Theorem 8.9(b) says that the following 
implications hold true: 
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f=T => V« G Iq: /, = p, = 0 & ;, > N & > 1, 

g = M =» V; G Iq: /, > N & p, > 1 & ;, = 9, = I M 1, 
f^T&gtM - ViGlo: i„7, > K & p„9(^ 1- 

In virtue of (10.9), we obtain 

i,+p, = i,p, and j, + q,=j,q, 

for each t G Iq and (/,g)G F. Thus, (12.5) implies the final thesis. The proof for 
O' > (1) and fj > (a) is quite similar. □ 

Corollary 12.19. Let (/,p)GF and a, j8 G GCNy^^^. // a<(i, «>(!) and 
p > (n), then 

a + j3 = aP = p. 

Proof. The chain of equalities in the thesis is an immediate consequence of 
Theorem 12.18 and Corollary 11.7. □ 



The above corollary presents a counterpart of (10.9) for gc-numbers. One can 
formulate another counterpart which refers to Theorem 11.8. 

Theorem 12.20. Let {f,g)E F and let a, PE GCN^^ be such that a,p > (1). If k 
is a transfinite cardinal number, then 

{a+p){k) = {aP){k)^{avp){k). 

Proof. Let (/,p) E F and a, PE 

(a) Suppose that /= 7. If /c is a transfinite cardinal number, then the following 
equivalence is satisfied: 



ij > k *=* i,j >1 & (i > fc X 7 ^ ^)- 

But a and p are nonincreasing functions. Therefore, for each pair (/,y)GCN“ 
such that ij > k, we have 

a{i) A PU) 5 («(/:) A )3(1)) V (a(l) A P(k)). 

On the other hand, if a, /3 > (1), then a(l) = P{\) = 1, and, in virtue of (8.41) 
and Theorem 11.8, we obtain 

(aP)(k) = a{k)\J P{k) = (a v P)(k) = (a+P)(k). 

(b) Suppose now that g = M. Using the same method, for each transfinite 
cardinal number k, we obtain the following equalities: 
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(a/3)(^) =a(fc)A/3(/c) = {av(i){k) = {a+li){k). 

(c) Let f and M. Applying the results from (a) and (b), we have 

(afi)ik) = {a_[i_)(k)^{a^li^){k) 

-{a_ + p_){k)A{a, + li,)(k) 

= (a + fi)ik) 

for each transfinite k. This completes the proof. □ 



Let us stress that the assumption a, /3>(1) in Theorem 12.20 is generally 
essential. Indeed, let (f,g) = (T,id) and 

a = (1, (0.3) I 0.3, 0.2), /3 = (1, 1, (0.8) | 0.8, 0.4). 



Then 



(a+]8)(«) = 0.8, but (a/3)(N) = 0.3. 




CHAPTER 13 

OTHER BASIC 
OPERATIONS 



In this chapter, we like to introduce and investigate two other basic operations 
on gc-numbers, namely subtraction (Section A) and exponentiation (Section B). 
As was mentioned in Section 10-A, subtraction will be defined in the usual 
classical-like way via addition. By reasons which will be stated at the beginning of 
Section B, exponentiation will be restricted to exponents from FGCN* the case 
of arbitrary exponents from GCN* ^ is considered in Section 14-C. 



Section A. Subtraction 

If one tries to define a difference of two gc-numbers y and a induced by 
a pair (f,g)E F, the use of the extension principle, in any of its forms, does not 
lead to satisfactory results. For instance, if 

Y = (1, 0.9, 0.8) and a = (1, 0.7, 0.3) 

are induced by the pair (T, id), then y ^ Out y-a = Y and a-l-(Y-a)^Y. 
where (y — a)(k) = ext(y, a, k\ — ) and {>, =} (see (10.1)). Therefore, we 
propose to apply the following classical-like way of defining y-a via addition. 

Definition 13.1. Let (/,g)GF and a, yGGCN^^. We say that the difference 
y — a of two gc-numbers y and a exists and is equal to a gc-number (3 G GCNy^^ 
iff is a unique gc-number such that a+p = y. 

By definition, the equality 



a -I- (y — a) = y 

is now satisfied, whereas Corollary 11.3(c) and Theorem 11.9 imply the following 
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basic property which is fulfilled for each (/,g)G F: 

a-a = (0), if aGFGCN^^. (13.1) 

If a is transfinite, then a — a remains undefined. Moreover, the following basic 
relationships are satisOed for each (f,g)^ F and a, Y G 



II 

1 

a 


(13.2) 


Y-a < Y, 


(13.3) 


y-a<Y, if y^FGCN^g snd a > (0), 


(13.4) 



Indeed, in virtue of Corollary 11.3(c), we have (0} + a = a and (0) + A for 
X ^ a, which completes the proof of (13.2). On account of Corollary 11.3(d), we 
obtain y-a < a + (Y~a) = Y- Finally, suppose that yCFGCNy^. By definition, 
the equality y — a = y implies y + a = Y. whereas Theorem 11.9 says that a = (0). 
So, in virtue of (13.3), y-a < y for a > (0). 

Clearly, (13.3) and (13.4) contain an implicit assumption that the difference 
y — a does exist at all. This existence requires special consideration. To this end, 
let us assume that y and a are two gc-numbers induced by a pair (/,g)GF and 
y a. Let us investigate the problem of the existence, uniqueness and con- 
struction of a gc-number j3 G GCN^^ such that a+fi = y. 

(a) Existence 

Since a, /3 < a -I- /3, we immediately point out that a < y is the necessary con- 
dition for the existence of )3. However, contrary to the classical cardinality theory 
with the axiom of choice added to it, that condition is not generally sufficient, 
even if y is finite. Indeed, let us recall the example closing Section 11-B in which 
(/,g) is equal to (T,id) and 

a = (1, 0.4) < Y = (1, 1, 0.7). 

Nevertheless, a gc-number /3 such that a+ (3 = y does not exist. 

(b) Uniqueness 

Applying Theorem 11.9, we easily conclude that if a is finite, then (3 is unique- 
ly determined provided that it does exist at all. This uniqueness is no longer 
guaranteed if a is transfinite. For instance, let us take (f,g) = (fl ,id) and 

a = ((0)11,0.3), Y= ((0)1 1,0.4). 

Obviously, we have a < y. On the other hand, one can easily check that 
a -t- (1, (0.7) I 0.7, 0.4) = « + (!, (0.6) | 0.6, 0.4) = y. 

Thus, y — a does not exist. 
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(c) Construction 

The definition given in (10.2) and (10.3) together with (10.1) does form a ready 
algorithm for computing y + a and ya. On the other hand, Definition 13.1 does not 
suggest how to compute i e. how to find j8 such that a + ^ = y, and how to 

ascertain that such a is unique. Therefore, we like to propose the following simple 
algorithm. 

{Case 1.) Suppose that {f,g) ^ (id, id). In virtue of Lemma 10.2, we have 

{ct+p){k) = V{a(0 A j3(y): (/,» E CN* & i +j = k} = y{k), 

where the a(/)’s and y{k)'s are known. Thus, for each finite /c > 1, if (i{k — l) is 
already calculated, then the value p(k) can be determined using the equation 

(a(0)Aj8(/c))v (a(l)A)3(/t-l))v... v («(A:) A )3(0)) = y{k) (13.5) 

as well as taking into account the general form of elements from GCNy^^ (see 
Section 6-C). If k is transfinite, then one can apply Theorem 11.8 or one can use 
the equation 



(a{k) A V{^(i): i < /c}) v (li{k) A V{a(/): / < k}) = y{k) (13.6) 
which follows from Lemma 10.2 combined with the obvious implication 

i+j = k — i = k ± j = k. 

Clearly, if (13.5)-(13.6) has a unique solution P(k) for each A:ECN with regard 
to the general form of the elements from GCNy^^^, then y- a exists and is equal 
to /3. Otherwise, y — a does not exist. Sometimes, the proper unique value p(k) 
cannot be immediately determined, and has to be calculated later basing oneself 
on /3(/c'*') or (i{k'^'^) (see the example placed below). 

(Ca5c 2.) Suppose that (/,g) = (id , id). In virtue of (5.17), if rj, A E GCN^j jj, 
then we have 

17 = A “ i7_= A_ •* 17+= A^. 

Thus, Lemma 11.10 leads to the following equivalences; 

a + (i = y “ ot_ + p_ = y_ -= a^ + P^ = y_^_. 

Finally, we conclude that 

Y-a=/3 y_-a_=^_ « Y+-«+ = i8+. 

So, in order to find y-a, it suffices to compute Y_~“_ or Y + ~“+ by means of 
the procedure described in {Case 1). 
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Let US consider a concrete example in which {f,g) = (7’,id) and we try to com- 
pute where a < y and 

Y = (1, 1, 1. (0.6) I 0.6, 0.2), a = (1, 1, (0.5) | 0.5, 0). 

In other words, we like to find /3 such that a+(3 = y, and to check if such a /? is 
unique. Applying (13.5), we easily obtain 

/3(0) = 1 and /3(l)vl = l, 

i.e. P{1) G I is at the moment our only information about /3(1). Further, we get 
)3(l)v/3(2) = l and /?(2) v /3(3) = 0.6. 

Since /? has to be nonincreasing, we conclude that 

/3(1) = 1 and /3(2) = 0.6. 

We easily point out that /3(/c) = 0.6 for each finite k>2. Finally, Theorem 11.8 
and (8.44) imply that 

0.5 V )3(n) = 0.6 and 0 v j8(CC) = 0.2, 
i.e. 

/3 = (1, 1, (0.6) I 0.6, 0.2). 

Clearly, this solution of the equation a +j3 = y is unique. Thus, 

Y-a = (1, 1, (0.6) I 0.6, 0.2). 

Closing this section, we recall that in the classical cardinality theory equipped 
with the axiom of choice we have 

i -j = i if / is transfinite and i > j. 

The above example shows that y — a<y is possible also for a transfinite y > a. 
On the other hand. Corollary 11.7 and Theorem 11.9 imply that 

y-a = y for each y > (k) and each finite a. 



Section B. Exponentiation 

One of the basic operations on cardinal numbers is also exponentiation. From 
purely technical point of view, with arbitrary a, G GCN^^ and (f,g) G F can be 

defined by means of the modified extension principle (10.2)-(10.3) with 
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+ := exponentiation (see [FCR#23]). It seems that all the well-known basic prop- 
erties of can then be extended to However, an essential difficulty lies in how 
to interpret such a^. As we know, both a+ji and af3 have nice classical-like 
interpretations. On the other hand, it seems that a convincing interpretation of 
(a classical-like one, in particular) is at least difficult to find. Under these circum- 
stances, remains only a purely technical construction. Simultaneously, one sees 
that the transition from cardinal numbers to gc-numbers resembles, say, the 
transition from scalars to vectors, whereas exponentiation of vectors remains 
undefined. Therefore, in this book, we are not going to define for arbitrary 
exponents induced by a pair (f,g) E F. Nevertheless, it seems to be useful to define, 
and to investigate, with G GCN ? because it allows ones to simplify a multiple 
multiplication by a. In this section, we like to consider the case of with E N, 
whereas with an arbitrary p (finite or not) will be discussed in Section 14-C. 

Let (f,g) E F, a E GCN^^„ 0 < p E N and ifj := /■'. Applying the scheme (10.2), 
let us formulate the following definition: 

a_t(p>_ n a+T(p>+, (13.7) 

where (a_f (p)_)(/c) and (a+t (p)+)(^') are defined by (10.3) with *:=t- We 
easily notice that (10.4) holds true for * = !• Worth emphasizing is that the con- 
dition p > 0 cannot be removed. Indeed, if, say, a E GCN^- ^ and a = (1, 0.9), 
then computed by means of (13.7) is equal to (0.9, 0.9), i.e. GCN^ ^ 
because a®^(0) < 1; nevertheless, one easily checks that (13.7) gives = (1) if 
a > (1). Moreover, we shall use the usual notation 

p 

Ila := aa ... a , 

/■ = 1 

where aa ...a symbolizes the product of p gc-numbers a defined in Chapter 12. 
Theorem 13.2. Let (f,g) E F and a E GCNy^. For each finite p > 0, we have 

i \ P 

a^P> = Ua. 
i = 1 

Proof, (a) If {f,g) is such that f = T, then 

(a^/’>)(/t) = V{a(0 A (p >(;■): F > /c) 

= V{a(/): iP > k} 

= V{a(/,) A a(L) A A a(ip): i^L ... ip > k) 

= (,na)(/c) 

t ~ 1 



for each cardinal number kECH. 
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(b) Similarly, if ^ = M, we obtain 

= y {a(i) f\ {p){j)\ V<k) 
= V{a(/): iP < k} 

= (.na)(^). 

I = 1 



(c) Finally, if the pair {f,g) is such that f ^ T and M, then (13.7), (a)-(b) and 
Lemma 12.9 imply that 

a‘'P'^ = fia_ n = ( fla)_ n ( fia)+ = fia , 

1 = 1 /■ = 1 t = 1 1 = 1 i = 1 

which completes the proof. □ 

So, = a and the following recursive definition, equivalent to (13.7), can be 
formulated for finite p > 1: 



a'P' = a'P *’a. (13.8) 

Obviously, if a > (1), then (13.8) works for p > 0. The following classical-like 
properties of a' P are further consequences of Theorem 13.2. 

COROLIARY 13.3. Let (/,g)GF, a, /3GGCN|^, and let p and q denote arbitrary 
finite positive cardinal numbers. 

(a) a‘'P’ < if (l)<a<)3 and p^q. 

(b) > a, if a > (1). 

(c) {kf P' = {kP) for each LGCN. 

(d) a)'>' = (i>. 

(e) (0>''/’' = (0). 

(f) crP’cC^’'^ = cy-P'*^‘>\ 

(g) a'P^p^P^=(afifP’. 

(h) ((fPi-i' = ct-P^^‘i\ 

Proof. As concerns part (a), if (l)<a</3 and p ^ q, then Theorem 13.2, 
Corollary 12.11(b) and Theorem 12.10 lead to 

a^P' = n« < na < n /3 = 

1=1 (=1 ( = 1 

Part (b) follows from (a), (c) is a consequence of (12.1). Indeed, we get 

{k)^P^ = n{k) = { Uk) = (kP). 

1 = 1 i = 1 
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Parts (d) and (e) of the thesis follow from (c). As regards (f), it can be derived from 
Corollary 12.2(b) and (11.1), namely 

a^p>a^‘i) = n«-na = a = 

; = 1 ,' = 1 ; = 1 

Applying the associativity of the product of gc-numbers, we obtain 

o,(p)p(p> = UallB = UaP = 

(' = 1 / = 1 < = 1 

which proves (g). Finally, we have 

/ . . , 9 , , ‘IP P‘1 , . ,, , 

(a'py‘1' = n«'^ = n n « = na = 

; = 1 1=1 y=i i = 1 

which completes the proof of (h). □ 

It is clear that parts (a), (c), (d), (f), (g) and (h) of Corollary 13.3 can be extended 
to the case q >p = 0 provided that the exponentiated gc-numbers are greater than 
or equal to (1). 




CHAPTER 14 

GENERALIZED 

ARITHMETICAL 

OPERATIONS 



In Chapters 10-12, the operations of summation a + (3 and multiplication a/8 of 
two gc-numbers induced by the same pair (/,^)EF were introduced and inves- 
tigated. By mathematical induction, those operations and their properties can be 
extended to an arbitrary finite number of components and factors, respectively. In 
this chapter, using the modified extension principle (10.5)-(10.6), we like to discuss 
generalized sums and products of gc-numbers, where the number of operands is 
arbitrary, i.e. is possibly infinite. The last section of the chapter is devoted to 
exponentiation with transfinite exponents (cf. Section 13-B). 

We shall assume that G F_. The reason for this is explained in Section 4-B. 
As previously, J will denote a nonempty set of indices. The symbol Seeja^ will 
denote the generalized sum of a family of arbitraiy gc-numbers induced by (f,g), 
where the index ’e’ goes throughout J. Sometimes, the simplified notation Sa^ will 
be used; the same simplification will be applied to the the symbol II of the gen- 
eralized product of a family of gc-numbers. 

Dealing with generalized sums and products of gc-numbers we have to be sure 
that Ettg and Ifa^ do not exceed ( | M | ). This can be guaranteed in at least two ways. 
The first one consists in redefining M and CN as proper classes. Slight and obvious 
modifications in the definitions of GP, PS, FGP, FPS, GCNy^^^ and GCN* ^ are then 
necessary, but all the properties and laws formulated within the nonclassical 
cardinality theory in Chapters 5-13 are presei'ved. In this book, however, we prefer 
the other way. As concerns the generalized summation of gc-numbers, we shall 
implicitly assume that | J | < | M |. This requirement does not seem to be restricting 
at all because, anyway, the use of the family CN of cardinal numbers implies that, 
in principle, we ’do not know’ any cardinal numbers which are greater than | M|. 
As we foresee. 



Sa,<S{|M|)=(|J|lM|)=(|M|> 

whenever 1J|<|M| and {a,,: e G J} c GCN^^ with (/,^)GF_. In the case of 
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generalized products of gc-numbers, a bit stronger implicit restriction will be used. 
Namely, we shall accept that | J | < | M| and < (/) for each e G J, where / < | M|; 
if necessary, some ’artificial’ elements can be added to M in order to enlarge it 
(and CN) as much as one needs. Then 

Ua^ < n(/>= (/T| J|) < max(| J|+,r) < (| M|> 

provided that the Generalized Continuum Hypothesis is accepted. 

We recall that some proofs in Chapters 11-12 are based on the t-level set 
method combined with Lemma 10.3. Unfortunately, that method cannot be used 
in this chapter because Lemma 10.3 does not work for arbitrary sums and 
products. More precisely, let {f,g)E.F_, IEIq and a^GGCN^^ for each eGj. 
One can show that 



( * «e)/ ^ betw( * j; , 
eej eej eej 

where (aj, := betw(i^,JJ with ECS for each eGJ, and ^G{E,II}. As 
concerns the opposite inclusion, let us consider the following counterexample 
with (f,g) = (T,id) and J = {2, 3, 4, ... }. If = (1, 1, 1-1/e) for each eG J, i.e. 

ag(0) = ag(l) = 1, «g(2) = 1-1/e and = 0 

for each k > 2 from CN, then (10.7) implies that 

( n aj(2) = V{ Aa^(kJ. n A', > 2} = V 1-1/e = 1, 

eej eej eej eej 



which means that 

2G(n«,)i. 

e€J 

On the other hand, we have (a^)) = betw(0, 1) for each e G J, i.e. 

2 E betw( n /g , n yj = betw(0 , 1). 
eej e6J 

Similarly, if = (1, 1-1/e) for each e G J, then 

( S aj(l) = V 1-1/e - 1, 
eej eej 

i.e. 

1 G ( E «e)l. 
eej 

But («g)j = betw(0,0) for each e G J, which means that 

1 E betw( 2 /). , 2 JJ = betw(0,0). 
eej eej 
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Finally, a convenient analogon of Lemma 10.3 for sharp i-level sets of sums and 
products (generalized or not) cannot be formulated because a' is not generally a 
closed interval in CN. 



Section A. Generalized sums 

In this section, we like to investigate basic properties of generalized sums of 
gc-numbers induced by (/,g)GF_. In the first place, we should show that those 
sums are well-defined. Let us formulate a generalization of Theorem 5.11(a). 

Theorem 14.1. Let (/le)e6j (^e)eej denote two arbitrary indexed families of 
functions belonging to GP. If (f,g) G F_, for each e G J, and 

= T for each e e', 

then 



Proof. In virtue of Theorem 5.7, it suffices to show that 

|/(U/I,)'| = |/(USJ| and |g(U/lJ| = |g(UfiJ'| 

eej e6J e€J eGJ 

for each tG Ij. Clearly, A^~j^B^ implies 

l/(^eyi = l/(»e)'l 

for each t, whereas the condition A^nA^. = B^n B^. = T and the postulate 
(Al) from Section 4- A imply 

f{A,)nf{A,.) = f{B,)nfiB,.) = T. 

Thus, applying (4.24) and (2.46a), we obtain 

\f{iJAj\ = |(U/(^,))'| = I U/(.4J'| = S|/(/l,)'| = ^\f{Bj\ = |/(UBJ|. 

e£J eej eSJ eSJ e6J eej 

The proof of the second equality is quite similar; clearly, if g = M, the equality is 
trivial, else we apply Corollary 4.2(a). □ 



So, if the corresponding components of two families of pairwise disjoint 
VD-objects in M characterized by functions belonging to GP are equipotent with 
respect to a pair (/,g)GF_, then the generalized sums of those families are 
equipotent, too. 
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Theorem 14.2. Let (/, g) G F_ . For each family e j gc-numhers induced by the 

pair (/,g), we have 



Sa 

eej 



e 






where the family (/4e)eej ^l^tnenls from GP is such that A^n = T for each 
e^e',and |^el/,g = "e for each eE. 3 . 

Proof. The proof is inspired by an idea used in SOSTAK (1989), and forms a 
generalization of the method applied in the proof of Theorem 11.1. 

Suppose that all the assumption of the theorem are satisfied. Let us define the 
following symbols: 



B:=[JA, and 

ee J 

If A^ n A^. = T, then 

^ and g{Ajr^g(A^,y = 0 

provided that g^ M. So, applying (4.24) and (2.46a), we obtain 

lg(B)'l = |g(U/lJ'| = |(Ug(A,))'| = \Ug{Aj\ = i:\g{A,y 

e£J eeJ eeJ eSJ 



Similarly, 



for each t G Ij. Tlius, if / = 



\f{By\ = S|/(AJ| 

e€J 

T, then (see Lemma 5.4) 



P{k)=g^{B) = V{t: E|g(^J'|>A:} 

e6j 



= V V{/: |g(.4 )'| > jg for each e G J} 
£<,, a k 

= V A V{t: |g(Aj|>/,} 

eej 

= V A V{t: |g(^J,|>/J 

e6J 

= ^ «eOe) 

T.i^>k eej 

= (Sa,)(fc). 
eej 



On the other hand, if g = M, then we obtain 
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/3(/c) = = 1-V{/: |/(B),|>r} 

= 1-V{r: S I /(>!,)' I > A"} 
eej 

eej 

= V V{l-r; |/(^J'| < jg for each e E J} 

Si,, i k 

= V A V{l-r: l/(/lj'|<U 

S/,, < A- e E J 

= V A 1-V{;: |/(^g)'|>/gn 

k e E J 

= V A ag(/J 

S;„ < A e E J 

= (SaJ(^). 

eEJ 



Finally, if / ^ 7 and M, then the previous part of the proof implies that 



EK)_=|U/lg|.;..^ and E(«g),= 

eEJ eEJ * eEJ e£J ^ 



because («e)_ = (“e)+ ~ Me I/, a/ eEJ. So, by definition, 

we have 



E 0 !g = E (ag)_ n E (a^)^ 

eEJ eEJ eEJ 



I 

eEJ 



elr,« 



eEJ 



eSJ 



This completes the proof. □ 



We conclude that the generalized addition of gc-numbers is well-defined and has 
a classical-like interpretation. In other words, for each (/,g)EF_ and each 
family (ae)eej of gc-numbers induced by {f,g), there exists the generalized sum 
Eg^ja^EGCN^^ and, moreover, this sum expresses with respect to (/,g) the 
power of a VD-object obj(Uggj/lg) such that the /Ig’s are pairwise disjoint and 
Mel/g~“e for each eEJ. It follows from (10.5)-(10.6) and (6.24) that Eggj«g 
depends only on the ffg’s. On the other hand, similarly to a +p, SggjOfg could be 
equivalently defined by means of Theorem 14.2 and, then. Theorem 14.1 guar- 
antees its dependence only on the «g’s, i.e. each obj(,4g) can be replaced by any 
obj(/lg) which is equipotent to obj(/4g) with respect to (f,g) and satisfies the 
pairwise disjointness requirement. 

Corollary 14.3. Let (/,g)EF_ and a^E-GCNj- g for each eEJ. Moreover, let p 
denote a permutation of J. Then the following properties are fulfilled: 
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(a) Ea = Ea , y {generalized commutativity) 

eej eej ’ 

(b) Ettg = E { Ettg), (generalized associativity) 

e€J a€E eej„ 

where J = U and Ja n = 0 for each a, i> £ E such that a ^ h. 

a£E 



Proof. Indeed, in virtue of Theorem 14.2, we have 



and 



eej eej •' * eej eej ’ 

= |U/lel/,,= |U (U/1,)1^,^=E (EaJ. □ 

eej eej (leEeej^ «6E eej„ 



Clearly, by putting J = {1,2} and J = {1,2,3}, respectively, the usual commu- 
tativity and associativity laws from Corollary 11.3(a,b), respectively, become 
particular cases of the above corollary. 



Theorem 14.4. Let (f,g) £ F_ and i^ £ CN for each e £ J. Then 






eej 



eej 



Proof. Fix an arbitral^ (/,g)£F_ and (ic)eej composed of cardinal numbers 

from CN. Let i := ^cej'e- 

(a) Suppose that f = T. li k < i, then 



( E </,)){/:) = V{ A(/,)(g = 1, 

eej eej eej e6J 

else 

( E(/,»(fc) = 0 

eej 

because > k > i implies the existence of e£j such that k^>i^ and, 

then, (ij(k^) is equal to 0; indeed, if k^<i^ for each e£j, then we get 
^eej^e ^ ^eej'e = '■ Thus, E^gj (l^) = U), which completes the proof for f =T. 

(b) The proof ior g = M is quite similar. 

(c) If (f,g) is such that f^T and M, then the results from (a) and (b) lead 
to the following equalities: 

E(z,) = E(/,)_ n E(/;)^ = (/)_ n (/)^ = (/}. 

eej eej eej 

This completes the proof. □ 

Corollary 14.5. For each pair (f,g)GF_, the algebraic systems (CN,E,0) and 
(GCN^ E , (OX^) are isomoiphic. 
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Proof. Obvious (cf. Theorem 11.4 and its proof). □ 



In the following theorem, we like to formulate a generalization of the distributivity 
law presented in Theorem 12.3. 

Theorem 14.6. Let (f,g) G F_, p G and G GCNy-^ for each e G J. Then 

= ^pc^e- {generalized distributivity) 

e€J e6J 

Proof. Fix an arbitrary pair (/,g)GF_. Suppose that p and with each eGJ 
are induced by (f,g). Moreover, let B and (>4g)ggj be such that \B\j-g = p and 
eGJ. One can assume that A^n A^. = T for each 

Clearly, we have 



B X = U(Bx^J. 



Indeed (see (2.30a) and (2.36)), 

(B X U/lJ(x,y) = B{x) A V/l,(y) = WB{x)AA,(y) = (\J {B xA^))(x,y). 

eej eej eej eEj 

Moreover, one can easily check that 

{B X A^) n (B X A^.) = T for e e'. 

So, applying Tlieorem 12.1. and Theorem 14.2, one gets 

/3Sa, = \B X 1U(BX>1J|^_^= Jlpa,, 

e6J e€J e€J e€J 

which completes the proof. □ 

Corollary 14.7. If {f,g) G F_, a G GCN^^ and | J | = A: G CN ( A > 0), then 

Sa = {k)a. 

eej 

Proof. Since k = Seej^> Theorem 14.4 implies that (A)= Sgej^l^- account 
of Theorem 14.6, we obtain 

a{k) = aSO) = Sa(l) = Sa , 

e€J e€J e€J 



which completes the proof. □ 
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So, similarly to the classical cardinality theory, each multiple addition of a gc-num- 
ber can be replaced by suitable multiplication. 

In this part of the section, we like to present some properties in which one 
combines the generalized sums of and inequalities between gc-numbers (cf. Sec- 
tion 11-B). In the first place, we should formulate a generalization of Lemma 11.10 
for those sums. 



Lemma 14.8. Let (f,g) E F_ and G GCNy^ for each e G J. Then 

( = S(a,)_ and ( SaJ, = 

eSJ eej e€J e£J 



Proof. Indeed, let a^ = Mel/g each eGJ, where A^nA^.= T for each 
e e'. In virtue of Theorem 14.2, we have By definition. 



S«e)- = I U^e 

ej e £ 




and ( EaJ 
e£J 



1 

e£J eGJ 



This completes the proof. □ 



Let us show that the law of side-by-side addition of inequalities between 
gc-numbers (Tlieorem 11.11) holds true for an arbitrary number of inequalities. 



Theorem 14.9. Let {f,g) E F_ and a^, G GCNy^ for each e G J. // for 

each eGJ, then 



- S^e- 

eej eGJ 

Proof. Suppose that the assumptions of the theorem are satisfied. 

(a) Let f=T. In virtue of (8.30), iff c j}^, i.e. a^{i) < pji) for each 

i G CN. This implies that 



eGJ 






;GJ 



eej 






for each iGCN. So, EeGj“e^ Seej«e ^ 

(b) \f g = M, the proof is quite analogous. 

(c) Finally, if 7 and g^ M, Theorem 8.8 says that 



«e^/^e iff K)-^(^e)- and 

Applying Lemma 14.8 as well as the results from (a) and (b), we conclude that 
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and 

(SaJ, 
eej c6J 

Using again Theorem 8.8, we obtain the final thesis. □ 

Corollary 14.10. Let (f,g) G F_ and G GCN^ ^ for each e G J. // E c J, then 

SoTe ^ 2“e- 

eeE eej 

Proof. Indeed, it suffices to define 

j a^, if e G E, 

^ 1(0), if eGj-E. 

Applying Tlieorein 14.9, we immediately obtain 

S«e = '^ Pc - ^«e- ° 

c e !•: e G J e 6 J 

Corollary 14.11. If a^< p for each e G J and | J | = /c, then 

S«e ^ <>^>P- 
eGJ 

Proof. Applying Theorem 14.9 and Corollary 14.7, we get 

Sa, < S/3 = (A:>/3. □ 

eGJ eGJ 

We cannot expect that S,, ^ < S^ g j/3g if for each index eGJ. Clearly, 

the reason is that this strict inequality does not hold even for the classical car- 
dinal numbers. For instance, we have 

SI = S2 = N 

e G r 1 e G N 

(however, see (10.8) and the counterexample after Corollary 11.12 showing that 
(10.8) cannot be extended to gc-numbers). 



Section B. Generalized products 

Similarly to the previous section, the first aim of our consideration is to show 
that the generalized products introduced in (10.5)-(10.6) are well-defined. 
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Theorem 14.12. Le? {f,g)G.F_. Moreover, let (/le)eej (^e)eej denote two 
arbitrary families of elements from GP such that ~f,g^e e G J. Then 



Proof. The proof is inspired by a method applied in LUBCZONOK (1991). In 
virtue of Theorem 5.6, it suffices to show that 



fX X ^e) = fX X Be) and g,( X A,) = g,( X B,) 

eej esj eej eEJ 



for each /GCN. Let us fix an arbitraiy iGCN and put t* ■ = 

Assume that t* > 0. For each t < t*, there exists u such that t < ii < t*, whereas 
(4.24) and (2.46c) imply that 



l/( X A,),\ = I ( X f{A,)),\ = I X f(A,),\ = H\f(A,),\ > 
eej eej eej eej 



n\f{Aj\ = n\f{Bji > n|/(B,)„| = |/( x sjj > / 

eej eej eej eej 



because \f{A^y\ = |/(Be)^l whenever A^—^^B^ (see Theorem 5.7). So, 

l/( X Af)^\ > i for each t < t*, 
eej 



Thus, 
i.e. we get 



fi XA,) = V{t: |/( XA,),\ >/} >t*. 

eej eej 

fii X BJ = t* implies f{ X A,.) > t*, 
eej eej 

fXXA,,)=fXXBX. 

eej eej 



for each cardinal number i G CN. Indeed, if 



then by symmetry 



fX X/le) = ^**>/*. 
eej 



fj{ X BJ > /**, which contradicts f{ X Bf) = t*. 
eej eej 



The proof of the equality 



ft( X/IJ=ft( XBf) 

eej eej 



is quite analogous. □ 
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So, two indexed families of VD-objects have equipotent cartesian products when- 
ever the corresponding components of those families are equipotent. 

Theorem 14 . 13 . Let {f,g)GF_ and for each eEj. Moreover, let 

\A^ l/,g ” “e P'' e E J. Then 

Dtte = I X A^\. 
e6J e6J 

Proof. Suppose that the assumptions of the theorem are satisfied. Let 

5 ;= X /Ig and 

e e j 

Obviously, we have (see the proof of Tlieorem 14.12) 

\g{B),\ = n\g{A,),\ and \f(B),\ = mf{A,),\. 

eej e6J 

Therefore, if f = T, then (see Theorem 14.2 and its proof) 

I3{k) = g^{B) = V{t: nU(/l,),| > /c) = ( n«,)(^). 

eej eej 

Similarly, if g = M, we obtain 

li(k) = l-/,.(fi) = \-V{f.U\f{A,),\>k^} = (na,)(/c). 

eej eej 

Finally, if / # T and g^ M, then 

n “e “ n (tte)- n («e)+ = | X A^\j- O ] X AJfj^ = \ X A^\^ . 
eej eej eej eej * e€J e6J 

This completes the proof. □ 

In virtue of the above theorem, the generalized multiplication of gc-numbers, 
introduced in (10.5)-(10.6), is well-defined and has a classical-like interpretation. 
More precisely, for each (f,g)EF_ and each family (ae)eej gc-numbers 
induced by (f,g), there exists the generalized product II^gjagEGCN^^ which 
expresses with respect to (f,g) the power of the VD-object obj(Xggj/lg) such 
that \A^\f^ — a^ for each eEJ. The product depends only on the afs, 

which follows from (10.5)-(10.6) and (6.24). Finally, H^gjag could be equivalently 
defined by using Theorem 14.13 and, then. Theorem 14.12 guarantees that such 
the generalized product depends only on its factors, i.e. each function A^ can be 
replaced by >1* such that \A*\ \A,.\. 




Generalized Arithmetical Operations 



193 



Corollary 14.14. Let (f,g) G F_ and E for each e G J. Moreover, let p 

denote a permutation of J. Then 

(a) ITa^ = Ha .gy (generalted commutativity) 

(b) = n (Ilag), {generalized associativity) 

e€J o£E e£J„ 

where J = U and n = 0 for each a, G E such that a*h. 



Proof. Cf. the proof of Corollary 14.3. □ 



Clearly, the above corollary forms a generalization of Corollary 12.2(a, b). 

Theorem 14.15. For each (f,g)E F_ and each family Oe)eej ^f cardinal numbers 
from CN, we have 



= < no, 



eej 



e6J 






Proof. Tlie proof is quite analogous to that of Theorem 14.4 and, therefore, 
omitted. □ 



CorolijVRY 14.16. For each pair {f,g)EF_, (CN,n,l) and (GCN* ^,0, (1)^-^) are 
isomorphic systems. 

Proof. Obvious (cf. Theorem 11.4 and its proof). □ 



In this part of the section, we like to formulate two properties in which both 
the generalized products of and the inequalities between gc-numbers are present. 
To this end, however, we have to formulate a generalization of Lemma 12.9 (cf. 
also Lemma 14.8). 

Lemma 14.17. Let (f,g) G F_ and G GCN^^ for each index e G J. Then 

( Hag)_ = n(«g)_ and ( Da^)^ = n(«g) + . 
eej e6J eej e£J 



Proof. Let for each eG J. In virtue of Theorem 14.13, we have 



So, 



eej eej 



( nO!e)- ~ I ^ ~ ni/lglj- — n(ag)_ 

eej eej eej eej 



and 
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( = I X = n(«e)+. 

e£j e£J e£J 

which completes the proof. □ 

Theorem 14.18. Let (/,g)GF_ and a^,p^E.GCNfg for each eGJ. If 
for each index e G J, then 

n«e ^ 

eej eej 

Proof. It suffices to use Lemma 14.17 together with an obvious adaptation of 
the proof of Theorem 14.9. □ 



So, the law of side-by-side multiplication of inequalities between gc-numbers (see 
Theorem 12.10) can be extended to an arbitrary number of inequalities. 

Corollary 14.19. Let Ec J and a^> {1} for each eG J. Then 

Ua^ < Ilffg. 
e£E eSJ 



Proof. Let us define 




if e G E, 
if eGj-E. 



In virtue of Theorem 14.18, we obtain 



n«e = n«^. □ 

eej eej eej 



Again, we understand that one cannot expect that if </3g 

for each e G J because an analogous law does not hold even for classical cardinal 
numbers (see however Theorem 12.13). For instance, 

2-2-2-... = 3-4-S-... = Cf. 

Closing this section, let us present some interrelations between the generalized 
sums and the generalized products of gc-numbers. As one knows, 

'u + *'i + '2 + - ■ 

whenever i^^jk ^^d jk~^^ for each ^GN. In particular, if J). ^ 2 for each 
/c G N, then 

i{) + i] + ■■■ — ‘o'h'h’--- ■ 
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Theorem 14.20. Let (f,g) E F_ and let each £ GCNy^ with e.EN be such that 
Og > (2). Then 



Eofg < Hag. 
e e N e e N 



Proof. Suppose that the assumptions of the theorem are satisfied. 

(a) Assume that (f,g) is such that f = T. In virtue of (8.30), if > (2), then 
ofg 3 (2), i.e. a^{j) = 1 for j = 0, 1, 2. Hence, 

( S «e)(0 = V{ Aag(/g); S > /} 
eSN eEN e€N 

= V{ Aag(tg): S > i with > 2 for each e G N} 

e E N e e N 

< V{ Aag(fg): n /g > i with > 2 for each e G N} 

e e M e £ N 

= V{ Aag(/g): n /g > /} 

e E N e £ K 

= ( nag)(/) 

eE H 



for each i G CN. In other words, we have 

Sttg c Hag, 
e £ N e E N 



which completes this part of the proof. 

(b) If g = M, the proof is quite analogous. Clearly, one uses the fact that 
Q(g > (2) implies a^{j) = 0 for ) = 0, 1. 

(c) Finally, if the pair (f,g) is such that f and g^M, we apply the results 
from (a) and (b). More precisely, 

«g > (2) iff (ag)_ > (2)_ and (ag)^_ > (2)^ . 

However, in virtue of Lemma 14.8 and Lemma 14.17, we have 



S «g)_ = S (ag)_ < n («g)_ = ( nag)_ and ( S < ( n«g)^, 

EN eEN eEN eEN eEN eE 



which completes the proof. □ 



Corollary 14.21. If < /3g and /?g > (2) for each e G N, then 



S«e ^ n/3g. 

e E e £ N 



Proof. Indeed, this follows from Theorem 14.9 and Theorem 14.20. □ 
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Tlie classical Zermelo theorem for cardinal numbers says that the following impli- 
cation holds true for an arbitrary nonempty set of indices J (if J = N, this collapses 
to the Konig theorem): 



VeGj: - Ef, <n;;. 

eej eej 

Clearly, (12.4) forms a particular case of that theorem. Unfortunately, the 
Zermelo theorem cannot be extended to gc-numbers even if J is finite (see 
Chapter 12 and remarks placed after (12.4)). 



Section C. Exponentiation with 
transHnite exponents 

In Section 13-B, the exponentiation of gc-numbers with pE.H, (/,g)GF 
and aGGCNy^g was discussed. Having defined generalized products of gc-num- 
bers, it is clear that the formula (13.7) can be used to define a'' with an 
arbitrary p G CN and (/,^)GF_. We easily see that, after slight notational mod- 
ifications, the proof of Tlieorem 13.2 can be extended to transfinite p’s, i.e. we 
get 



a' P^ = n a with | J | = /? 

eej 

for each {f,g) G F_, a induced by {f,g) and 0 <p G CN. We realize that all the 
results presented in Corollary 13.3 hold true if p and q are arbitrary positive car- 
dinal numbers from CN. 




CHAPTER 15 

CARDINALITIES 
WITH FREE 
REPRESENTING PAIRS 



This chapter contains an outline of a nonclassical cardinality theory based on 
the second variant of the approximative representation of VD-objects presented 
in Section 4-D. In essence, this theoiy is a derivative construction in comparison 
with that offered in Chapters 5-14. 



Section A. Equipotendes and free 
generalized cardinals 

With reference to Theorem 5.7, we introduce the following definition of equi- 
potency of VD-objects represented by free representing pairs (see Section 4-D). 

Definition 15.1. Let (F,G), (//,5)£K. We say that the VD-objects obj(f,G) 
and obj(//,5) are equipotent (or: are of the same power or of the same cardinality) 
iff the condition 



\F‘\ = \H‘\ and |G'1 = |5'|. 
is satisfied for each I G Ij. 

If obj(E,G) and obj(//,5) are equipotent, we write 

(F,G)~(//,5) or |(/=',G)| = |(//,5)|, 
else we use the notation 

{F,G) + {H,S) or |(F,G)| |(//,5)|. 
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Obviously, ~ is an equivalence relation. Again, if F — G and H = S, then ~ 
collapses to the usual equipotency relation of sets (see (4.29)). Applying Lemma 5.3, 
we obtain the following simple conclusion (cf. Theorem 5.6): 

{F,G)~{H,S) » V/GCN: [T], = [//],. &[G], = [5], (15.1) 

In other words, we have (cf. Chapter 5): 

{F,G)-(H,S) ^ (15.2) 

and 

{F,G)~(H,S) « (T,G)~(T,S) & (F,M)~(H,M). (15.3) 

We easily notice that if G, 5 G FGP, then 

(F,G)~(//,5) ^ V^GIo: |F,| = |//,| & |G,| = |S,|. (15.4) 

In virtue of Corollary 5.9(b) and (15.2), the following implication is satisfied for 
each (F,G), (//,5), (1T,Z)GK; 

(F,G)c (//,5)c (H/,Z) & (F,G)~(1T,Z) {F ,G)~{H ,S)~{W,Z). 

(15.5) 

Clearly, this is a counterpart of the Cantor-Bernstein theorem formulated for 
VD-objects described by means of free representig pairs. 

Theorem 15.2. Let (Fg,G^), (//g,5^) G K for each eGJ. ff {F^,G^) — 

for each index eGJ and {F^,G^)r\ {F^.,G^,) = n ,S^,) = F* for 

each e 5* e*, then 



U(F„GJ~U(//„5,). 

eSJ eej 

Proof. Indeed, suppose that the assumptions of the theorem are fulfilled. We 
then have 



Fg n F^. = = G^ n G^, = S^, = T for each e ^ e*. 

Moreover, in virtue of (15.2), we obtain Fg—jj ij/y^, and Gg~jj |j5g for each 
index eGJ, whereas Theorem 14.1 implies 



UF,~id,idU//e and 
e € J e € .1 



UGe -id, id U 5,. 
e6J eej 



Finally, (15.2) and (4.36) lead to the final thesis. □ 
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Theorem 15.3. Let (7/^,5^) G K for each e G J. //(7^e>^e) ~(^e>‘^e) P'' 

each index e G J, then 



X(F„GJ ~ X(//„5J. 

e€J e£J 



Proof. It is quite analogous to the proof of the previous theorem (see also 
Theorem 14.12 and its proof). □ 



So, if the corresponding components of two families of pairwise disjoint 
VD-objects are equipotent, then their (generalized) sums are equipotent, too. 
Similarly, the (generalized) cartesian products of two families are equipotent 
whenever the corresponding components of those families are equipotent. 
Furthermore, we easily notice that 

(F,G)~ r* - (F,G) = 7’* 

and (15.6) 

{F,G)~M^ - = 

where p* := | M|. Indeed, (F,G) ~ T* is equivalent to [F], = [G], = 0 for each 
cardinal number iGCN (see (15.1)). Hence, [F], = [G]j = 0, i.e. (F,G) = F*. 
The proof of the second equivalence in (15.6) is quite analogous. Moreover, 
Definition 15.1 implies that 

(F,G)~(H,S) =. |supp(F)| = |supp(//)| & |supp(G)| = |supp(5)|. 

(15.7) 

Let us define a mapping GCN: GPxGP^GP(CN) such that 

GCN(F,G)(/):= [sent(F, G, /) ] (15.8) 

for (F,G)GK and /GCN, where sent(F,G,/) is described in (6.3) (cf. (6.4)). 
Using the proofs of Lemma 6.1 and Tlieorem 6.3, we get 

GCN(F,G)(/) = [G],a 1-[F],.+ (15.9) 

for each /G CN. Hence (cf. (6.11) and Corollary 6.4), 

GCN(F,G)(/) >0 =• |F,| </< |supp(G)| (15.10) 

and 

//cFcGc5 =* GCN(F,G)c GCN(//,S). (15.11) 

Obviously, we have GCN(F, M) = 1^.^. Similarly to (6.13), we introduce the fol- 
lowing symbol: 



Zpc,-= A{/GCN: [G],-h[F],.. <1}. 



(15.12) 
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Again, since [C]q = 1, we have 

Zp G = ^ iff P=T. 

Let us recall that [F], > 0 implies [G]; = 1 (cf. Lemma 5.2(f)). Therefore, 

Zf o := A{/GCN: [F],+ = 0). (15.13) 

This means that [F],+ >0 for i<z and [G], = 1 (z := z^r c). Thus, 

GCN(F,G)(0 =< 1, if i=z, (15.14) 

([G],, otherwise. 

Moreover, 

GCN(F,G) = GCN(7,G)nGCN(F,M). (15.15) 

In virtue of (15.13) and (15.14), if F, G G PS, then 

^F.G = |SUPP(F)| 

and 

GCN(F,G) = lbetw(j supp(f)l ,| supp(G)l)- (15.16) 

Applying Lemma 6.9 and Lemma 5.10(a), we obtain 

GCN(F,G), = betw(|F*'^'l,crd(G,0) (15.17) 

for each (F, G ) G K and t G ly (cf. Theorem 6.9a). So, if G G FGP, then 

GCN(F,G), = betw(|F'“'|,|G,|). (15.18) 

Theorem 15,4. For each {F,G), {H ,S) G K, the following equivalence holds true: 

GCN(F,G) = GCN(//,5) « (F,G)~(//,5). 

Proof. The proof is similar to part (a) of the proof of Theorem 6.11, and fol- 
lows from (15.14). □ 

Corollary 15.5. The following equivalence is satisfied by each (F,G), (H,S) G K: 

GCN(F,G) = GCN(//,S) - GCN( F,G) = GCN( T,S) & 

GCN(F, M) = GCN(//, M). 



Proof. An immediate consequence of Theorem 15.4 and (15.3). □ 
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l(^.G)|=a, 

and we say that the cardinality of obj(F,G) is equal to a, whereas a itself is 
called a free generalized cardinal number (fgc-number, in short). The family com- 
posed of all fgc-numbers will be denoted by GCN,^, i.e. 

GCNk:= {aGGP(CN): |(T,G)|=a for a pair (F,G)GK}. 

Moreover, let us define 

GCN;^:= {cvGGCNk; |(f,F)|=a for a function TG PS}. 

As previously, if | {F,G) \ = a, then we have 



a(i) = [G],a1-(T],. 



for each /GCN (see (15.9) and Chapter 6). Let 

a_;=l(7,G)| and a^;=|(F,M)l. (15.19) 

Thus, a_GGCNj^ij and a^G GCN|jjy| for each a G GCN,j (cf. (6.22)). We 
easily notice that (6.23) and (6.24) hold true for a_ and defined by (15.19). 
On the other hand, 

«GGCNk iff a = ynS with y = I(7',G)| and S=|(F,A/)| 

for some pairs ( T, G), (F, A/) G K such that Fcfl(G). Let us point out that 
(see Corollai-y 4.2(c)) 



U GCN.^ 

(/•«) 5“ (id. id)'' * 



c GCN^. 



Worth emphasizing is that this inclusion is proper, i.e. there exist fgc-numbers in 
GCNj 4 which do not belong to any GCN^^ with (/,g)G F. Indeed, let (F,G) G K 
be such that 



whereas 

and 



F(Xj) = 0.2 and F{x) = 0 for each jc ^ Xj , 
G(x,) = G{xf) = G(xj) = G(x^) = 1, G(x,) = 0.3 
G(x) = 0 for each x^ {x^,X 2 ,x^,Xn,x^}. 



Applying (15.9) and using the vector notation from Section 6-C, we have 



(F,G)| = (0.8, 1,1,1, 1, 0.3). 
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In virtue of (6.15), (6.18)-(6.20) and Corollary 6.10(e), we conclude that 

(0.8, 1, 1, 1, 1, 0.3) € GCN^g for each (/,g)G F. 

Generally, if a = 1(F,G)| with (F,G)EK, then the fgc-number aGGCN^ 
expresses the power of the twofold fuzzy set (F,G) in the sense of Dubois-Prade 
(see also [FCR#17]). Moreover, the following particular cases of a should be 
mentioned (cf. (El) in Section 6-C): 

F=T - aSGCN^ij, 

FGPS & F = G| =• o G GCNfi u, 

F,G GPS =* aGGCNf, g,.. 

Clearly, each fgc-number a is always normal and convex in CN, which follows 
from (15.14) and (15.15). Similarly to Chapters 5-14, let 

m:=|F, I and n := | supp(G) |. 

Theorem 15.6. If |(F, G ) | = a with (F, G ) G K and F,G G PS, then 

nbetw(0,«)’ 

« = < if G = M, 

[fbeiw(„,,«)’ othe'^ise- 

Proof. The thesis is an immediate consequence of (15.16). □ 

Thus, we have 

I (fi)’f|)) I ~ f { I i)| > 

for each D c M. So, there exists a bijection 

b; CN^GCN* 

such that I (1 d,1d)I = b(|D|) (cf. Corollary 6.16). Analogously to Section 6-D, 
we shall use the notation {k): = l^^.j for A:GCN. So, GCNj^ = {(/c); A:GCN}. 



Section B. Inequality relations 

Similarly to Chapter 8, we like to introduce and investigate inequality relations 
between the powers of VD-objects represented by free representing pairs, and 
between fgc-numbers. 
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Definition 15.7. Let (F,G ),(//, 5) G K. Wesay that the power of obj(F,G) is less 
than or equal to the power of obj(//,5) and we write | (f , G) | < | (//,5) | iff the 
following condition is satisfied: 

V/Gli: |F'| < |//'| & |G'| < l^'l- 

If I (/^,G)| < I (//,5)| and | (F, G) | »* | (//, 5) |, we say that the power of 
obj(F,G) is less than the power of obj(//,S) and we write | (F,G)| < | (H,S)\. 



Instead of | (F, G) | < | one can write | (//, 5) | > | (F, G) | and say that 

the power of obj(//,5) is greater than or equal to the power of obj(F,G); the 
same dual notation can be used for | (F,G)| < |(//,5)|. Clearly, < is a partial 
order relation. If F = G and H = S, then |(F,G)|< |(//,5)| collapses to the 
usual inequality between the powers of two sets (see (4.29)). Tlie following 
formulae hold true for each pair (F, G), (//,5) G K and are immediate conse- 
quences of Definition 15.7 and Lemma 5.3: 



(/=-.G)|< 




- Vi G CN: 


:[F], <[//], & [G|,<[S], 


(15.20) 






« 1^1 ^id, 


iJ//| & |G|<ij,iJS|, 








- I{/=’.G) 


|<|(//,5)| & 


(15.21) 








|(F,G)|>|(//,5)|, 




obj(F 


,G)c obj(//,5) - 1 


(F,G)|<|(//,5)|. 


(15.22) 



Also, direct counterparts of (8.1)-(8.4) can be formulated for VD-objects repre- 
sented by means of free representing pairs. Moreover, 

(H,Sy. - | (F,G)| < j (//,S)|. (15.23) 

Similarly to Section 8-A, the inverse implication in (15.23) does not generally 
hold unless SGFGP. Indeed, let us consider two free representing pairs (T,G) 
and (T,S) with M = I and 



G(x) = 



1, if x = 0, 1, 
0.5, otherwise. 



S{x) = 1— jc for each x. 



Then [5], = 1 for each i G CN, 

[G]q = [G]j = [GJi = 1 and [G], = 0.5 for each / > 2. 



So, in virtue of (15.20), we have | (F,G)| < | (F,S)|, but (F,S*)c (7,S) such 
that (T,G) ~ (T,S*) does not exist. 
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The following decomposition property of < can be formulated and follows from 
Definition 5.7 or (15.20): 



|(F,G)|<|(//,5)| |(r,G)|<|(7’,5)| & |(F,A/)|<|(//,A/)|. 

(15.24) 

Finally, Definition 5.7 implies the following: 

1 (F,G)| < I (//,5)| - |supp(F)l < |supp(//)| & |supp(G)| < lsupp(5)l- 

(15.25) 



Definition 15.8. Let a, ySEGCN,^. We say that the fgc-number a is less than or 
equal to the fgc-number (i and we write a < 13 iff there exist (F,G), (H,S) E K 
such that 



|(F,G)|=a, \{H,S)\=f3 and | (F,G) | < | (//,5) |. 
If a < /3 and a ^ (3, we shall write a < and say that a is less than p. 



As previously, the notation a < /? and a < /?, respectively, can be replaced by the 
dual notation /3 > a and (3 > a, respectively. Quite clear, but worth mentioning, is 
that both a <f3 and a < {3 are well-defined (cf. Section 8-B). 

Theorem 15.9. Let a, /3 E GCN^. 

(a) a = p iff a < p and p < a. 

(b) //|(F,G)l=a, \ {H,S)\=p and ob]{F,G)<z ohi{H,S), then a < p. 

(c) (GCN,^,<) forms a poset. 

Proof. The thesis is a simple consequence of Definition 15.8 (cf. Theorem 8.7 
and its proof). □ 



In virtue of (15.9), the following characterizations are valid (cf. (8.30), (8.31)): 

a<p - aap (15.26) 

provided that a = | (7’,G)| and P = | (T,S)| for some (T,G), (T,S) E K, and 

a<j8 - a^p (15.27) 

provided that a = \ {F, M) | and p = | (//, M) \ for some {F, M), (H, M) E K. 
Theorem 15.10. For each a,pE GCN^, the following equivalence is satisfied: 



a <p 



a_<P_ & a^< . 




Cardinalities with Free Representing Pairs 



205 



Proof. It follows from (15.19), (15.24) and Definition 15.8 (cf. Tlieorem 8.8 and 
its proof). □ 

On account of Theorem 15.10 and (15.26)-(15.27), if a and ^ are such that 

® ~ ^betw(m,n) 3nd ^ — lbetw(m*,n*) 

for m, n, m*, n* G CN, then we have 

a < (i <=> m<m* & n<n*. (15.28) 

Inequalities between fgc-numbers can be characterized in the language of t-level 
sets, too (cf. Theorem 8.9; recall that each fgc-number is normal). 

Theorem 15.11. Let a,j3G GCN^ and k& CN. Suppose that a, = betw(j),y,) and 
Pi = hetw{p,,qi) for each t G Iq, where i,,j,,Pp q, 6 CN. The following equivalences 
are then fulfilled: 

(a) a<p « VteXo- i,<pi &j,<qi. 

(b) (k) < a ^ Vt G IqI A: < (). 

Proof. The proof of (a) is quite analogous to that of Theorem 8.9(a). (b) is an 
immediate consequence of (a). □ 

Corollary 15.12. (CN, <) and (GCNj^, <) arc isomorphic systems. 

Proof. An immediate consequence of Theorem 15.11(b) (see also Section A). □ 



Contrary to Chapters 5-14, we do not like to introduce a notion of finiteness 
and infiniteness for VD-objects modelled by means of free representing pairs. 
The reason is that F,GE GP are possibly determined very arbitrarily and there- 
fore, generally, it seems to be too speculative to say something about finiteness 
or infiniteness of the VD-object represented by {F,G). Indeed, if obj(F,G) is 
understood as a subdefinite set A in M (see the possibilistic interpretation in 
Section 4-D) and F = T, then G expresses only the possibility of belonging to A. 
Generally, it can happen that G{x) > 0, whereas in reality a 6 A. If the approx- 
imative interpretation is applied, i.e. if F = f{A) and G=g{A) for some un- 
known A G GP, then, again, / and g could be ’too arbitrary’ to say something 
about A on the ground of (F,G) (cf. the case of (f,M) with / id in Chap- 
ters 5-8). Consequently, we do not define a notion of finiteness/infiniteness for 
fgc-numbers. Nevertheless, let us define the following two families: 

FGCN^ := {aGGCNj^: a=|(F,G)| with G G FGP} 

and 

FGCN*:= (aGGCNj^: a=|(F, F)| with FGFPS}. 
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Clearly, (N,<) and {FGCN|J,<) are isomorphic. Informally, the elements of 
FGCN,^ could be treated as ’finite’ fgc-numbers; the other elements of GCN^ could 
be understood as ’transfinite’ fgc-numbers. 

Let us formulate a few remarks about lattice properties of GCN^. As previously, 
let p* : = I M|. We easily notice that 

(0)=|7^| and (p*)=|M*|. 

Since c (F, G) c A/* for each (F, G) E K, (15.22) implies 

(0) < a < (p*) 

for each aSGCN,^. In other words, (0) and {p*} are extremal elements in the 
poset (GCN,^,<). Let us define the following operations on fgc-numbers (cf. 
(8.41) and (8.49)): 



and 



a A /3 := (a_n/3_)n(a^u/3^) 
a V P := (a_u /!_) n (a^n;3^). 



One can easily show that (GCN,^, a , v, (0) , (p*)) forms a bounded distributive 
lattice (cf. Theorem 8.13 and its proof). 

Finally, let us point out that if / is a transfinite cardinal number from CN, 
then there exist intermediate fgc-numbers A such that (cf. Section 8-C) 

(/)< A < (2'). 



For instance, if i = N, then 



to, ii k< i or k> 2', 

A(A:)=< 1, if k = i, 

[fl, if i< k< 2', 

where a E (0,1). The following interpretation of (/), A and (2') can be applied: 

(0= |(1h,1n)I. (2'>=|(1,,1J| 

and 

“ I (^N’ ^R-n) I’ 

where is equal to a if jrG R-N, else 0 (a G (0,1)). This reference to the 

Generalized Continuum Hypothesis completes our discussion devoted to inequal- 
ities. Analogously to Chapter 9, approximate equipotencies and inequalities for 
VD-objects modelled by means of free representing pairs could be introduced. 
However, we will not develop that idea in this book. 
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Section C. Arithmetical operations 

As previously, let J denote a nonempty set of indices. Assume that £ GCN,^ 
for each eGJ. The aim of this section is to investigate basic properties of gen- 
eralized sums SggjOfg and products n^^jag of fgc-numbers defined by means of the 
modified extension principle (10.5)-(10.6) (cf. Chapter 14). It is obvious that an 
analogon of (10.7) holds true for fgc-numbers, i.e. we have 



and 



( * “e)(*) = Aag(/g): * ig > k}, if (ag)ggj 

eej eej e€J 

( * «e)(^) = * 'e ^ if («c)eej 



cGCNk 
C GCN,^, 



(15.29) 



where ¥ G (S , FT}, 



and 



GCNk;= {aGGCN^: q'= 1(T,G)| with some GgGP} 
GCNj^ := {aGGCN,^: a=|(T,A/)| with some FGGP}. 



Theorem 15.13. Let G GCN^ for each index eGJ. If a^= | (Tg , Gg ) | for some 
(F^,G^) G K such that {F^,G^)n (Tg,, Gg.) = 7* for each e ¥ e*, then 



Sag 

eej 



|U(Fg,Gg 

e€J 



Proof. Suppose that the assumptions of the theorem are satisfied. In order to 
simplify the notation, we shall write U and S, respectively, instead of Uggj and 
Sggj, respectively. Let us put 

T:=U/=’g, G;=UGg and p:=\{F,G)\. 

In virtue of the property (2.46a), we have 

|F'| = |U(Tg)'| = E|(fg)'| 

and 

|f^'l=S|(Gg)'|. 

If ttgGGCNj^ for each eGJ, then (15.29) and Lemma 5.4 lead to the following 
equalities (cf. Theorem 14.2 and its proof); 

/3(^) = fG], = V{t:S|(Gg)'|>/t} = (Sag)(<fe) 

for each cardinal number LGCN. If ttgGGCNj^ for each eGJ, one gets an 
analogous result. Finally, if the ttg’s are quite arbitrary elements of the family 
GCN,^, then (10.5) implies that 
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Sac = S(ac)_n E(ac) + 

= |U(r,Gc)|n|U(fc,A/) 

= |(r,G)|nl(F,M)| 

= |U(fe,Gc)|. 



This completes the proof. □ 

Thus, the sum Sgg of fgc-numbers is always well-defined and has a classical-like 
interpretation (see Theorem 15.2). In the generalized sense used in Corollary 14.3, 
that sum is commutative and associative. In particular, if J = {1 , 2}, we obtain 

\{F,G)\ + \ {H,S)\ = \ {FuH,GuS)\ provided that (T,G) n (f/,5) = T*. 

If (F,G), (//,5)GK are arbitary pairs, we have (cf. Theorem 11.2 and its proof) 

1 (F,G)1 -I- I {H,S) \ = I (Fu//,Gu5)l -b j (FnH,GnS)\. 

Moreover, Theorem 15.13 implies that a -t- (0) = a for each aG GCNi^. On the 
other hand. 



Sag = (0) iff ttc = (0) for each eGj. 

We easily point out that (CN , S , 0) and (GCN|^ , S , (0)) are isomorphic systems. 
In particular, this means that 



S(/c>=(S/e> (15-30) 

for each family of cardinal numbers ("cGCN with eGJ. Although we focus our 
attention on generalized operations, it seems that Lemma 10.3 can be extended 
to fgc-numbers and, then, for instance, both the reduction law and the absorp- 
tion property hold true for fgc-numbers (see Theorem 11.9 and Corollary 11.7). 
Moreover, Lemma 14.8 is still valid for fgc-numbers and follows from Theo- 
rem 15.13. Tliis implies that 

Sttc^S^c whenever for each eGJ (15.31) 

(cf. Theorem 14.9 and its proof). So, we have 

a -)- Y ^ /3 + Y provided that a < j8. 

Finally, using the counterexample from Section 11-B, we immediately point out 
that the compensation law is still invalid for fgc-numbers, i.e. we generally have 



a<Y "F 3/3:a-l-/3=Y- 
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This means that subtraction of fgc-numbers, defined via addition, has properties 
similar to those mentioned in Section 13-A. 

In the last part of this section, let us formulate a few basic properties of gen- 
eralized products of fgc-numbers. 

Theorem 15.14. Let G GCN^ for each index e G J. // = I (^e > ) 1 

{F^,G^)EiK for each e, then 



na, = I X 

e€J eej 

Proof. See the proofs of Tlieorem 15.13 and Theorem 14.13. □ 

So, again, the generalized product of fgc-numbers is well-defined and has 

a classical-like interpretation (see Theorem 15.3). Obviously, generalized products 
of fgc-numbers are commutative and associative in the generalized sense described 
in Corollary 14.14. Moreover, we have a(l) = a for each aGGCN^, whereas 

Hag = (0) iff ttg = (0) for some eGJ. 

As previously, II is an abbreviation of One sees that the systems (CN , II, 1) 

and (GCNk,II, 0)) are isomorphic, which implies that 

n(/g> = (n/g> (15.32) 

for each family of cardinal numbers from CN. Further, let us point out that 
the generalized distributivity law is fulfilled, namely 

/?«g. (15.33) 

eej eej 

Indeed, since Lemma 14.17 can be extended to fgc-numbers, we have (see (10.5) 
and Theorem 14.6): 



iSSag =^_(Sag)_n/3,(E«g)^ 

= ^_2(«e)-n/3+S(ae)+ 

= S/3_(ag)_ n i;^+(ag)_, 

= S(/?«g)_ n S(;8ag), 

= 2^«g. 

So, for instance. Corollary 14.7 and Corollary 14.11 are still valid for fgc-num- 
bers. Moreover, in virtue of Theorem 14.18 and Theorem 15.10, we have 



Httg < n^g whenever for each eGJ. 



(15.34) 
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Finally, it seems that the relationships between sums and products of gc-numbers 
(see Section 12-C) can be extended to fgc-numbers. Moreover, it is clear that the 
exponentiation 



^(p> I j I 

can be introduced for fgc-numbers. Its properties are similar to those mentioned 
in Section 13-B and Section 14-C. 




CHAPTER 16 

FURTHER 
MODIFICATIONS 
AND FINAL REMARKS 



In the last chapter, we like to mention some possible modifications and exten- 
sions of the nonclassical cardinality theoiy presented in Chapters 5-14. More 
precisely, we like to discuss two ideas, namely the use of triangular norms and 
lattice-valued membership functions. Moreover, we will formulate a few con- 
cluding remarks concerning the nonclassical cardinality theory for VD-objects. 



Section A. The use of triangular norms 

In the nonclassical cardinality theory presented in Chapters 5-14, we use the 
infinite-valued Lukasiewicz logic and its operations. In particular, we use the 
Lukasiewicz implication operator (Section 1-D). It seems to be interesting to try 
to apply residual triangular norms and derivative tools presented in Section 2-D. 
Let 



GCNj: GPxGP^GP(CN) 

be such that 



GCN,(/(/l),,i^(/l))(0 := [sent,{/(/l),^^(/(),/)] 

and 

sent,(E,G,f) := 3,„BGP,; obj(F) c, objXle) &, 3„,C G P,: obj(lc) s obj(G), 

where t denotes a residual t-norm, A G GP, i G CN, and the t-norm induced 
inclusion is defined as in Section 2-D for fuzzy sets; the family of all residual 
t-norms will be denoted by T. This is a natural modification of (6.3)-(6.4). Clear- 
ly, we shall assume that the pair (/,g)G F* is such that the following equality (cf. 
Lemma 4.1(b)) 
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(o) h{A*^B) = h{A)*^h{B) 

is satisfied with each hE{f,g} and for each A,BGGP and G {u,, rij, xj, 
where t denotes an arbitrary but fixed element of T and 

{Yu^Z){x) := Y{x)t*Z{x), 

{Y(^^Z){x) := Y{x) t Z{x), 

(yx,Z)(x,y) := Y{x)tZ{y). 

Conversely, if (/, g) G F* is fixed, we define 

{f,g)* '■= {t G T: (o) is satisfied by t for h =f and h = g}. 

Since 0t0 = 0t*0 = 0 and ltl = lt*l=l, we easily point out that 

( T, id)* = (id , A/)* = (id , id)* = T. 

On the other hand, if (fl ,^') G F, then 

r^2^{n,g)*. 

Indeed, if A(x) = B{x) = 0.5 and t = ,' 2 , then 

(Av^B)(x)==l and fl(A u^B)(x) = \, 

whereas 

fl(/l)(x) = fl(fi)(x) = 0 and fl(/l)(x) V 2 fl(S)(A:) = 0. 

However, one can easily check that 

A, G (fl , id)*. 



Applying the many-valued sentential calculus rules placed in Section 1-C and 
Section 2-D, we obtain the following equalities (cf. Lemma 6.1, Theorem 6.3): 



GCN, if (A), g{A))(i) = V[obj(/(/l))c,obj(l„)l t V[obj(lc)c.obj(g(^))l 
B e p, c e P, 

= V A ^t;(/l)(x) t V A f{A)(x)^,0 

B E P, xGR B E P, ;r € B 

= g,(A) t V A f{A)(x)^,0. 

BEP, x€B 



So, if t G T is such that a 0 = 1 - 0 for each a G I, then 

GCN,(/(,4),g(,4)) = GCN(/(/(),g(/l)) for (/,g) (id ,id) 



and 
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GCN,(/1,/1)(0 = Ml,! 

On the other hand, for many fundamental residual t-norms (for instance, if 
t = A, A]), we have a^,0 = 1 if a == 0, else a-*,0 = 0. In that case, elementary 
transformations lead to the following formula; 

rGCN(/(yl),g(/l)), if/=7or/=fl, 

GCN,(/(/l),g(^))= j if / = ^ = id, 

I ^betw([ supp(/(/l))| ,1 supp(x(/)))|)’ S = ^ or g — gS. 

In other words, at least for elementary t-norms t G T, GCN,(/(/d) ,g(y4)) collapses 
to GCN(/(/l) , g(/l)) or becomes rather trivial in its form. What is worse, it seems 
that, for instance, the valuation property does not generally work in the presence 
of t-norms. Indeed, if (f,g) = (^,id) and t = a,, then 

GCN.(T,^r(^)) = GCN(7,^(>l)) 

and the following modification of the extension principle can be introduced: 

(a+,/i)(k):= Va(i)t/3(J). 

i + y > k 



Suppose that A and B are such that 

A(xj) = 0.3, A(x2) = 0.6, A(x) = 0 for each x^{x^,X 2 ), 

and 

5(jt2) = 0.6, = 0.8, B{x) = Q for each 

One can easily check that 

Mir, id +1 MIr.id = (1. 0-6. 0.36, 0.18), 

but 

M f^t^lr.id +t M u,^lr.id = (1> 0.84, 0.8, 0.3, 0.108). 

Similar counterexamples can be constructed also for t = A 2 and other elements of 
the family T. By the way, it seems that the reason is the following. If a = min and 
V = max are used, then each value of A and B is ’transferred’ io A nB or A v B. 
Clearly, that transfer does not generally hold if an arbitrary t-norm t G T togeth- 
er with n, and Uj are applied. Moreover, we realize that, then, it is difficult to 
define generalized arithmetical operations on gc-numbers which would be irre- 
ducible to those from (10.5)-(10.6). 

So, the use of triangular norms within the nonclassical cardinality theory does 
not lead to satisfactory results, although the veiy idea and the beginning of its 
realization are encouraging. It seems that the use of triangular norms requires a 
more specific approach and deeper modifications in the nonclassical cardinality 
theory. However, in this book, we are not going to develop such an attempt. 
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Section B. Lattice-valued membership 
functions 

This very short section is devoted to another simple and natural idea of mod- 
ification or extension of the nonclassical cardinality theory from Chapters 5-14. 
Namely, one can assume that the membership functions of VD-objects are functions 
from M to a suitable lattice L (cf. Section 2-D and remarks concerning (6.5) in 
Section 6-A). A group of introductory results within that approach with (/,g) equal 
to (T,id) and L = linear lattice is placed in LUBCZONOK (1991) and looks 
quite encouraging (see also [FCR#17|). Nevertheless, we will not develop that idea 
in this book. 



Section C. Final remarks 

Applying the infinite-valued Lukasiewicz logic together with its methods, we 
have constructed an easily applicable and flexible nonclassical cardinality theory for 
VD-objects, including subdefinite sets. VD-objects are represented by means of 
approximating pairs of functions from the universe M to the closed unit interval. 
Two variants of the approximative representation of VD-objects are presented in 
Chapter 4. Chapters 5-14 contain the nonclassical cardinality theory based on the 
first variant. Instead, the theory using the second (derivative) variant is outlined in 
Chapter 15. Our attention was focused on all main aspects of cardinality. For 
instance, we mean the following problems: 

— equipotency of VD-objects (Chapter 5), 

— finiteness/infiniteness of VD-objects (Section 5-E), 

— generalized cardinal numbers, their construction and properties (Chapter 6), 

— inequalities between the powers of VD-objects (Chapter 8), 

— inequalities between generalized cardinal numbers (Chapter 8), 

— many-valued equipotencies and inequalities (Chapter 9), 

— addition, multiplication, subtraction and exponentiation of generalized cardinal 
numbers (Chapters 11-13), 

— generalized arithmetical operations (Chapter 14). 

We have formulated many tens or even hundreds of laws and properties related to 
equipotencies, inequalities, operations, etc. They can be divided into three groups, 
namely (see also Index of Definitions and Theorems): 

(1) As we have pointed out, many properties from the classical cardinality theory 
have their more or less direct analogons in the nonclassical theory presented in this 
book. For instance, 

— each family GCNj^ of generalized cardinals induced by a pair (/,g) S F forms 
a commutative semiring with zero and unity (see Corollary 12.4), 
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— inequalities between generalized cardinal numbers can be added and multiplied 
side-by-side (see Tlieorem 11,11 and Theorem 12.10). 

Obviously, this makes the nonclassical cardinality theory for VD-objects easy and 
convenient in use. 

(2) On the other hand, there are also properties of and laws for the classical 
cardinal numbers which cannot be extended to the generalized cardinal numbers. 
For instance, let us mention 

— the compensation law (see Section 11-B), 

— the linear ordering of cardinal numbers (see Tlieorem 8.7(d)). 

(3) Conversely, many properties, problems and notions within the nonclassical 
cardinality theory are specific for that theory and, therefore, they do not have 
counterparts in the classical cardinality theoiy for sets. Let us list the following 
simple examples: 

— decomposition properties (see e.g. Tlieorem 5.13, Tlieorem 6.5), 

— many-valued equipotencies and inequalities (see Chapter 9), 

— deviation measures (see Theorem 6.17), 

— questions of normality and convexity (see Theorem 6.14), 

— the existence and easy constructability of intermediate generalized cardinal 
numbers (see Section 8-C). 

The differences or even anomalies in comparison with the classical cardinality 
theory, recalled in (2) and (3), are easy to accept because they reflect in a proper 
way the specific nebular feature of VD-objects. By the way, the theory presented 
in this book offers (infinitely) many ways of numerical description of the power of 
a VD-object in the form of generalized cardinals induced by distinct pairs (f,g) C F 
or in the form of free generalized cardinals. As one knows, each pair M) 

with f^ \A (in particular, the pair {i\{A),M)) represents extremely imperfect 
information about A. Therefore, the pairs (/, M) with / id appear to be at all 
’pathogenic’ and their use more frequently leads to surprising conclusions and 
anomalies in comparison with the classical cardinality theory than the use of the 
other pairs from F. 

Finally, it seems that the scale of results and tools presented in the book is large 
enough to let the reader formulate and verily any other properties which are of 
interest from some viewpoint, but are not considered in this book. 




FOOTNOTES, 
COMMENTS AND 
BIBLIOGRAPHICAL 
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[FCR#I] 

Many approaches and basic details concerning vague quantitative queries in 
data bases can be found, for instance, in BOSC/PIVERT (1994a, 1994b), BOSC 
et al. (1994), DUBOIS/PRADE (1985, 1990b), PRADEATESTEMALE (1989), 
and YAGER/LARSEN (1993). 

The problem of modelling the meaning of imprecise quantifiers in natural lan- 
guage statements is studied in DUBOIS/PRADE (1985), KACPRZYK (1992), 
KACPRZYK/IWANSKl (1991), YAGER (1994), and ZADEH (1978b, 1983). 

Probabilities of vaguely defined events and their applications are discussed in 
ZADEH (1982). More advanced results are placed, for instance, in CHANAS/ 
FLORKIEWICZ (1994) and STOJAKOVIC (1994). 

As regards cardinal aspects of fuzzy topological spaces, one can mention, for 
instance, the problem of Suslin numbers analogous for such spaces which is con- 
sidered in SOSTAK (1989, 1990); see also SOSTAK (1993). 

Problems of nonstandard techniques and methods in image analysis and pro- 
cessing are discussed, for instance, in BLOCH (1994), DE/CHATTERJI (1988), 
and WU et al. (1994). 



[FCR#2] 

Basic properties of complete Heyting algebras can be found, for instance, in 
FOURMAN/SCOTT (1979), HIGGS (1984), and TAKEUTI/TITANI (1981). 
Also, the interested reader is referred to RASIOWA (1974) and to the ’bible’ of 
lattices, namely BIRKHOFF (1967). Nevertheless, here we like to recall a few 
definitions and properties from the area of ordering relations and lattices. 
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A binary relation < in a set L is said to be a partial order relation if the following 
properties are satisfied by each a, h, c E L: 

a < a, (reJlexiviCy) 

a ■< h & b s a * a = h, (antisymmetry) 

a < b &. b < c =* a < c. (transitivity) 

We then say that < partially orders the set L, whereas the pair (L, <) is called 
a partially ordered set (a poset, in short). The notation a < b can be replaced by 
b > a, whereas a < b means that a<b and a ^ b. Moreover, if 

a ■< b 1 . a> b (connectivity) 

is true for each a, ft E L, then one says that < linearly orders L, and the poset 
(L.^) is called a linearly ordered set. If (L,<) is a poset and D c L is linearly 
ordered by < restricted to D, then D is called a chain. Clearly, (2*^, c) and (R, <), 
respectively, are simple examples of a poset and of a linearly ordered set, re- 
spectively; as usual, R denotes the set of all real numbers and 2''^ symbolizes the 
family of all subsets of the universe M. 

In a poset (L,<), an element c £ L is said to be a maximal element if, for 
each jt E L, the following implication holds true: 



Similarly, if 



X~> C — JC = c. 
x< c => x = c 



for each .cE L, then c is called a minimal element. An element dE L is said to 
be a greatest element if 

x<d 



for each x E L. Analogously, if we have 

x>d 



for each jc E L, then d is called a least element. It is an elementary task to check 
that each poset contains at most one greatest element and at most one least ele- 
ment. For instance, the empty set 0 is the least element in (2"^, c), while M is 
the greatest one. On the other hand, (R, <) has neither the least element nor the 
greatest one. If the greatest element exists, it is simultaneously a unique maximal 
element. Analogously, if the least element exists, it is a unique minimal element. 
Otherwise, a poset can contain an arbitrary number of maximal elements and 
minimal elements, including both zero and infinity. 

If L is linearly ordered by <, then its least element, if it exists, is also called 
the first element. Similarly, its greatest element, if it exists, is called the last 
element. It is easy to point out that the notions of a least element and a minimal 
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element become identical in linearly ordered sets; the same concerns the notions 
of a greatest element and a maximal element. 

One says that a linear order relation < is a well-ordering relation in L, or that 
is a well-ordered set, if each nonempty subset D c L has its first element with 
respect to the relation < restricted to D. For instance, each set of cardinal numbers 
is well-ordered by the usual inequality. 

Let (L, <) be a poset, and let B c L. An element a, G L is said to be a lower 
hound of B if 

a,< h 

for each G B. Analogously, a’ G L is called an upper hound of B if 



a* >h 



for each G B. Moreover, if a,GB, then a, is called a least element in B, and 
one writes 

a, = min B. 

If a* G B, then a* is called a greatest element in B, and one writes 

a’ = max B. 

The Kuratowski-Zorn lemma states that a maximal element in L exists if each 
chain in L has an upper bound. More precisely, for each a G L, there exists a 
maximal element a such that a < a . A greatest lower bound (or infimum) of 
BcL in a poset (L, <) is denoted by 

AB, infB, !\h, or inf 
/j e u b sit 

whereas a least upper bound (or supremum) of B will be denoted by 

V B, supB, V h, or sup fi. 

foeB fceB 



If A c B c L, then we have 



A A > AB and VA < VB. 

If the set L is bounded, then one can define zero and unity in L, namely 

0 : = A L and 1 : = V L, 



and then 



A 0 = 1 and V 0 = 0. 



Obviously, for each a G L, we have 0 < a < 1. 
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A poset (L, <) is said to be a lattice if every two-element subset {a ,/?}<= L has 
its least upper bound and greatest lower bound. If L is a chain, then (L, <) is called 
a linear lattice or a totally ordered lattice. Each lattice (L , <) determines an algebraic 
system (L, V, a) with two binary operations v (join) and A (meet) on L such that 

a V A := sup{fl , /)} and a A b := inf{a ,b} 

for each a,bGL, which are called lattice operations in L. The systems (2 u,n) 
and ({1,2,3, ... } , Icm , gcd), respectively, are examples of algebras determined 
by the lattices (2’'^,c) and ({1,2,3, ... },div), respectively; div denotes the divis- 
ibility relation, whereas Icm and gcd, respectively, symbolize the operations of 
the least common multiple and the greatest common divisor, respectively. One 
proves that 

as b av b = b *=* a a b = a 



for each a, ft G L. On the other hand, an algebraic system (D, v , A), where v and 
' symbolize two arbitrary binary operations in D, does determine a lattice iff the 
following properties are satisfied for each a, ft, c G D: 



(LI) 


a V b = b ...' a, a A ft = ft a a. 


(commutativity) 


(L2) 


a V (ft V c) = (av b) v c, a a (ft a c) = (a a ft) a c. 


(associativity) 


(L3) 


a v a = a, a a a = a, 


(idempotency) 


(L4) 


a V (fl A b) = a, a a (a v ft) = a. 


(absorption) 



The characterization (L1)-(L4) and the predecessing equivalences establish a 
mutual correspondence between lattices and some algebraic systems. Therefore, 
both (L, <) and the corresponding (L, . , ) can be referred to as a lattice. Also, 
the set L itself is sometimes called a lattice. 

Since the mutual exchange of symbols the v and a in (L1)-(L4) leads to the 
same system, one can formulate the following principle of duality in lattices: if a 
sentence s is a consequence of (L1)-(L4), then the sentence s*, obtained by the 
mutual exchange of the symbols v and A, < and >, V and A, and 0 and 1 
occurring in s, is also a consequence of (L1)-(L4). 

A lattice L is called a bounded lattice iff it has both 0 and 1, i.e. iff AL and 
V L exist. If AD and V D exist for each D c L, then L is called a complete lattice. 
So, each complete lattice is bounded. 

A lattice (L, v , a) is called a distributive lattice iff the following distributivity 
properties are fulfilled by each a, ft, c G L; 



a A (ft V c) = (a A ft) V (a A c), a v (ft a c) = (a v ft) A (a v c). 



A complete lattice (L, . , a) is said to be an infinitely distributive lattice iff 
a V ( A ftg) = A (a v b^) and, hence, a a ( V ft^) = V (a a ft^) 

cej eGJ eej eej 
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for each aGh and for each indexed family (/?e)eGj elements from L, where J 
denotes a nonempty set of indices. Clearly, each infinitely distributive lattice is dis- 
tributive. A complete infinitely distributive lattice is called a complete Heyting lattice, 
whereas the corresponding algebra is said to be a complete Heyting algebra. 

Let (L, V , a) be a lattice. A function /: L->-L is said to be order preserving if the 
implication 

a<h ^ fia)<f(b) 



is satisfied by each a,bGL. If 

a<b f{b)<f{a) 

for each a,bGL, then / is called order reversing. A function which is order 
preserving or order reversing is called monotonic. If / is a bijection, the following 
properties are satisfied: 



(a) The order preservingness of / is equivalent to each of the two conditions 



Vfl.ftSL: f{a.\b) = f{a),\f{b), 

Va,/7GL: f{a\b) = f{a) cf{b). 

(b) The order reversingness of / is equivalent to each of the two conditions 

'^a,bGL: f{abb) = f{a)y f{b), 

'sfa,bGU f{avb) = f{a)Af{b). 

A function /: L^L is called an involution if the equality 

/(/(«)) = « 

is fulfilled for each a GL. One proves that each involution is bijective. 

An order reversing involution / is called a de Morgan complementation, while 
a' : = /(«) is said to be a de Morgan complement of a GL. Thus, by definition, 

{a')' = a and a<b =■* b'<a' 

for each a,bGL. A bounded distributive lattice equipped with a de Morgan 
complementation is called a de Morgan lattice, whereas the corresponding algebra 
is said to be a de Morgan algebra. In virtue of (b), in each de Morgan algebra 
(L, V , A , '), the de Morgan laws are satisfied, namely 

{a \ b)' - a'-'\b' and (ai\b)' = a'\ b' 

for each a,bGL. Moreover, if (L,v,a,') is a complete lattice, then the fol- 
lowing generalized de Morgan laws are fulfilled: 
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= and ( V /?,)' = A 

e ej ce.l e£ J e EJ 

for each indexed family (/?e)egj of elements from L. 

In a bounded lattice, an element a°GL is called a boolean complement of 
a G L if we have 



a A = 0 and a v a° = 1. 

A bounded distributive lattice equipped with a boolean complementation is 
called a boolean lattice, whereas the corresponding algebra is said to be a boolean 
algebra. In a distributive lattice, each boolean complementation is a de Morgan 
complementation and, hence, each boolean lattice is a de Morgan lattice. One 
proves that each complete boolean lattice is infinitely distributive. 



[FCR#3] 

Foundations of intuitionistic logic were formulated in 1930 by A. Heyting. Its 
axiomatization supplemented by the excluded middle law gives the axiom- 
atization of classical logic. Intuitionistic logic is usually interpreted in terms of 
complete Heyting algebras. More details about intuitionistic logic and further 
references can be found in GOTTWALD (1989) and TAKEUTIATITANI (1984). 



[FCR#4] 

The nonclassical logical system was introduced by Jan Lukasiewicz in 1923 
by means of the following definitions for a, 6 G I (see LUKASIEWICZ (1923)): 

a-^b : = min(l , 1 - a + fc), 

—a fl -»0, 
a\jb := (a^b)-^b, 
a.\ b := ~(— a v ~b), 
a*-*b := {a—*b)A{b-*a). 

Elementary calculations lead to the following results: 

—a = 1-a, 

a\j b = max(a ,b), at\b = min(a , b), 
a *^b = l-\a -b\. 
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The system and related many-valued logical systems are also studied in 
LUKASIEWICZ (1930) and LUKASIEWICZ/TARSKI (1930); see also, for in- 
stance, BORKOWSKI (1970) and GOTTWALD (1989). More details, examples 
and further references concerning the metrical feature of are placed in 
WYGRALAK (1991b). 



[FCR#5] 

The first explicit and clear formulation of the idea of fuzzy sets is placed in 
ZADEH (1965). Independently, D. Klaua proposed in KLAUA (1966) his idea 
of ’many-valued sets’ which was even more general but, however, wanting in 
applicational features. Many ’pre-Zadeh’ approaches to vagueness are collected 
in OSTASIEWICZ (1991); see also MENGER (1951) and RUSSEL (1923). 
Since 1965 many thousands papers and a few hundreds books and edited 
volumes have been published in the area of fuzzy sets and their applications. The 
interested reader is referred, for instance, to Bulletin for Studies and Exchanges 
on Fuzziness and its Applications (BUSEFAL), (1989), vol. 40, 251-258, which 
contains a list of 100 successful industrial applications of fuzzy sets and their 
methods. 

A general introduction to fuzzy sets and their methods and techniques can be 
found, for instance, in BANDEMER/GOTTWALD (1993), DUBOIS/PRADE 
(1984), GOTTWALD (1993) and NEGOITA/RALESCU (1975), whereas various 
applications are presented in BUTNARIU/KLEMENT (1993), DELGADO et al. 
(1994), DUBOIS/PRADE (1987a), FODOR/ROUBENS (1994), GOODMAN/ 
NGUYEN (1985), KANDEL (1982), KRUSE et al. (1994), KRUSE/MEYER 
(1987), PIENKOWSKI (1989), SANCHEZ/ZADEH (1987), SMITHSON (1987), 
YAGER/FILEV (1994), YAGER/ZADEH (1994), ZADEH (1979, 1987, 1994), 
ZIMMERMANN (1991). 

Basic logical aspects of fuzzy sets are discussed in detail in GILES (1976), 
GOTTWALD (1989) and MOISIL (1972, 1975). Categorial foundations are 
studied in HOHLE/STOUT (1991) and RODABAUGH et al. (1992). 



[FCR#6] 

A weakened condition of normality of fuzzy sets is sometimes used in the 
literature, namely 

AeGP is normal iff V{A(j[:): jc G M) = 1. 

Also, another definition of convexity can be formulated; 

A is convex iff A, is convex for each t G Iq. 
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If, say, M is an /i-dimensional Euclidean space, this definition is equivalent with the 
following slightly reformulated version of the definition from Section 2-A (see 
ZADEH (1965) which, moreover, contains an analogon of the classical separation 
theorem for convex fuzzy sets); A is convex iff 

A{ax\ + {\- a) x-^) > A{x^) i\ A{x{) for each x,,j :2 ^ M and aGI. 

As concerns the deviation measures, they are often called energy measures. An 
exhaustive introductory study of those measures is placed in GOl 1 WALD et al. 
(1982). Another type of measures, called entropy measures, is also used in 
reference to fuzzy sets. They express how much a fuzzy set differs from a set 
(see, for instance, GOTTWALD et al. (1982), KNOPFMACHER (1975) and 
PAL/BEZDEK (1994)). Entropy measures are not suitable for fuzzy sets in 
universes composed of numbers because the entropy of both a one-element set 
and an interval is then equal to zero while, in essence, intervals represent very 
inexact numerical information. Since the universe CN composed of cardinal 
numbers is used in this book, only the deviation measures will be needed. 



[FCR#7] 

Type 2 fuzzy sets were introduced in ZADEH (1971). A comprehensive theo- 
retical study devoted to them can be found in MIZUMOTO/TANAKA (1976); 
cf. also GOTTWALD (1979). 

It was R. Sambuc who first defined and applied ultrafuzzy sets in 1975 calling 
them ^-jlou functions (see SAMBUC (1975)). They are considered and used, for 
instance, also in ZADEH (1987), NOJIRI (1981) and PONSARD (1977). 



[FCR#8] 

A complete monographical presentation of the theory of semisets is placed in 
HAJEICVOPENKA (1972). Another good source can be VOPENKA (1979). In 
NOVAK (1984), fuzzy sets understood as functions M-^I are discussed as 
approximations of semisets. 



[FCR#9] 

The intuitionistic fuzzy set theory is presented in TAKEUTI/TITANI (1984); 
see also TAKEUTI/TITANI (1992). The axioms of that theory are the axioms of 
intuitionistic set theory ZFj (see TAKEUTI/TITANI (1981)) together with the 
axiom of dependent choice and double complement. 
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Triangular norms and conorms make the theory of fuzzy sets more ’flexible’ 
and appear to be very useful in applications. Simultaneously, they seem to be a 
good solution of the problem of proper choice of operations for fuzzy sets, which 
was discussed in the literature in the previous decade. As concerns historical 
roots of t-norms, it was K. Menger who introduced in 1942 a probabilistic 
generalization of metric spaces by replacing the real values dist(a , h) of distances 
by probability distribution functions (see MENGER (1942)). A problem in 
his approach was how to generalize the classical triangle inequality for distances. 
To this end, he analyzed a condition of the form 

where t is commutative and nondecreasing in each argument, 

1 1 1 = 1 and a 1 1 > 0 for a > 0. 

In 1960, these postulates for t were modified by B. Schweizer and A. Sklar into 
the form occurring in (T1)-(T4) in Section 2-D in this book (see SCHWEIZER/ 
SKLAR (1983)). Thus, the operation t defined by (T1)-(T4) is historically related 
to a class of triangle inequalities. This justifies its name. 

Triangular norms with (((-operators and various aspects of their applications to 
fuzzy sets are discussed in detail, for instance, in BUTNARIIJ/KLEMENT 
(1993), GOTTWALD (1986, 1989), MIZUMOTO (1989) and WEBER (1983). 



[FCR#11] 

L-fuzzy sets were first introduced in GOGUEN (1967). Heyting algebra-valued 
sets, discussed in HIGGS (1984) and TAKEUTI/TITANI (1981), seem to be the 
same objects in essence. 



[FCR#12] 

With reference to the concept of flou sets, one should mention the idea of 
rough sets introduced in 1981 by Z. Pawlak (see e.g. PA WEAK (1991)) which is a 
bit related concept. Nevertheless, rough sets are rather a tool connected with 
information systems of the form 



(Z,A,V,r), 

where Z denotes a finite set of objects the information system stores information 
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about, A is a finite set of atlributcs of the objects, and V is a finite set of values of 
these attributes, whereas 

r; ZxA — V 

is called a function of knowledge about the objects. The problem lies in that a 
subset B c Z cannot be generally described in terms of the values from V, where- 
as its lower approximation B, and its upper approximation B* can be described 
in that way, where 



B, := {x e Z: [x] c B}, 

and 

B’:= {xGZ; [x] n B 0}, 

and [x] symbolizes the equivalence class of x with respect to a fixed equivalence 
relation li in Z treated as an indiscernibility relation in Z. The equivalence classes 
together with the empty set are called elementary sets. Instead, sums of elemen- 
tary sets are called ctrmposed .^ets. The pair 

(B.,B) 

is called a rough set corresponding to B. The x’s from B, are considered to be 
sure elements of B while the elements of B* are called possible elements of B. The 
ordered pair 

Appr= (Z,r/) 

is usually called an approximation .space. Let comtp{Appr) denote the family od all 
composed sets in Appr. The pair 



(Z, comp(/lppr)) 

does form a topological space with the elementary sets as its base, and with 
comp(/lppr) as a family of both open and closed sets. Basic properties of B, and 
B' result more or less immediately from the simple fact that B, and B*, 
respectively, are the interior and the closure of B in (Z,comp(/lpf>r)), re- 
spectively. Although (B,,B*) is formally a flou set, the possible representation of 
a rough set via a 3-valued membership function from (3.7) cannot be extended 
to sums and intersections of rough sets. The reason is that the topological fea- 
ture of rough sets implies that 

B.uC, c(BuC). and (B n C)' c B’ nC', 

and, generally, c cannot be replaced by =, which would be necessary to get an 
isomorphism with 3-vaIued membership functions similar to that for flou sets 
(see Section 3-A). 
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[FCR#13] 
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Twofold fuzzy sets were introduced by D. Dubois and H. Prade in 1983, and 
are discussed in DUBOIS/PRADE (1987b) together with other possible 
approaches to modelling the subdefinite sets. An elementary introduction to 
possibility theory based on fuzzy sets can be found in ZADEH (1978a). 



[FCR#14] 

One should also mention some classical-like approaches to the notion of equi- 
potency of fuzzy sets, offered by N. Blanchard, S. Gottwald and D. Klaua, which 
are based on different many-valued generalizations of the notion of bijective 
mappings; the interested reader is referred, for instance, to BLANCHARD 
(1981), GOTTWALD (1969, 1971) and KLAUA (1972). The resulting nonclas- 
sical cardinality theories do not seem to be application-oriented and are rather 
purely theoretical constructions. 



[FCR#15] 

In many papers concerning fuzzy sets, the definition ’FS(/1) is finite iff 
AGFGP’ is introduced and used. However, no explicit motivation or justi- 
fication is given. 

Also, another approach to finiteness of VD-objects is possible if a specific pair 
if,g) is exclusively used. More precisely, in SOSTAK (1989) and LUBCZONOK 
(1991, 1992), the authors develop a cardinality theory which was initiated for 
fuzzy sets in BLANCHARD (1981) and ZADEH (1982), and which seems to be 
identical with the particular case {f,g) = (T, id) of the general theory presented 
in this book (see also [FCR#17]). The following weaker definition of finiteness 
is there used: 



obj(.d) is finite iff A, is a finite set for each t G Iq- 

Clearly, the support of a finite VD-object is then countable, but, nevertheless, it 
does not need to be finite. Indeed, take for instance obj(/l) in N with 

A(i) = 1// for each i > 0, and A{0) = 0. 

Each Ai is then finite, but | supp(A) | = N. Moreover, 



[A]i = 1 /i for each positive i G N, 

i.e. obj(/l) is not equipotent to any VD-object properly contained in obj(vd) with 
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respect to c. So, we notice an interesting coincidence with the well-known Dedekind 
definition of finiteness of sets. On the other hand, if quite arbitrary elements of F 
are allowed, we again get the equipotency 

~r,gsgs(>l). 

where obj(gs(>l)) is an infinite set. This equipotency between an infinite set and 
a finite proper VD-object seems to be much more difficult to tolerate than the 
possible equipotencies between finite sets and infinite proper VD-objects with 
respect to the ’anomalous’ pairs (/, M) with / id. 



[FCR#16] 

A review of many-valued implication operators can be found, for instance, in 
CAO/KANDEL (1989), GOTTWALD (1989) and RESCHER (1969); see also 
Section 2-D of this book and WYGRALAK (1986). 



[FCR#17] 

The problem of cardinality of VD-objects and subdefinite sets was investigated 
in many papers by several authors; concise reviews are placed in GOTTWALD 
(1980), DUBOIS/PRADE (1985) and WYGRALAK (1986). Their approaches 
are based on representations by means of fuzzy sets, twofold fuzzy sets and 
partial sets. A brief history of the problem is given below. 

I. sets 

The approaches to the question of cardinality of VD-objects understood as 
fuzzy sets can be divided into the following groups; 

(1) classical-like theories, 

(2) scalar evaluations, 

(3) cardinalities as families of usual cardinals, 

(4) cardinalities as multisets of usual cardinals, 

(5) cardinalities as functions N-*l, 

(6) cardinalities as functions CN-*1, 

(7) other approaches. 

Tlie items (2), (4) and (5) involve only finite fuzzy sets, i.e. fuzzy sets with finite 
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supports. Unfortunately, none of the ideas from (2)-(7) has been developed into a 
complete cardinality theoiy including all essential aspects like equipotency, ordering 
relations and full arithmetic. Let us present some more detailed remarks concerning 
the groups listed. 

(1) Classical-like cardinality theories for fuzzy sets are built in the spirit of the 
classical cardinality theory for sets, namely; two fuzzy sets are called equipotent iff 
there exists a ’many-valued’ bijection from one to the other, whereas the equi- 
valence class of fuzzy sets equipotent with FS(/1) is called a cardinality ofFS(A). 
Theories of this type, based on various definitions of uniqueness of ’many-valued’ 
mappings, are presented in BLANCHARD (1981), GOTTWALD (1969, 1971) and 
KLAUA (1972). As was already emphasized in [FCR#14], it seems that such the 
direct generalizations of the classical cardinality theory did not lead to satisfactory 
results in the shape of an applicable cardinality theory for fuzzy sets. 

(2) In applications, one sometimes needs a concise scalar evaluation sev(>l) of 
cardinality of a finite FS(/1). To this end, one uses various functions 

FGP^[0,oo) 

which are constructed basing on the elementary observation that the power of a 
set A is equal to the sum of values of its characteristic function 1^. More pre- 
cisely, one defines 



sev,(/l) := S {A{x)y 

A-esupp(,4) 



with / = 0, 1, 2. Clearly, 



sevo(^) = |supp(A)l. 

Limiting itself to finite fuzzy sets, one avoids the problem of possible divergence 
of the series defining sev,(/l). We realize that sev-(yl) offers a very rough 
evaluation of cardinality of FS(/1), and can be equal to an integer also for 
A G FGP - FPS. Nevertheless, it satisfies some very desired properties and, 
therefore, appears to be useful and convenient in practice. For instance, we have 

A B => sev,(/l) < sev-(B) {monotonicity) 

and 

sev;(/l) -I- sev;(5) = sev-(/l u 5) + sev,(,d n B). {valuation) 

Properties of scalar evaluations of fuzzy sets and their cardinalities are discussed, 
for instance, in GOTTWALD (1980), DUBOIS/PRADE (1990a, 1990b) and 
PRADEATESTEMALE (1989). 

(3) A more advanced approach to cardinalities of fuzzy sets, including those 
with infinite supports, was proposed in GOTTWALD (1980). The power |/1 |g of 
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FS(y4) is tlien expressed as a family of usual cardinal numbers. More precisely, one 
defines 



\A\c := (card{j:eM: A{x) = O),e(0.i]- 

Although it is not explicitly mentioned in GOTTWALD (1980), it seems that 
\A \q has to be understood as an indexed family of cardinal numbers because the 
notion of the usual family is not sensible to repetitions of its elements. 
Unfortunately, the approach under discussion has not been developed into a 
regular cardinality theory. Neither equipotencies nor ordering relations, nor 
arithmetical operations have been defined. A ’reverse’ approach is proposed in 
THIELE (1994). 

One can say that, in a way, the nonclassical cardinality theory presented in this 
book is an extension of the recalled Gottwald’s idea. Namely, weighted families 
of cardinal numbers are used to express the powers of VD-objects and, in 
particular, the powers of fuzzy sets. 

(4) A probably unintended extension of the previous approach was proposed 
for finite fuzzy sets in YAGER (1987). The extension is based on the notion of a 
multiset (a hug or a pseudoset, in other words) introduced by R. Rado in 1974 
(see LAKE (1976)). Recall that a multiset differs from a set in that it allows for 
repeated elements. Thus, for instance, {a ,b} = {a , h , b , a , b}, whereas the 
same collections of elements treated as multisets {a , h) and {a , h , b , a , b) are 
different. The introduction of multisets was motivated by notions like ’the 
collection of roots of a polynomial’. In YAGER (1987), the cardinality of a finite 
FS(/1) is defined as a multiset composed of non-zero cardinalities of the sets 

{xSM: A{x) = t) 

with tG I. Very elementaiy properties of addition and ordering relations for such 
multiset cardinals are there placed, including valuation and monotonicity laws. 

(5) The next group of approaches is composed of those based on the idea of 
expressing the power of a finite FS(/1) by means of a weighted family of car- 
dinals from N, i.e. by means of a function 

N-»I. 

Several authors, starting from different formal and informal motivations, have 
proposed various techniques of constructing such a function for FS(/1) calling it 
a {finite) fuzzy cardinal number of FS(/I). We like now to present a brief review 
of those techniques in chronological order. In source papers, they do not have 
the shape of a theory. The results are limited rather to the questions of nor- 
mality, convexity and very basic laws of addition of fuzzy cardinals, up to the 
valuation law. Problems of equipotency, inequality relations and well-defined 
multiplication for fuzzy cardinals remain there unsolved. 
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(5a) The first attempt at expressing the powers of finite fuzzy sets by means of 
functions N^I is presented in ZADEH (1979). The power |/4 I 2 of FS(/1) is then 
defined in the following way: 



lv4|z:=a 

with 

a(/):=V{t: \A^\ = i} for /GN. 

One proves that a is generally normal, strictly decreasing on its support, and, 
unfortunately, nonconvex. What is worse, both the valuation law and the car- 
tesian product rule do not work, i.e. 

\A\y+\B\y^^ \AyJ B\y+\AnB\2 

and 

\A X B\y ^ \A\y-\B\y, 

where the operations of addition -I- and multiplication ■ are defined by means of 
the usual extension principle (*G { + , }) 

{a*fi)(k) := V{a(() Aj3(y): i*j = k) 

introduced in ZADEH (1975) (see also Section 10-A). 

(5b) The lack of valuation, caused by the nonconvexity of \A \y, is removed in 
BLANCHARD (1981) and ZADEH (1982, 1983). Tlie power \A\„y of FS(a 1) is 
then defined as follows; 



with 

)8(/):=V{t: \A,\>i} for j'GN. 

We immediately see that some convex functions N-*I are then generated. 
Moreover, they are exactly the elements of FGCNj- jj (cf. (6.39)). Addition and 
multiplication of such fuzzy cardinal numbers is still defined as in (5a). Never- 
theless, we have 



M l;iz I ^ l/<z ~ \A\j B\ijy-¥\Ar\B 

but 

I ^ ^ l«z ^ M Ibz ■ I ^ l«z- 

What is worse, \A\iiy-\B\ijy is generally nonconvex, i.e. the product of two 
fuzzy cardinal numbers is not necessarily a fuzzy cardinal number. The reason is 
the presence of prime numbers in N which implies that if fcG N is prime, then 



ij = k 



(/ = 1 & j = k) ± (i = k & j = 1). 
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(5c) The next technique of expressing the power of a finite fuzzy set by means of 
a function N-*I was proposed in DUBOIS (1981) (see also PRADE (1982)). The 
power 1^ 1^ of a finite FS(/4) is then defined as follows: 

1^1/):= Y 

with 

Y(0 := V A A{x). 

{ire I',: /l, ;B} j:6B 

These fuzzy cardinals are exactly the elements of FGCNf, ^ (cf. (6.40)). Again, 
their addition and multiplication are defined by means of the classical extension 
principle. As previously, the valuation law is preserved, but the family of these 
fuzzy cardinals is not closed under multiplication. 

(5d) In KLEMENT (1982), another technique of creating the fuzzy cardinals is 
proposed. Namely, the cardinality |,4 of FS(/1) is defined as follows: 

\ A \,:^8 

with 

§(;•):= V{t: \A'~'\ < (} for iG N. 

One can show that (see (5b) and Section 6-C) 

5(0 = l-/3(0, 

s = (0, i-M]„i-[/i]„... ,1-M],„(1)). 

So, one gets functions N-» I which are very similar to the elements of FGCNjj 
(cf. (6.42)). Addition and multiplication are defined as in (5c). Finally, let us 
mention that treating the thesis of Theorem 6.3 in this book quite technically, 
and using g = M and 



/(A): = /lul,,) 

with X denoting an arbitrary element of M from outside supp(/l), one obtains 

GCN{f{A),g(A)){i) = l-[Al. 

In other words, GCN(/(/l) , ^'(A)) is then equal to 5. Obviously, that pair (/,g) 
does not belong to F because f{A) i- A. 

(5e) In 1983, a Lukasiewicz logic based method of generating a function N^I 
which expresses the power of a finite fuzzy set was proposed (see WYGRALAK 
(1983, 1984, 1986)). The cardinality \A\^^, of a finite FS(^d) is then defined in the 
following way: 
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1 ^ \w'-~ R' 

with 

M(0 ;= [3,„BeP,: FS(/I) =„,FS(1 b)]. 

So, we have 

H(i) = [AlrA-[A].^„ 

i.e. the elements of FGCNjj jj are now generated (see (6.12) and (6.38)), and 
/a(/) expresses a degree to which FS(^) contains exactly i elements. Again, 
addition and multiplication of such the fuzzy cardinals are defined by means of 
the usual extension principle. The valuation property is fulfilled, but \A\^,-\B\yf, 
is not generally convex and, therefore, does not belong to FGCNjj |j. 

Independently, L. A. Zadeh has also suggested to use the same expression 
[v4], A 1- as a definition of cardinality of FS(-d) (see ZADEH (1983)). 
Unfortunately, he did not give any properties. His motivation and way of 
reasoning was the following. /3(/) is equal to [A\- and can be considered to be a 
degree of possibility that FS(/1) contains at least i elements (see (5b)). In this 
context, the value 



V{i: \A^-‘\<i} = l-l3{i + \) 

expresses a degree of possibility that FS(/4) contains at most i elements. So, 

)8(/)Al-/3(i + l) 

is just a degree of possibility that the fuzzy set FS(/1) has exactly i elements (see 
also Theorem 6.15 and its interpretational consequences). 

(6) The concept of \A\n-^ mentioned in (5b) was generalized in 1989 by 
A. P. Sostak to fuzzy sets with arbitrary supports, giving in effect exactly the 
elements of the family GCN^^ u (see SOSTAK (1989, 1990)). His motivation was 
mainly in cardinal aspects of fuzzy topological spaces, for instance, in con- 
structing reasonable counterparts of cardinal functions and Suslin numbers for 
those spaces. However, characterizing his fuzzy cardinals, the author did not give 
the limit cardinal condition from Lemma 5.5 in this book. Worth emphasizing is 
that the paper SOSTAK (1989) contains a simple, but successful modification of 
the classical extension principle, namely 

( * a,)(/c) ;= V{Aa,(g: 

eej cej 

which leads to well-defined generalized sums and products; in the case of 
addition (^ = S), this modification is equivalent to the classical form of the 
principle. Moreover, the author gave an equipotency definition which is a 
particular case with (/,^) = (T,id) of the formula from Theorem 5.7. Some 
fragmentaiy and elementaiy properties of sums and products of fuzzy cardinals 
are also given and seem to be particular cases for {f,g) - (T,id) of the following 




234 



Footnotes, Comments and Biblioftnipliicnl Remarks 



theorems presented in this book; Theorem 6.11, 6.16, 8.7(c), 14.1-14.4, 14.6, 
14.13-14.15. Questions of order and inequalities are not discussed at all. 

Further generalization of the concept of cardinaity described in (5b) is proposed 
in LUBCZONOK (1991, 1992). The closed unit interval, i.e. the range of gener- 
alized characteristic functions, is replaced by a totally ordered lattice L. Cardinalities 
of the resulting L-fuzzy sets are then defined as functions 

CN^L. 

Using the above mentioned midification of the extension principle, the author 
formulates a few basic arithmetical properties. Again, problems of order and 
inequalities are not considered (see also Section 16-B). 

(7) Similarly to the classical cardinality theory, one can say that, in essence, 
cardinal numbers of fuzzy sets are convenient, but are not necessary. In other 
words, a cardinality theory of fuzzy sets could be built without defining them. An 
attempt at constructing it is presented in LI et al. (1993) (see also CHEN (1994) 
and LI et al. (1994)), and looks as a theoiy with (/,g) = (T,id). Equipotent 
fuzzy sets are then defined as fuzzy sets having all the corresponding /-level sets 
identical with respect to their cardinalities (cf. Theorem 5.7 of this book and 
remarks thereinafter). The equivalence class of fuzzy sets which are equipotent 
to FS(/1) is called a {fuzzy) cardinality of FS(y4). Elementary properties of clas- 
sically defined inequalities as well as elementaiy properties of sums and products 
of the cardinalities, defined via cardinalities of FS(/1) u FS(B) and FS(>lxB), are 
investigated. Finally, some references to the problem of Generalized Continuum 
Hypothesis and intermediate cardinalities are also placed. 

II. Twofold fuzry sets 

It were D. Dubois and H. Prade who proposed in 1987 a formula for expres- 
sing the power of a twofold fuzzy set (C, P) with FG FGP by means of a func- 
tion N^I, namely (see DUBOIS/PRADE (1987b); cf. (6.14a)); 

|(C, P)|/j^; = T 

with 

no - |/^Uz(0 ' i-|ci«z(' + i)' 

However, neither equipotencies nor inequality relations, nor arithmetical oper- 
ations were defined. Nevertheless, let us recall an interesting motivation in the 
language of possibility and necessity measures which has led to the above 
formula (see also ZADEH (1978a) and DUBOIS/PRADE (1987a)); 

|/^Uz(0 = V{/: |R,|>0 

can be viewed as the possibility that a subdefinite set A represented by (C,P) 
contains at least i elements, whereas 1- \ C\n-^{i -1-1) is the necessity that at most 
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i elements are in A. In order to have i as a more or less acceptable candidate for 
the cardinality of {C,P) (and, thus, of A), i should be somewhat certain as an 
upper bound of the cardinality of A and somewhat possible as a lower bound of the 
cardinality of A. 

Chapter 15 of this book contains a developed form of that idea of cardinality 
generalized to arbitrary twofold fuzzy sets, including questions of equipotency, 
inequalities and arithmetical operations. 

III. Partial sets 

The notion of cardinality for partial sets was defined and investigated in 
KLAUA (1968, 1969). Resulting part/a/ cardinal numbers can be viewed as pairs of 
usual cardinals, i.e. as inteival cardinal numbers. Therefore, they seem to be iden- 
tical with gc-numbers induced by the pairs (/,^) = (fl ,gs), (T,gs), (fl ,A/) (see 
(6.16), (6.17) and (6.21) in this book). 



As regards the origin of the nonclassical cardinality theory from this book, the 
idea of constructing a general theory which brings together the techniques from 
I.(5b)-I.(5e), 1.(6), II and III, and offers new reasonable tools, was first published 
in WYGRALAK (1988a). The starting point was a natural extension of I.(5e) done 
by means of the following definition (cf. (6.3) and (6.8)): 

M \f.g ’ ~ Pf,G 

with 

Hp,a(i)-= [3„,B G P,; FS(T) FS(1„) FS(G)], 

where F G (see also Section 15). The first more complete version of the theory 
limited, however, to VD-objects with finite supports was given in WYGRALAK 
(1988b). In that paper, VD-objects are yet called HCH-ohjects {hardly character- 
izahle objects). Nevertheless, it contains an explicit formulations of the postulates 
(A1)-(A4) from Section 4-A of this book as well as appropriate definitions and 
elementary properties of equipotency, inequalities and addition. Instead, the first 
more complete version of the tlieoiy for VD-objects with arbitrary supports is 
placed in WYGRALAK (1991c). It contains well-formed definitions of addition 
and mutiplication of gc-numbers based on the modified extension principle used 
in this book. Further, the papers WYGRALAK (1991a, 1992) are devoted to a 
more detailed and advanced study of the problems of equipotency and ordering 
relations for gc-numbers. Finally, the papers WYGRALAK (1993a, 1993b) con- 
tain a comprehensive treatment of all basic aspects of a nonclassical cardinality 
theory for VD-objects with arbitrary supports with special reference to 
equipotency relations, inequalities, arithmetic, and possible applications. That 
presentation became a starting point for constructing the general nonclassical 
cardinality theoiy contained in this book (see also WYGRALAK (1993c, 1994). 

Closing this brief review of the earlier approaches to the problem of car- 
dinality, let us formulate a terminological remark. Namely, in the light and 
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context of the general nonclassical cardinality theory presented in this book, it 
seems that the constructions and techniques reviewed in I.(5a)-I.(5d) and 1.(6) are 
in the literature in a way misrelated to fuzzy sets. Indeed, in essence, they refer to 
VD-objects with really imprecise membership functions with (f,g) being equal to 
(7, id), (fl,id) or (id, A/), whereas fuzzy sets are principally VD-objects with 
precisely determined membership functions (i.e. (/,g) = (id,id)). So, only the 
elements of GCNjj ^ (of FGCNjj jj, in particular) could be related to fuzzy sets and 
called fuzzy cardinals. On the other hand, however, gc-numbers induced by any 
(f,g) £ F can be understood as fuzzy sets in CN and, in this context, the term ’fuzzy 
cardinals’ can be applied to them. 



[FCR#18] 

The reader is referred, for instance, to ZADEH (1978b) for elementary details 
about the modelling of the meaning of vague terms by means of I-valued mem- 
bership functions as this goes beyond the scope of this book. 



[FCR#19] 

Problems and examples of cardinal evaluation of subdefinite sets in data bases 
are discussed in PRADE (1984) and PRADE/TESTEMALE (1989). Questions 
of cardinality in data bases allowing queries with s-properties are discussed also 
in DUBOIS/PRADE (1990b). 



[FCR#20] 

The problem of imprecise quantifiers and their numerical modelling is dis- 
cussed, for instance, in ZADEH (1983) and KACPRZYK/IWANSKI (1991), 
whereas probabilities of vague events are considered, for instance, in ZADEH 
(1982); see also ZADEH (1994). However, only the (finite) gc-numbers induced 
by the pair (7, id) and scalar evaluations of cardinality are there used (see 
[FCR#17]). 



[FCR#21] 

The extension principle was introduced in ZADEH (1975); see also NGUYEN 
(1978) and GOTTWALD (1989, 1993). It seems to be one of more powerful 
tools in the fuzzy set theory. In particular, it is very useful when defining 
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arithmetical operations on fuzzy numbers and, then, can be combined with the use 
of triangular norms (see, for instance, KERESZTFALVI (1991, 1993)). 



[FCR#22] 

Recall that the axiom of choice is the sentence stating that for each family of 
nonempty and pairwise disjoint sets there exists a set having exactly one common 
element with each set from that family. Many other equivalent forms and con- 
sequences of the axiom of choice for the classical cardinality theory are 
presented, for instance, in SIERPINSKI (1958). For instance, the axiom of 
choice implies that, for each cardinal number i and each transfinite cardinal 
number j, we have 



7*=y for * = 1,2,... 

and 

iJ = 2-' for 1 < / < j. 

Moreover, that axiom is equivalent to each of the following properties: 

j~ = j for each transfinite j, 
i - = j~ — i = j for each two cardinals i and j. 

In LEVY (1969), it is shown that in the absence of the axiom of choice and 
foundation the operation of cardinality | A| on a set A is undefinable in a very 
strong sense. 



[FCR#23] 

For the pair {f,g) = (Z.id), the operation of exponentiation is considered 
in SOSTAK (1989). Tlie following classical-like properties with a, /3,y £ GCNy 
are there given without proofs: 



aP+y = al^a\ 

{apy = 

(a^y = a^'^, 

= or, 

d>" = (1). 



However, the problem of a reasonable interpretation of is unsolved. 
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[FCR#24] 



In this unit, we recall a few basic definitions and properties from the classical 
cardinality theory. A regular, classical course can be found, for instance, in 
SIERPINSKI (1958). 

Equipotency of sets, cardinal numbers 

Let X and Y denote two sets. A function b: X^Y is called a /-/ function if no 
two elements of the domain X have the same image, i.e. if 

•^1 ^ -*2 *(''^ 2 ) 

for each j:,,.VtGX. The function b is said to be an onto function if each element 
of the range Y is the image of one or more elements of X. If /> is a 1-1 onto 
function, then b is called a bijection. 

Two sets X and Y are called equipolcnt or of the same power or of the same 
cardinality iff there exists a bijection from X to Y. If the sets X and Y are 
equipotent, we write 



X~Y or |X| = |Y|. 

Obviously, if X is finite, then X~Y iff X and Y have the same number of 
elements, i.e. are equinumerous. This means that, for finite sets, the notion of 
equipotency collapses to that of having the same number of elements. However, 
the notion of equipotency can be applied to infinite sets, too. For instance, the 
set of even numbers and the set of odd numbers are equipotent and the 
corresponding bijection is given by the formula 

b{i) = (+1. 

Similarly, the set of all natural numbers is equipotent with the set of all even 
numbers; the bijection is then defined by 



b(i) = 2i. 



Each two open inteiwals of real numbers are equipotent, and the corresponding 
bijection is a linear transformation. These examples suggest that an infinite set 
can be equipotent with its part. 

Tire relation ~ of equipotency between sets is an equivalence relation, i.e. for 
each X, Y and Z we have: 



X-X, 

X~Y - Y~X, 



X~Y&Y~Z =» X~Z. 



( reflexivity) 
(symmetry) 
(transitivity) 
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This allows one to classify sets with respect to their powers. So, the elementary 
notion of the amount of elements of a (finite) set can be extended to infinite sets. 
Namely, to each set X we can assign an object | X | called its cardinal number. The 
same cardinal number is assigned to X and Y iff X~ Y. The cardinal number of a 
finite set is the natural number expressing the number of the elements of the set. 
Cardinal numbers of finite sets are called finite cardinal numbers, whereas those of 
infinite sets are called transfinite cardinal numbers. In this book, small letters 
i,j, ... ,p,q denote both finite and transfinite cardinals. The notation 

I X I = / and card X - i 

means that the cardinal number or cardinality of X is equal to i. The cardinal 
number of the set N = {0, 1, 2, ...} will be denoted by K, whereas will symbolize 
the cardinal number of the set R of all real numbers. 

Countable and uncountable sets 

A set X is called countable if X is finite or X is equipotent to N. In other 
words, a set is countable if its elements can be arranged into a sequence, finite 
or not. Otherwise, the set is called uncountable. For instance, the set of all 
integers and the set of all rational numbers are countable, whereas M is un- 
countable. Each sum and each cartesian product of a finite number of countable 
sets are countable, too. 

Operations on cardinal numbers 

The sum i + j of two cardinal numbers i and j is a cardinal number k such that 

k= |XuY|, 

where X and Y are arbitrary sets such that 

|X| = /, |Y| =7 and XnY = 0. 

Tlie product ij of i and j is a cardinal number 

P = |XxY|, 

where X and Y are arbitraiy sets such that | X| = j and | Y| = ). One proves that 
i+j and ij depend only on i and j. Both the sum and product of cardinal 
numbers are commutative and associative. Moreover, the multiplication of car- 
dinal numbers is distributive with respect to their addition, i.e. 

i(p + q) = ip + iq. 

For instance, the following equalities are satisfied: 
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K + N = KN = K + / = N/ = N 



and 



(S+CC = = CC+N = <S+i = (?/ = G 



for each positive natural number i. Further, for each X and Y, we have 

|X| + | Y| = |XuY| + |XnY|. 

The above definitions of i+j and ij can be generalized to an arbitrary number 
of operands. 

If there exists a unique cardinal number q such that j + q = i, then q is called 
the difference of i and y, and is denoted by i-j. Suppose that i is transfinite. 
Then i—j exists (and is equal to /) iff j < i. Tliis theorem is equivalent to the 
axiom of choice (see [FCR#22]). 

Tlie power V of arbitraiy cardinal numbers i and j (more precisely, i raised to 
the power j) is defined as follows: 



where | X| = /, | Y| = y and X'^ denotes the family of all functions from Y to X. 
One shows that d depends only on i and y. Basic properties of F are identical 
with those of the usual exponentiation of natural numbers. If \Z \ = k, then the 
cardinal number 2* is equal to the cardinality of the family of all subsets of Z. 
Moreover, for instance, we have 

2« =(f, 2*' = n'" = and = CC. 



Inequality relations 

We say that the power | X| of a set X is less than the power | Y] of Y (and we 
write 1 X I < I Y|) iff X is equipotent to a subset of Y, but Y is not equipotent to 
any subset of X. Obviously, if X and Y are finite, then | X| < | Y| holds iff X has 
less elements than Y. 

If I X| < I Y| or I X I = I Y|, we write | X| < | Y| and we say that the power of 
X is less than or equal to the power of Y. One proves that | X| < | Y| iff X is 
equipotent to a subset of Y. So, 

Xc Y =* |X| < I Y|. 

If I X| = i, I Y| = y and | X| < | Y|, we write i < j and we say that the cardinal 
number / is less than the cardinal number y. For instance, we have N < <S. One can 
show that i < j does not depend on the choice of X and Y. 

If i < j or i = y, we write i < j and we say that i is less than or equal to j. So, 
i<y iff |X| = i, |Y| = y and there exists ZcY such that X~Z. For each 
cardinal number /, we have 



i<2'. 
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This strict inequality is called the Cantor theorem. It states that no set is equipotent 
to the family of all its subsets. 

The following implication is fulfilled by each cardinal number i and j, and is 
usually called the Cantor-Bernstein theorem: 



i < j & j < i =* / = j. 

Its another, equivalent formulation looks as follows: 

XcYcZ&X~Z =• X~Y~Z. 

The relation < for both the powers and cardinal numbers is a linear order 
relation (see [FCR#2]). Inequalities between the powers of sets and between 
cardinal numbers can be added and multiplied side-by-side. 
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first, 218 
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Element (cont.) 
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sure, 226 

Energy measure, 224 
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order reversing, 221 
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number 
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207, 209 

Generalized sum of fgc-numbers, 

207 

Grey image, 111 

H 

Heyting algebra-valued set, 225 
Higher-order generalized cardinal 

number, 103 



I 

Implication, 9 
many-valued, 9 
Implication operator, 9 
intuitionistic, 9 
Lukasiewicz, 10 
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many-valued, 13 
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Indiscemibility relation, 226 
Information, 6 
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Join, 220 
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bounded, 220 
complete, 220 
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de Morgan, 221 
distributive, 220 
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totally ordered, 220, 234 
Lattice operation, 220 
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classical, 8 
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many-valued, 8 
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Meet, 220 
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commutativity of, 166 
generalized, 193 
distributivity of, 167 
generalized, 188 
generalized, 191 
reduction of, 168 
Multiset, 230 



N 

Negation, 9 
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Order 
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free representing, 44 
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Principle of duality, 220 
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Subtraction of generalized cardinals, 
148, 175 
Sum 

of cardinal numbers, 239 
of fuzzy sets, 13 
generalized, 15 

of generalized cardinals, 148, 154 
generalized, 149, 184 
of membership functions, 14 
generalized, 15 
of vaguely defined objects, 38 
generalized, 43 
Support 

of fuzzy set, 17 
of membership function, 17 
of vaguely defined object, 38 



T 

t-conorm, see triangular conorm 
t-level set, 19, 38 
sharp, 19, 38 



t-norm, see triangular norm 
Triangular conorm, 24, 225 
Triangular norm, 23, 211, 225 
residual, 25, 211 
(/•-operator induced by, 25 



U 

Universe, 3 



V 

Vague event, 113 

Vaguely defined object, 5 

approximative representation of, 
32 

cardinality of, 88 
convex, 38 
finite, 69, 227 
infinite, 69 
normal, 38 
proper, 5 

Valuation property, 156, 240 

VD-object, see vaguely defined 

object 

Vector notation, 91, 104 
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